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In this paper, we consider a system of k second-order nonlinear stochastic partial
differential equations with spatial dimension d =1, driven by a g-dimensional
Gaussian noise, which is white in time and with some spatially homogeneous
covariance. The case of a single equation and a one-dimensional noise has largely been
studied in the literature. The first aim of this paper is to give a survey of some of the
existing results. We will start with the existence, uniqueness and Holder’s continuity of
the solution. For this, the extension of Walsh’s stochastic integral to cover some
measure-valued integrands will be recalled. We will then recall the results concerning
the existence and smoothness of the density, as well as its strict positivity, which are
obtained using techniques of Malliavin calculus. The second aim of this paper is to
show how these results extend to our system of stochastic partial differential equations
(SPDEs). In particular, we give sufficient conditions in order to have existence and
smoothness of the density on the set where the columns of the diffusion matrix span R*.
We then prove that the density is strictly positive in a point if the connected component
of the set where the columns of the diffusion matrix span R which contains this point
has a non-void intersection with the support of the law of the solution. We will finally
check how all these results apply to the case of the stochastic heat equation in any space
dimension and the stochastic wave equation in dimension d € {1,2,3}.

Keywords: spatially homogeneous Gaussian noise; Malliavin calculus; non-linear
stochastic partial differential equations; strict positivity of the density
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1. Introduction

Consider the system of stochastic partial differential equations

q
Lu(t,x) = 3" o (u(t, )Wt x) + bu(t,x), 1=0, xERY, (L)
=1

i =1, ..., k,with vanishing initial conditions. Here L is a second-order differential operator,
and o, b; : R — R are globally Lipschitz functions, which are the entries of a k X g matrix
o and a k-dimensional vector b. We denote by oy, ..., o, the columns of the matrix o . The
driving perturbation W(t,x) = (W'(t,x), ..., W4(t,x)) is a g-dimensional Gaussian noise
which is white in time and with a spatially homogeneous covariance f, that is,

E[W! (¢, 0)W/(s,3)] = 8(t = 5)f (x = )8
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where 8(-) denotes the Dirac delta function, &; is the Kronecker symbol and f'is a positive
continuous function on R\ {0}.

The basic examples we are interested in are the stochastic wave and heat equations
with vanishing initial conditions, that is, L = (9?/0t?) — A and L = (9/dt) — A, where A
denotes the Laplacian operator in R?, and the spatial covariance f to be the Riesz kernel,
that is, f(x) = |Ix]| %, 0 < B < d.

Let (F,);=( denote the filtration generated by W, and let 7 > 0 be fixed. By definition,
the solution to the formal Equation (1.1) is an adapted stochastic process {u(t,x) =
(uy(t, %), ..., u (t,x)),(t,x) € [0,T] X Rd} such that

q t
mOJ%=E:LJWFU—&X—WUMM&WWWM&®)
=1 (1.2)

+jjmwwawwwm®m,
0 JR?

where I" denotes the fundamental solution of the deterministic equation Lu = 0.

Recall that when I'(z, x) is a real-valued function, the stochastic integral appearing in
(1.2) is the classical Walsh stochastic integral (see [26]). However, when I' is a measure,
Dalang [5] extended Walsh’s stochastic integral using techniques of Fourier analysis, and
covered, for instance, the case of the wave equation in dimension 3. Nualart and Quer-
Sardanyons [19] extend Walsh’s stochastic integral using techniques of stochastic
integration with respect to a cylindrical Wiener process (see [12]), in order to cover some
classes of measure-valued integrands.

In this paper, we are interested in studying the existence, smoothness and strict
positivity of the density of the solution to the system of SPDEs (1.1), on the set where
{o1,...,04} span RX. The case of a single equation has largely been studied in the
literature, so our aim is to give a survey of the known results and explain how they extend
to the case of a system of equations.

One of the motivations of the results of this article is to develop in a further work
potential theory for solutions of systems of the type (1.1) (see [9]). For the moment,
potential theory for systems of nonlinear SPDEs has been studied by Dalang and Nualart
[6] for the wave equation, and by Dalang, Khoshnevisan and Nualart [7,8], for the heat
equation, all driven by space-time white noise. That is, taking in Equation (1.1),d =1, f
the Dirac delta function and L the fundamental solution of the deterministic wave or heat
equation. In all these works, the existence, smoothness and strict positivity of the density
of the solution to the system of SPDEs are required.

The paper is organized as follows. Section 2 deals with the existence and uniqueness of
the solution to (1.2). For this, we first need to define rigorously the noise W, and explain in
which sense the stochastic integral in (1.2) is understood, recalling the mentioned results in
Refs [5] and [19]. Studying the density of an SPDE is sometimes related to the Holder
continuity properties of the paths of its solution. Thus, we will recall some results
concerning the Holder continuity of the solution to the stochastic heat and wave equations.
This will be done in Section 3. Section 4 will be devoted to the study of the existence and
smoothness of the density of the solution to (1.1). For this, some elements of Malliavin
calculus need to be introduced. Finally, the aim of Section 5 is to show the strict positivity
of the density. This last result turns out to be new in the literature. Its proof extends the
method used by Bally and Pardoux [1] for the case of the stochastic heat equation driven
by a space-time white noise, in our spatially homogeneous situation.
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2. The stochastic integral

The aim of this section is to recall the results concerning the existence and uniqueness of
the solution to our class of SPDEs (1.1). For this, we will first recall in our g-dimensional
situation the extension of Walsh’s stochastic integral given in Ref. [19], which uses Da
Prato and Zabczyk’s stochastic integration theory with respect to cylindrical Wiener
processes. In the recent paper [11], Dalang and Quer-Sardanyons extensively explain how
this extension is related to the pioneer work by Dalang [5].

Fix a time interval [0,T]. The Gaussian random perturbation W = (W', ..., W9)
is a g-dimensional zero mean Gaussian family of random variables
W= {Wi(p),1=j=q,¢€C(0,T]x R?;R)}, defined on a complete probability
(Q, F,P) with covariance

T

B owiwn = [ ] etore -y yaar,

0 Jr
where f:R?— R, is a continuous function on RY\{0} which is integrable in a
neighbourhood of 0.

Observe that in order that there exists a Gaussian process with this covariance
functional, it is necessary and sufficient that the covariance functional is non-negative
definite. This implies that fis symmetric, and is equivalent to the fact that it is the Fourier
transform of a non-negative tempered measure w on R?. That is,

709 = Fatay = | e fucap

and for some integer m = 1,

J w(dé)
R (1 + [P

Elementary properties of the convolution and Fourier transform show that this
covariance can also be written in terms of the measure w as

T

EW W) =5 | FeooFrn@uas.

