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Abstract

In this course we will first define the concept of mild solution to the stochastic heat equa-
tion driven by a space-time white noise by recalling the theory of stochastic integrals with
respect to Gaussian random fields. Then, under the assumption that the coefficients are
locally Lipschitz functions, we will define and show local existence and uniqueness of the
solution. Then, we will prove recent results that give necessary and sufficient conditions on
the coeflicients for the solution to blowup in finite time, which are related to the well-known
Osgood condition for ordinary differential equations.

Acknolwedgment: [ am grateful to the organizers of this course that took place at
CIMAT in November 2023 for their warm hospitality and I am also very thankful to the
attendants for their interest and questions during the lectures that helped me to improve
these notes.



Chapter 1

Introduction: from the heat equation
to the stochastic heat equation

In order to introduce the stochastic heat equation, we first need to recall some basics about
the heat equation. For more detailed exposition about the heat equation, one can consult,
for instance, the monograph by David Borthwick [1] and the references therein.

Let us start with the following observation: it is easy to check that the one-dimensional
centered Gaussian density with variance 2xkt, where k > 0 and ¢t > 0, given by

1 2
)= T O\ )

satisfies the partial differential equation (PDE)

e(pi(x)) = K03, (pe())-

This PDE is well-known to be the basic mathematical model for heat conduction and is
called the heat equation, developed by Joseph Fourier in the early 19th century.

Consider a metal bar of length L > 0, sufficiently thin that can be parametrized as a
one-dimensional system on the x-axis, with one end at the origin and the other at x = L.
Let u = u(t, x) denote the temperature of the bar at time ¢ and position . We assume that
the bar is perfectly insulated except possibly at its endpoints, and that the temperature is
constant on each cross section and therefore depends only on t and z. We also assume that
the thermal properties of the bar are independent of x and ¢. In this case, it can be shown
(see for example Section 6.1 of [1]) that u satisfies the heat equation on [0, L] given by

Or(u(t,z)) = k0> (u(t,z)), 0<z<L,t>0, (1.0.1)

where k > 0 is fixed and determined by the thermal properties.



To determine u we need to specify the temperature at any point in the bar when ¢ = 0,
say
u(0,z) =up(x), 0<z<L.

We call this the initial condition and in this course we assume that ug a continuous function
on [0, L]. We also need to specify the boundary conditions that v must satisfy at the end
of the bar for all ¢ > 0. We consider homogeneous Dirichlet boundary conditions, that is,

u(t,0) =wu(t,L)=0.

By the method of separation of variables and the theory of Fourier series, one can show (see
for example Chapter 8 of [1]) that the unique solution to (1.0.1) is given by

u(t,x) = (Grup)(x),

where .
@) = [ st sy (102)
and the function g;(z,y) is known as the Dirichlet heat kernel on [0, L] which is given by
G, y) = 3 Bu(@)n(y) exp(—Aurit), (1.03)
n=1

L2
and eigenfunctions of the eigenvalue problem

where A, = 22> and D, (x) = \/%sin(”—j{x), n = 1,2,... are respectively the eigenvalues

X'z)=-XX(z), O0<az<L

with initial condition X (0) = X (L) = 0. Observe that {®,,},>1 forms an orthonormal basis
of L2([0, L]). Moreover, the solution belongs to C>((0, 00) x [0, L]) and for all x € [0, L],

limu(t,z) = up(x). (1.0.4)

t—0

In the case that the length of the bar is assumed to be infinite we obtain the heat
equation on the real line, that is,

O(u(t,x)) = k02, (u(t,x)), z€R,t>0, (1.0.5)

with initial condition «(0,x) = ug(x). In this case we assume that ug is a continuous and
bounded function on the real line. Then, one can show (see for example Theorem 6.2 in [1])
that a solution to (1.0.5) is given by

u(t,z) = (Puo)(z),



where

(Pf)(x) = /R P — v) () dy, (1.0.6)

and recall that p;(x) is the density of a Brownian motion Bsg,; which is known as the heat
kernel. Moreover, under the assumption that u is bounded on [0, 7] x R for each T > 0,
this is the unique solution which belongs to C*°((0,00) x R) and (1.0.4) holds for all z € R
(see for example Theorems 6.3 and 6.4 in [1]).

The relationship between both heat kernels is the following. On one hand, the Dirichlet
heat kernel g;(z,y) is the probability density function at a point y of a Brownian motion
By, starting at x and killed if it leaves the interval [0, L]. This implies that

gi(z,y) < pe(x —y). (1.0.7)

On the other hand, the heat kernel is the fundamental solution to the heat equation in the
sense that it solves equation (1.0.5) when the initial condition is given by the Dirac function
u(0,x) = dp(z). In this case, since Jp(z) is not a function, equation (1.0.5) needs to be
understood in the sense of distributions. Then, by the method of images (see for example
Section 12.5 in [1]), the Dirichlet heat kernel can be written as

ge(,y) = Y {pily—z—2nL) —py(y +x —2nL)}.

n=—oo

One can also verify directly that g,(z,y) solves equation (1.0.1).
The operator P; is known as the heat operator which satisfies the semigroup property

Ptf