0
where F i denotes the complex conjugate of Fif.

Let H? denote the completion of the Schwartz space S(RY;RY) of C*(RY;RY)
functions with rapid decrease, endowed with the inner product

q q
CXTEDD JW JRd @ &~ Vi O)dvdy =" JRJ F el OF §r(Hmde),

/=1 /=1

b, P E S(R?; RY). Notice that H? may contain distributions. Set H? = L*([0, T]; HY).
In particular, H? is the completion of the space C; ([0, T] X RY: RY) with respect to the
scalar product

q

T
CXEDD JO JRJ For((EOF Y ()(Omdé)dr.

/=1
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Then the Gaussian family W can be extended to H% and we will use the same notation
{(W(g),g € H}}, where W(g) = > L Wi(g)).

Now, set W;(h) = Z?:lwi(l[o,z]hi), for any t = 0, h € H?. Then {W,,t € [0,T]} is
a cylindrical Wiener process in the Hilbert space H? (cf. [12], Section 4.3.1). That is, for
any h € HY, {W,(h),t € [0,T]} is a Brownian motion with variance tllhlliﬂ, and

E[W,(WW ()] = (s A t){h, gy

Let (Fi);=9 denote the o-field generated by the random variables
{Ws(h),h € H?,0 = s =t} and the P-null sets. We define the predictable o -field as
the o-field in ) X [0, T'] generated by the sets {(s,#] XA,0 =s <t =T,A € F,}. Then
following Ref. [12] (Chapter 4), we can define the stochastic integral of any predictable
process g € L*(Q X [0, T]; HY) with respect to the cylindrical Wiener process W as

T © T
J JRdg‘dW = Zjo<gta6j>7ﬂdwt(ej)7

0 =1

where (e;) is an orthonormal basis of 7. Moreover, the following isometry property holds:

T T
j J g-dW :EU ||g,||$ﬁdt].
0 JR? 0

We next introduce the following condition on the fundamental solution of Lu =0, I'.

2
E

(H1): For all t > 0, I'(r) is a non-negative distribution with rapid decrease, such that

T
J J | FL (/O u(dddr < +oo. 2.1)
0 JR?

Moreover, I' is a non-negative measure of the form I'(z, dx)dr such that

sup J I'(t,dx) = Cr < +00. 2.2)
t€[0,7] JR?

Then Ref. [19] (Lemma 3.2 and Proposition 3.3) shows that under condition (H1),
I" belongs to Hy, and one can define the stochastic integral of a predictable process
G = G(t,dx) = Z(t,x)['(t,dx) € L*(Q X [0, T]; H%) with respect to W, provided that
Z = {Z(t,x),(t,x) € [0,TI X R} is a predictable process such that

sup  E[lIZ(t,0l"] < +oo.
(1.x)E[0,TIXR?

In this case, we denote the stochastic integral as

T ¢ T
J J G(s,y>-w<ds,dy>=J J T(s, ¥)Z(s,y) - W(ds, dy).
0 Jr? 0 JR?

We next state the existence and uniqueness result of the solution to Equation (1.2).
This is an extension to systems of SPDEs of Ref. [19] (Theorem 4.1; see also [5]
Theorem 13) and can be proved in the same way.
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THEOREM 2.1. Under condition (H1), there exists a unique adapted process
{ut,x) = (ui(t, x), ..., u(t,x)), (t,x) € [0,T] X Rd} solution to Equation (1.2), which
is continuous in L? and satisfies that for all 7> 0 and p = 1,

sup  E[||ut, 0)|I"] < +oo. (2.3)
(t.x)E[0.TIXR?

The basic examples we are interested in are the stochastic heat and wave equations. More
precisely, it is well known (see for e.g. [5]) that if L is the heat operator in [R{d, d = 1, that is,
L = (3/dr) — A, where A denotes the Laplacian operator in R?, orif L is the wave operator
inR?, d € {1,2,3}, thatis, L = (32/912) — A, condition (H1) is satisfied if and only if

J u(dé)

—_— 2.4
e (1 + 1) @9

For instance, one can take f to be a Riesz kernel, that is, f(x) = ||x||73, 0<B<d.
Then, u(dé) = cq ll€ll°~?dé and (2.4) holds if and only if 0 < B < (2 A d).

3. Holder continuity of the solution

Studying existence, smoothness and strict positivity of the density of the solution to the
system of equations (1.1) will require to know the behaviour of the moments of the
increments of the solution, which in particular implies the Holder continuity of the paths.
Let us introduce the following conditions.

(H2): There exists y; > 0 such that for all r € [0,T], h € [0,T —¢], x € R?, and
p>1,

Efllu(t + h,x) = u(t, )" = ¢ rh ™,

for some constant ¢, 7 > 0. In particular, for all § > 0 the trajectories of u are
(y1 — 6)-Holder continuous in time

(H3): There exists y, > 0 such that for all 7 € [0,T], x,y € R?, and p > 1,
Elllu(r, x) — u(t, )1 = ¢, 7l — ylI™,

for some constant ¢, r > 0. In particular, for all § > 0 the trajectories of u are
(> — 0)-Holder continuous in space

Using Kolmogorov’s continuity theorem, Sanz-Solé and Sarra [25] prove that if there
exists € € (0, 1) such that
d
J L@z 0, (3.1)
R (1 +11E15)°

then the stochastic heat equation satisfies (H2) for all y; € (0,(1 — &)/2), and (H3)
for all v, € (0,1 — &). In particular, if fis the Riesz kernel, that is u(d§) = cdﬁllgllﬁfddf,
0 < B < (2Ad), then (H2) holds for all y; € (0,(2 — B)/4), and (H3) holds for all
v, € (0,(2 — B)/2). Observe that in this case (3.1) holds for all ¢ > B/2.



Downloaded by [University of Arizona] at 10:04 18 May 2014

Stochastics: An International Journal of Probability and Stochastic Processes 53

For the stochastic wave equation in dimensions d € {1,2}, one obtains that under
condition (3.1), (H2) and (H3) are satisfied for all +vy,y, € (0,1 —g), that is,
Y1, v2 € (0,(2 — B)/2) for the Riesz kernel case. The two-dimensional case was studied
by Millet and Sanz-Solé [16] (Proposition 1.4). See Ref. [26] for the one-dimensional case.

A different approach based on Sobolev embedding theorem is needed to handle the
stochastic wave equation in dimension 3. This was done by Dalang and Sanz-Solé [10] for
the case where the spatially homogeneous covariance is defined as a product of a Riesz
kernel and a smooth function. In particular, when it is a Riesz kernel, they show that (H2)
and (H3) are satisfied with y;, v, € (0,2 — B)/2).

4. Existence and smoothness of the density

We are now interested in proving existence and smoothness of the density of the solution
to system (1.1) on the set where {0, ..., 04} span R¥. As is well known, the Malliavin
calculus provides a powerful tool in order to show this kind of results for solutions to
stochastic differential equations (SDEs) and SPDEs. Let us first recall some existing
results for single equations of type (1.1). For the existence and regularity of the density of
the wave equation with d = 1, one refers to the work by Carmona and Nualart [3]. The
wave equation in spatial dimension 2 was studied by Millet and Sanz-Solé [16]. The three-
dimensional case was then handled by Quer-Sardanyons and Sanz-Solé, see [23,24]. The
case of the stochastic heat equation in any dimension can be found in Ref. [14] (the one-
dimensional case was done earlier in Ref. [1]). All these results were unified and
generalized by Nualart and Quer-Sardanyons [19]. They assumed the following condition.

(H4): There exists n > 0 such that for all 7 € [0, 1],

orl = H |FT 0O u(dddr,
Rd

0

for some constant ¢ > 0

Then they show that if o, b are C™ functions with bounded derivatives of order greater
than or equal to one, and |o| = c¢ > 0, under conditions (H1) and (H4), for all
(t,x) €10, T] X R?, the law of u(r, x) has a C° density.

Observe that condition (H4) is satisfied for the stochastic heat equation for any n = 1
(see [19] Remark 6.3), and with = 3 for the stochastic wave equation in dimensions 1, 2
and 3 (see [23] (A.3)).

The proof of this result uses tools of Malliavin calculus. One needs to check first that
the random variable u(t, x) is smooth in the Malliavin sense. This can be easily generalized
to systems of equations (see Proposition 4.3). Secondly, one needs to show that the
Malliavin matrix has inverse moments of all orders. For this, one uses condition (H4) and
the non-degeneracy condition on o . The extension of this result to systems of equations is
more delicate as ones deals with a matrix o instead of a function, and because of that
reason we need to consider the following additional assumptions on I".

(H5): Conditions (Hi), i = 1,2, 3 are satisfied. Moreover, the non-negative measure W
defined as ||x]|*T'(¢, dx) satisfies that

T
J J | P ()& u(dddr < +oo.
0 JR?
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Moreover, there exist a;, a, > 0,27y < ay,2v, < ay, such that forall 7 € [0, 1],
J r2 J |FT (O ndédr = et
0 R¢

for some constant ¢ > 0, and

J J | FWr (Ol mdé)dr = cre,
0 Jr?

for some constant ¢ > 0
(H6): Conditions (H4) and (HS) are satisfied, and o := a; A ap > 7

We will then show the following result.

THEOREM 4.1. Assume hypothesis (H6) and that o ,b are C* functions with bounded
partial derivatives of order greater than or equal to one. Then for all (¢, x) €]0, T] X RY, the
law of the random vector u(t,x) admits a C™ density on the open subset of R
S:={y€ R 010y, ...,04() span R*}. That is, there exists a function Dix €
C*(2; R) such that for every bounded and continuous function f : R* — R with support
contained in 3,

E[f(u(t,x))] = wa(y)pt,x(y)dy-

We next prove an intermediary result that will be needed for the proof of Theorem 4.1.

Lemma 4.2. Assume hypothesis (HS). Then for all + € [0,T], x € Rd, e € (0,1] and

p>1,
d

for some constant c,7 > 0, where a:= a; Aoy and «,a are the parameters in
hypothesis (HS).

J st = r) = ottt oNLCx ~ ) [dr

p
a
:| = Cp7T8 p’

Proof. Set G(r,dy) := (o ;j(u(t — r,y)) — o;j(u(t,x))I'(r,x — dy). Then by Ref. [19]
(Proposition 3.3), G(r,dy) € L>(Q X [0,T];’H), and following the proof of this
proposition, we can write

IGerx =l = | | 6trx—anro — 260~ a0

Using Minkowski’s inequality with respect to the finite measure
I'(r,x — dy)I'(r,x — dz)f(y — z)dr, together with the Lipschitz property of o, we get

that for all p > 1,
14 £
}Sc,,IJJ J I(r,x — dy)
0 JR? JR?

E{ [[160x = i ar
X (Elllut = r,y) = ult, )W llu(t = r,2) — utt, )I"1) T, x = do)f(y — 2drl?.

0
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Therefore, appealing to hypotheses (H2) and (H3), we find that the last term is bounded by

p
Cp,T

J 6+ e = = =

& p
= cp,T{ J P JR |FT (")) dddr| +
0 d

H | PO u(dddr
0J R4

}
Hence, using hypothesis (HS), we conclude that

E

—

JOIIG(r,x — |dr

14
} = ¢, (e’ + &%) = c, 787,

where a := a; A as. O

Next, we recall some elements of Malliavin calculus. Consider the Gaussian family
{W(h),h € H%} defined in Section 2, that is, a centred Gaussian process such that
E[Wh)W(g)] = (h, g)Hf; . Then, we can use the differential Malliavin calculus based on it
(see for instance [18]). We denote the Malliavin derivative by D = (D, ... D@), which
is an operator in L*(Q; ’H’;). For any m = 1, the domain of the iterated derivative D in
LP(Q; (HL)®™) is denoted by D™, for any p = 2. We set D® = N,=; N,,=; D" Recall
that for any differentiable random variable F and any r = (ry, ..., r,) € [0,T]", D"F(r)
is an element of H®", which will be denoted by D'F. We define the Malliavin matrix of
F € (D*)" by yr = ((DFivDFj>H;)1SiJ§111-

The next result is the g-dimensional extension of Ref. [19] (Proposition 6.1; see also
[24] Theorem 1). Its proof follows exactly along the same lines working coordinate by
coordinate, and is therefore omitted.

PrOPOSITION 4.3. Assume that (H1) holds, and that o, b are C* functions with bounded
partial derivatives of order greater than or equal to one. Then, for every
(t,x) € (0,T1 X R?, the random variable u;(z,x) belongs to the space D%, for all
i=1, ...,k Moreover, the derivative Du;(t,x) = (DWu;(t,x), ..., DPu;(t, x)) is an H%-
valued process that satisfies the following linear stochastic differential equation, for all
i=1,... .,k

DOui(t,x) = o j(u(r, )Tt — r,x — %)

r

t q
_ _ Do 4
+ J J[Rdm 525 =93 DI uuls, W (e, dy) @

4 J J Tt — 5, dy)DP (b (u(s, x — y)ds,
Rd

r

for all r € [0,¢], and is O otherwise. Moreover, forall p=1,m=1and i=1, ...k,
it holds that
sup (D"t 0l | < +oo. “2)

(1. X)E0,TIXR?

Remark 4.4. Recall that the iterated derivative of u;(¢, x) satisfies also the g-dimensional
extension of equation ([19], (6.27)).



Downloaded by [University of Arizona] at 10:04 18 May 2014

56 E. Nualart

Recall that the stochastic integral on the right-hand side of (4.1) must be understood by
means of a Hilbert-valued stochastic integral (see [19] Section 3) and the Hilbert-valued
pathwise integral of (4.1) is defined in Ref. [19] (Section 5).

In order to prove Theorem 4.1, we will use the following localized variant of
Malliavin’s absolute continuity theorem.

THEOREM 4.5 ([1], THEOREM 3.1). Let S.CRE.meEN, m=1,bea sequence of open
sets such that 3,, C 3,4 and let F € (D*)* such that for any ¢ > 1 and m € N,

E[(detyr) 1 (fes,,| < +oo. 4.3)
Then the law of F admits a C* density on the set 2 = U,,2,,.

Proof of Theorem 4.1. For each m € N, m = 1, define the open set
1
S = {y ER o yI* > — VEE R, lldl = 1}. (4.4)

By Proposition 4.3, it suffices to prove that condition (4.3) of Theorem 4.5 holds true in
each 3,,. Indeed, observe that % = U,,2,, = {01, ..., 0, span Ry,

Let (¢,x) €]0,T] X R? and m =1 be fixed. It suffices to prove that there exists
0o(m) > 0 such that for all 0 < 6 = 0y, and all p > 1,

P{(detyuiny < Ol jupnes,) | = C8Y, (4.5)

for some A > 0, and for some constant C > 0 not depending on 0. This implies (4.3),
taking p such that 1 < (A/q)p in (4.5).

We write
k
detyun = (infygggor (€ Vo) - (4.6)
Let £ € RF with [|&] = 1, and fix € € (0, 1]. The inequality
1
lla + bll5,0 = Ellallgﬂ — 16170, 4.7)
together with (4.1), gives
t k 2 1
V€= J Y Dt )| dr =ty = s,
—e|| =1 H4
where
! 2
= | € e - rx - )
I—&
t k 2
oty = j S atr x| dr,
—e|| =1 He

q t
artx =3 | T s = D tats W s,y
/=1 Jr R?

1
+ j Dy (biu(s, x — TGt — s, y)dyds.
r JRY
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Now, assume that u(z, x) € ,,. Then, appealing again to inequality (4.7), we obtain
that .7y = (1/2)./,; — /12, where

Ay = J €T e, DTt = 7, = )2,

Ay = J (€7 (0 (u(r, #) = o e, DL = rox = #)|[2,dr.

Note that we have added and subtracted a ‘local’ term to make the ellipticity property
appear (see (4.4)). A similar idea is used in Ref. [16] for the stochastic wave equation in
dimension 2.

Then, using the fact that u(z,x) € %, we get that

&

1 1
A1 >—J J |FT (&) wdddr =: —g(s).
m 0 R‘[ m

Now we find out upper bounds for the pth moment, p > 1, of the terms .o/, ; and .275.
For .o/, », it suffices to apply Lemma 4.2 to get that, for all p > 1,

E

P
sup ||| = cpre®.
£ER™| gl=1

We next treat .o7,. Using the Cauchy—Schwarz inequality, for any p > 1, it yields that

= c,,iE[ p}

!
2
J lai(r, 1, x, 9| dr
i=1
© 2
j 1T 1,3, )] udr
0

1+l 1)

Tiraei= Y0 [ |10 sox = D otuts, )W s, ),
/ —r JR?

El sup  |.oZ5|"
&R dI=1

4.8)

J 1T, 1,5, 9)|
0

G|

i=1

where

2

ji(ra 1, X, *) = J J r(t - S7y)Dt—r(bi(u(Sax - )’))d)’ds
Rd

t—r
Now, using Holder’s inequality, the boundedness of the coefficients of the derivatives of
o, and Ref. [19] ((3.13) and (5.26)), we get that

d

Moreover, using Holder’s inequality, the boundedness of the partial derivatives of
the coefficients of b, hypothesis (2.2), and Ref. [19] ((5.17) and (5.26)), for the second term
in (4.8) corresponding to the Hilbert-valued pathwise integral, we obtain that

d

E
2
J 1T 1,2, 9|
0

p
] =ce” ! sup E{HD,_.ui(r —s, y)||}';;,}
(s))E0,e)xR? i

& p
< ([ [ 1rroeruanas) = guer.

0

E
2
J 1T (1,0, 9B
0

p
- 2
} =c,e” ! sup E{||D,_,ui(t — S,y)||?’(’,,}

(s.))E0,)xR s

x(JJ r(s,y)dyds> = cyele(e).
0 JR?



Downloaded by [University of Arizona] at 10:04 18 May 2014

58 E. Nualart

Hence, we conclude that, for any p > 1,

E

sup |«52/2|p] = ¢, (g(&)” + elg(e)’).
EER|El=1

Appealing to (4.6), we have proved that, on the set {u(t,x) € %,,},

1 k
det i1 > (2g<s> —1) : (4.9)
m

where I is a random variable such that for all p > 1, E[|I|’] = (6 + g(&)* + £%(s)P).

We now choose € = (8, m) in such a way that 8'/¥ = (1 /4m)g(e). By hypothesis (H4)
this implies that 4m8'/¥ = ce", thatis, ¢ = C8'/". Then using (4.9), we conclude that for
all0< 6= ¢§yandp > 1,

e + g(e)” + eg(e)’
P (det i < O)1yuuy =
{@et Va0 < D jugwes,) § ((1/2m)g(e) — 8V/ky

= C(m)(ﬁp/k + ov/mk (W),

with A = (a — 1)/mk. Recall that 7 < « from hypothesis (H6). This proves (4.5). (|

We end this section with the verification of condition (H6) for the stochastic heat and
wave equations with a Riesz kernel as spatial homogeneous covariance, that is,
— d7
f@ = lIxll™” and u(dd) = cagllél Pdé, 0 < B < 2 Ad).
Consider first the stochastic heat equation in any spatial dimension, that is,

2
I'(t,x) = (4mt)"?exp (— ”ﬂ) t=0,x € R
For all ¢t € [0, T], using the change variables [y = y/./r,Z = z/+/r], it yields that

t
JJ J lly — 2l T, )T (r, 2)dydzdr
0JR! JR?

t
:J’_MJ J lly = 2l "PT (1, (1, 2)dydzdr = et P72,
0 RY JR?

Thus, hypothesis (H4) is satisfied for n = (2 — B8)/2. Furthermore, hypothesis (H5) holds
with @y = ((2 — B)/2) + 27y, and @, = ((2 — B)/2) + v,. Indeed, using the change of
variables [ = y//r,Z = z/+/r], for all T € [0, 1], we have that

J X J j ly = 2ll T (r, DT, y)dz dy dr
0 RrR? JRY

:J rzwmj J lly — 27T, 9, pdzdy dr = e @A+,
0 RY JRA
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and

o] [ na iy = e aro. vz ayar
0JR JR

= [ e | [ NI 2P e = er@ 2,
0 R JRC

Observe that a = a; A ay = (2 — B)/2) + 2v1) A y,, which is bigger that 7, thus
proves (H6).

We next treat the case of the stochastic wave equation with spatial dimension
d € {1,2,3}. Let I'; be the fundamental solution of the deterministic wave equation in R4
with null initial conditions. In this case, changing variables [‘f =ré|, for all t € [0, T],
we get that

! - ! in?(2 _
| [ 1rraoernar-agar = | | sin CrrllED e aga
o Jis oJe 4l
_ ! 2-8 Sin2(277||g||) ~ﬁ—dd~d
Jor Jw ampge e
=3P,

Therefore, hypothesis (H4) is satisfied for n = 3 — 3. Notice also that

T

T
J J If\wr)(é)lzllgllﬁ*ddgdrsTZwJ
Rd

0 [, Fraoerngr agar < +oo.

0

Moreover, changing variables [£ = ré], for all 7 € [0, 1], we have that

j j |f\v<r><a|2||§||ﬁfdd§dr=j r-ﬁj |f\1f<r>(§>|2||é||ﬁddédr
0JR? 0 R4 r
= (19l P rar
0
e

and

J o J |FT(r) &P NP dgdr = e3P,
0 R4

Thus, hypotheses (HS) and (H6) hold taking « =3 — B4+ 2(y1 Ay2) >3 —B=n.

5. Strict positivity of the density

The second aim of this article is to show that under the same condition (H6), the density of
the law of the solution to system (1.1) is strictly positive in a point if the connected
component of the set where {0, ..., 0} span R that contains this point has a non-void
intersection with the support of the law of the solution (see Theorem 5.1). For this, we will
first extend in our situation a criterion of strict positiveness of densities proved by Bally
and Pardoux [1], which uses essentially an inverse function type result (see Lemma 5.6)
and Girsanov’s theorem.
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We will then apply this criterion to our system of SPDEs (1.1). In Ref. [1], the authors
apply their criterion to the density of the law of the random vector (u(¢,xy), ... ., u(t, x)),
0=x; =---=x; =1, where u denotes the solution to the nonlinear stochastic heat
equation driven by a space-time white noise, by using a localizing argument. Hence, their
situation is a bit different as ours, as we deal with a system of SPDEs and we evaluate the
solution at a single point (¢, x) €]0, 7] X R?. In a similar context, Chaleyat and Sanz-Solé
[4] study the strict positivity of the density of the random vector (u(t,x;), .. .., u(t,x;)),
0=x; =--- =x; =1, where u is the solution to the stochastic wave equation in two
spatial dimensions, that is, take in Equation (1.1) d =2, k,q = 1 and L = (9*/91%) — A.

We will also apply the criterion of strict positivity to the case of a single equation, which
isthe solutionto (1.1) withk, g = 1. We will obtain that the density is strictly positivity in all
R under the same hypotheses that Nualart and Quer-Sardanyons [19] obtained its existence
and smoothness (see Theorem 5.3), with the addition condition of o being bounded. Recall
that in the recent papers [20] and [21], the same authors obtain lower and upper bounds of
Gaussian type for the density of the solution to single spatially homogeneous SPDEs of class
(1.1) in the case where o is a constant, which in particular shows the strict positivity of the
density in the quasi-linear case. A first step to show bounds for the nonlinear case is done in
the recent pre-print [22], where upper and lower bounds for the density of nonlinear
stochastic heat equations in any space dimension are established.

There are also other many SPDEs for which the strict positivity of its density is studied.
For example, the case of nonlinear hyperbolic SPDEs has been studied by Millet and Sanz-
Solé [15], Fournier [13] considers a Poisson-driven SPDE, and the Cahn-Hilliard
stochastic equation is studied by Cardon-Weber [2].

We next state the main result of this paper.

THEOREM 5.1. Assume hypothesis (H6) and that o,b are C* functions with bounded
partial derivatives of order greater than or equal to one and o is bounded. Then for all
(t,x) €]0,T] X R?, the law of the random vector u(z,x) admits a C™ density on X :=
{y ERN: o1 (y), ..., 04() span R¥} such that Dix(y) > 0 if the connected component
of 3 which contains y has a non-void intersection with the support of u(z, x).

Remark 5.2. In the case where o is uniformly elliptic, that is, ||a(y)§||2 = ¢ >0, for all
£€ER? and y € RY, under the hypotheses of Theorem 5.1, we get that for all
(t,x) €]0,T] X R?, the law of the random vector u(z, x) admits a C* strictly positive density.

The case of a single SPDE of the type (1.1) is as follows.

THEOREM 5.3. Assume that o,b are C” functions with bounded derivatives of order
greater than or equal to one, and 0 < ¢ < |o| = C. Then, under conditions (H1) and (H4),
for all (z,x) €]0,T] X R?, the law of u(t,x) has a C* strictly positive density function.

Remark 5.4. Observe that we only require the continuity of the density in order to show the
strict positivity (see Theorem 5.7). Hence the C™ condition on the coefficients can be
weakened in order to show the strict positivity of the density.

5.1 Criterion for the strict positivity of the density

As in Section 4, we will study the strict positivity of the density on the set where the
columns of the k X ¢ matrix o, 01, ..., 0, span RE. If y € R* is in this set, then there
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exists [1(y) =: li, ..., k(y) =: [t such that o, (y), ..., 0(y) span R Thus, it suffices to
make all the calculations using W®, ... WkO and ignoring the other W/. In order to
simplify the notation we will take /; = i.

Given T > 0, a predictable process g € H’} and z € R, we define the process
W= W ...,Whas

t
W/ (jo,0h) = W/ (Lo nh) + ZjJ (hi(*), &' (s, *))p,ds,
0
forany h € HX, j=1, ...,k t €[0,T].

We set W,(h)zzjllle(l[o,,lhj). Then, by Ref. [12] (Theorem 10.14),
{(W,,t €[0,T]} is a cylindrical Wiener process in H* on the probability space
(Q, F,P), where

dp
@(w) = Jz(w)7 (ONS Qv

where

k
JZ = exp <_Z ZjJ
j=1

Then, for any predictable process Z € L2(Q X [0, T]; H*) and j = 1, ..., k, it yields that

: : 1< (7,
JW g'(s,y)W/(ds, dy) — EZZJZL g/, *)H;ds) SN CRY

J=1

T

0

T T T
J J zj<s,y>Wf(ds,dy>=J J zj(s,y>wf<ds,dy>+z,-j (Zi(s, ), g5, #)peds.
0 JR? 0 JR? 0

For any (t,x) € [0, T] X R, let 2%(z, x) be the solution to Equation (1.2) with respect to
the cylindrical Wiener process W, thatis, fori =1, ...k,

kot
0= 3" | | T s yoy@ s

=170

k t
£35] = 5= )@, g6 s (52
=1 70
4 J J biGir(t — 5,x — )T(s, dy)ds.
0 JR?

Then, the law of u under P coincides with the law of &t* under 13, which implies that for all
non-negative continuous and bounded function f : Rf — R,

Elf (u(t,x)] = E[f(a*(t,x)J.]. (5.3)

Given a sequence {g,},~; of predictable processes in ’H’} and z € R¥, let i’ (¢, x) be the
solution to Equation (1.2) with respect to the cylindrical Wiener process {W:', te[0,T]},
where W/ (h) = Z;;lW"'j(l[o’[]hj) for any h € H*, and

!
W (110.0hj) = W/ (1o nhy) + ZjJ (hi(*), gl (s, %))y ds.
0
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We denote by ¢’ (t,x) the k X k Jacobian matrix of the random function z — &’ (t, x),
that is, 5
@1, x) = (@Z,,- J(t,X)) = (a_z it;";,i(t,x)> ;

ij j

i
and by (¢, x) its k X k X k Hessian matrix, that is,

82
tx)= (¢ .. (t,x = i (t,x .
d’;( ) (%”'j’m( )) iyj,m (aZjaZm n,t( )) ijm

As @ (t,x) is k-dimensional, the latter is a k-dimensional vector such that each
i-component is a k X k matrix that corresponds to the Hessian matrix of the random

variable ; (¢, ). Finally, we denote by [| - ]| the norm of a n X n matrix A defined as
lAll = sup [|AZ]l.
£ER"JIEl=1

We next proceed to the study of the strict positivity of the density p; (- ) of the law of
u(t, x), where (t,x) €10, T] X R? are fixed. We need to introduce the following condition.
We say that y € R satisfies Hix(y) if

H; x(y): there exists a sequence of predictable processes {g,},=; in Hl}, and positive
constants ¢y, ¢2, ro and 6 such that

@ limsup P{(llu(z,x) — yll =) N (det &(t,x) = ¢1)} >0, forall r €10, rol.

n—0oo

) nmP{ sup (1@, 0l + 12, 0ll) = } ~ 1.

= ldi=s

Remark 5.5. Observe that if a point y verifies H;4(y) then automatically belongs to the
support of the law of u(t, x).

We next provide the main result of this section which is a criterion for the strict
positivity of a density, which was proved in Ref. [1] for the case where ’H'} is replaced by
L*([0,1]; Rk). Our case follows along the same lines as theirs. This criterion uses the
following quantitative version of the classical inverse function theorem. Let B(x; ) denote
the ball of R* with centre x and radius r > 0.

LEMMA 5.6. ([1] Lemma 3.2 and [17] Lemma 4.2.1) Let ® : R* +— Rf be a C? mapping
such that for some constants 8 > 1 and 6§ > 0,

|det ' (0)] Z% and Hsllllp (1P| + 19 @) + 19"(2)]) = B.
zl|=68

Then there exist constants R €]0, 1] and « > 0, such that ® is a diffeomorphism from a
neighbourhood of 0 contained in the ball B(0; R) onto the ball B(®(0); «).

THEOREM 5.7. Let (¢,x) €]0, 7] X R? and y € R be such that H(y) holds true. Suppose
that the law of random vector u(z,x) has a continuous density p,, in a neighbourhood
of y. Then p;.(y) > 0. Moreover, if Hix(y) holds on Supp(P;.) N S, with
S={yER: (), ..., 04(y) span R}, then for every connected subset Scy
such that Supp(Py(.x)) N >, is non-void, Pix 18 a strictly positive function on 2.
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Proof. Lety € R* satisfying Hx(y). Then, proceeding as Ref. [1] (Theorem 3.3), using
Lemma 5.6 with ®(z) = @’ (t, x), one can show that there exists n sufficiently large such
that for any continuous and bounded function f : R* — R, it holds that

E[f(u(t,x))] = J FW6,(v)dv,

B(y,a/2)

where a > 0 is the parameter of Lemma 5.6 and ) is a strictly positive continuous
function on B(y, @/2). This proves the first statement of the theorem.

We next assume that Hi(y) holds on Supp(P; ) N >. It suffices to check that if
S C3 is a connected component of X such that Supp(Py¢.)) N S is non-void, then
SC Supp(P,,v)- Indeed, this implies that H; x(y) holds for all y € S and by the first part
of the theorem one obtains that p, (y) > 0 and the theorem is proved.

Suppose that S.C Supp(Pyi.v) is false. Then one may find x; € S, such that
X1 & Supp(P, ). Moreover, since Supp(Pyq.y) N S is non-void one may find
X3 € Supp(Py,x) N ) Now, since S is connected, one can find a continuous curve
x(A), A€ [0,1] contained in S with x(0) =x, and x(1)=x;. Take now
As = sup{A : x(A) € Supp(Pyq.)}- Since x; = x(1) & Supp(P,(.v) and the complemen-
tary of Supp(P,.y)) is an open set, it follows that A < 1. Then, we have a sequence A, 1 A«
such that x(A,) € Supp(P, ) and we also know that x(A) & Supp(Py.y) for A < A = 1.
This means that x(A.) is on the boundary of Supp(P,,v)), and since this set is closed, we
conclude that x(A«) € Supp(P,qx). Since x(A:) belongs also to S, we have that
Drx(x(Ax)) > 0. But this is contradictory with the fact that x(A.) is on the boundary of

Supp(Pu(t,x))- O

Remark 5.8. Observe that Theorem 5.7 says that if a specific point y- is in the support of the
law of u(t, x) then p, , is strictly positive on the connected component of 3, that contains y.
However, this criterion based on the inverse function theorem does not give information
about the support of the law. Nevertheless, in order to prove that p, ,(y) > 0, we do not
have to check that y itself belongs to the support, but only that the connected component of
3, which contains y has a non-void intersection with the support, and in particular, if we
have ellipticity everywhere, then 3 = R* and so the above condition is automatically
verified (see Remark 5.2).

Remark 5.9. There is a little mistake in page 56, lines 11—13 of Ref. [1]. Indeed, the
support is a closed set and their set {¢ 7= 0}¢ is open, thus they may not intersect, so it is
not always possible to choose a point y in the boundary of the support and such that
¢(y) # 0. For example, if {¢ # 0} ={ — 1,1} and the support is [—1,1], in the
boundary of the support one has that ¢ = 0.

5.2 Proof of Theorem 5.1

Let (z,x) €10, 7] X R be fixed. As explained at the beginning of Section 5.1, let y €
Supp(Pu.x) be fixed such that o(y), ..., ox(y) span R*. Consider the sequence of
predictable processes {g,},=; in Hl}, defined by

g{;(s,z) = v,zll[,_z—n‘,](s)l—‘(t —s,x—2), n=1, j=1,...k, 5.4
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where

.
wi=| | Eroxeruess.

0

We are going to prove that assumptions (i) and (ii) of H¢x(y) are satisfied for this sequence
of predictable processes. Then, the second statement of Theorem 5.7 will give the
conclusion of Theorem 5.1.

We start by some preliminary computations. We write

€110 = J (DO, (1,00, 8 ) dr. 1=, j=k
which follows since the processes defined by the left-hand side and right-hand side satisfy

the same equation, and there is uniqueness of solution. Then by (5.2) and the stochastic
differential equation satisfied by the derivative (4.1), we obtain that

gofl,u(t,x) : ,J(t x) + B (6% + C;;U(t,x),

where
2*?1
lQ{iyi}j(tvx) = V;1J0 <0-l/(ﬁé(t - ra *))F(r7x - *)a F(r7x - *)>Hdr7
B (t,x) : jo (H Lt —s,x — y)/%j1 Om0 i (i (s, ),

XD, ,(5,)), gh(r, )y W™ (ds, dy)) dr

t k
(j [IpSXIACIERE
rJR! m=1

X(DYV(E; ,(s,x = y)), g (r, )Lt — s, dy)ds) dr.

t

Gt j

0

Note that g/ (r, *) = 1;—2-» 4(r)g.(r, *), and that D,(i, /(s,y)) = 0 if s < r. Hence, using
these facts and Fubini’s theorem, it yields that

By, (t,x) = J N J Tt —s5,x =) Z k0 ig (L5, ))

/ m=1

X (J (DY, (s, ), & (r, *)>Hdr> W™/ (ds, dy),

t—=27n
Gun=] |3 Z Db (5.x — )

X (J (DY@, (s,x = y)), gh(r, *>>Hdr) I(t — s, dy)ds.

=271

!

=2

Therefore, we have proved that

@it x) = ot (t,0) + Dy (1, x) + &

n,ij n,ij

(t,x) + wa(t X), (5.5)
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where

D00 | 2 J P 55— 30> O, ) (5,9 (5, ),

=27 /. ,m=1

k t
St = D0 a| (T s 0 D 5,0, 00) s
/,m=1 =2

!

k
Co it x) = J J > 0ubi@ (s, x = )@, (5,x = Y — 5, dy)ds.
o » JRd m=1 o

1—2-

Next, we study upper bounds for the p-moments of the four terms on the right-hand
side of ¢; ; ;(t, x). For this, we assume that llzll = & for some & > 0.
First observe that since o is bounded,

Lsz/iw.(t,x)l =K. (5.6)
Appealing to Ref. [19] ((3.11)) and using the fact that the partial derivatives of the

coefficients of o are bounded, we get that for all p > 1,

k
eonenf] = ot’S
m=1 (s,y)E[0,TIXR¢

B (S, y)m . (5.7)

Using the Cauchy-Schwarz inequality and the fact that the derivatives of o are
bounded, it yields that for all p > 1,

|

We finally use Minkowski’s inequality with respect to the finite measure I'(s, dy)ds,
the boundedness of the partial derivatives of the coefficients of b, and hypothesis (2.2), to
see that for all p > 1,

ele o] 2> s Elldn o] (f) der(s,dwds)p

m=1 (s,)E[0,TIXR?
k
= c,,,727"”2 sup E{
m=1 (s,y)E[0,TIxR?

k

G0 ] =003 s
m=1 (s,y)€[0,T]xR?

& (5.) ﬂ . (5.8)

5.9

p
B (S, y)‘ } .

Now, introducing (5.6)—(5.9) into (5.5), we get that for all p > 1,
k

> k|

k
‘and(t x)‘ } =K, +cpT(v”/2 + 8”27 Z sup E[Igo;"hm_j(s,y)lp}.

m=1 =1 (s,)E[0,TIXR4
(5.10)
Observe that, proceeding as in the proof of (4.2), one can show that
P
sup sup E[ (pfl’iJ(s,y)’ } < o0, (5.1D)

llzll=8(s,y)€[0,T1xR?
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as we have shown in (5.5) that cpfu» J(t,x) satisfies a linear equation with initial condition
<sz/f1‘7i‘-(t,x), which is bounded. Thus, choosing n large and & small such that
cpr ('vg/z + 87 +27") = 1/2, we obtain from (5.10) and (5.11) that

V4
sup  sup E[ soi,i,,-(s,y)’ } =K,. (5.12)

llzll=8(s,y)€[0,T1xR?

We are now ready to show that (i) and (ii) of Hx(y) are verified.
Proof of (i). Take z = 0 in (5.5), and use (5.7), (5.9) and (5.12), to get that

@2,,-,(% x) = Ay

n,ij

(t7 )C) + Rn,i.j(tv X),
where, for any p > 1,
E[|Ryijt, 0] = cpr (vﬁ;/z + 2*”19).

We now write

A (t,x) = o (ult, X)) + Oyt x),
where
-
Onijt,x) = v;lj (o 3(u(t = r, %)) = o ut, ONL(r, x — %), T(r,x = #)), dr.
0

Applying the Cauchy—Schwarz inequality, it yields that for all p > 1,

1) ]

where G(r, dy) := (o ;(u(t — r,y)) — o ;(u(t,x)))I'(r,x — dy) (asinthe proof of Lemma4.2).
Now, appealing to Lemma 4.2 and hypothesis (H6), we obtain that for all p > 1,

1/2 1/2

- -
E[|0 0[] =v,” (E[ J IG(r,x—)|15,dr J T x =)l [3,dr
0 0

E[|0y1j(t, 011 = ¢, 727" (a0 > m).
Now, as y € Supp(P,,x) N >, there exists ry > 0 such that for all 0 < r = ry,
B(y;r) C X, and P{u(t,x) € B(y;r)} > 0.

Moreover, (), ...,0,(y) span Rf. Let o(y) denotes the matrix with columns
a1(y), ...,0(y). Hence, for all 0 < r = r,

P{(llu(z,x) — yll = r) N (det o (u(t,x)) = 2¢1)} > 0,

where

1/ . . 2\
1 == inf inf .
2 <ZEB®;V)II§||—1“U(Z)§” )
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Thus, we conclude that

limsupP{(llu(t,x) —yll = r) N (det (2, x) = cl)} >0,

n—o00

which proves (i).
Proof of (ii). We start proving that there exist ¢ > 0 and 6 > 0, such that

limP{ sup |5 (2, 0|l = c} =1. (5.13)
= | lell=8

Observe that (5.5), together with (5.6)—(5.9), show that

lle5,(t, 0ll = K + sup [IG;(z, )l (5.14)
llll=5

where for any p > 1,

sup E[”gfl(t,x)llp] = CpT (Vf;/z + & + 2*np> )
llzll=&

Hence, in order to prove (5.13) one only needs to check the uniformity in z. Let z and /
such that ||z|| V ||Z|| = 8. Then, using (5.5) and similar computations as in (5.7)—(5.9), and
appealing to the Lipschitz property of the derivatives of the coefficients of o and b and
(5.12), together with the Cauchy—Schwarz inequality, and finally choosing n large and &
small, we obtain that

G =6 =a s E[|ien - em)|]

sup E H
(s y)E[0,TIXR?

() E[0,TIXR?

, 2p 1/2
+Cprsup E[%mw—%umH} :

(s,y)E[0,TIxR?

We now claim that for all p > 1,

/ p
sup [z, 0 — a5 6,»| ] = qprllz = 211 (5.15)

(s y)E[0,TIXR?

Indeed, using the Lipschitz property of the coefficients of o and b, together with Ref. [19]
((3.9) and (5.15)), we obtain that

dl

AT ~7 P
i) — 00| | = cplle=21P

1
+ C”‘TJ sup E[
0yeR!

t
+ CP’TJ sup E H
OyeRr?

i) =56 | 1T ooiuanas

y P
w(t—s,y)— i (t— s,y)” } JRd I'(s,dy)ds.

Thus, hypotheses (2.2) and (2.1), and Gronwall’s lemma prove (5.15).
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We next use the Lipschitz property of o together with (5.15), to obtain that

/ p
sip  E[|[ 25,0 = 60| ] = qprll = 2P
(5.)E[0,TIXR?

Therefore, we have proved that

dl

which, together with (5.14) concludes the proof of (5.13).
The proof of (ii) for ¢7(¢,x) follows along the same lines, therefore we only give the
main steps. Recall that

/ p
et,0 — 60| ] = eprlle =21,

2

aZjaZm

ll‘f,,iljym(ﬂx) =

itfl’i(t,x).
Then we have that
ot . .
U y1,0) = UO <D§’">D£’)(ﬁf,_i(t, X)), 8(r, ©)Rg"(s, *)>H®Hdr ds,
where the H®H-valued process DI DY (@i} (1, x)) satisfies the following linear stochastic
differential equation:

DD (i (1,)) = Tt = r,x = DY@ u(r, #) + Tt = 5,5 = D@ (s, )

t k
18 I IR ) S LTy
Rd

rvs /=1

+ J J Lt — w,dy)D"™ DD (b;(u(w, x — y)))dw.
Rd

rvs

Using the chain rule and the stochastic differential equation satisfied by the first derivative,
one can compute the different terms of ¢, ;. (¢, x) as we did for ¢} ; (7, x), and boundl their
pth-moments. Finally, one estimates the pth-moments of the difference (¢, x) — V7, (¢, x)
as we did for ¢ (#,x) in order to get the desired result.

z

5.3 Proof of Theorem 5.3

The existence and smoothness of the density follow from Ref. [19] (Theorem 6.2). Hence,
we only need to prove the strict positivity. For this, one applies Theorem 5.7 as in Theorem
5.1 taking 3, = R. In this case, in order to prove hypothesis (i), one proceeds as in Theorem
5.1, using hypotheses (H1), to show that for all p > 1,

limE[|¢)(t,x) — /%, 0)I"] = 0.

Next using the non-degeneracy assumption on o, one gets that ;z/g(t, X) = ¢, which
implies that

@t,x) = ¢ — 1@t x) — /21, x)|.
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Finally, these assertions imply that for all y € Supp(P,( )

lim supP{(Iu(t,x) —y=nn (902(t,x) = g)} >0,

n—oo

which proves (i). The proof of (ii) follows exactly as in Theorem 5.1.
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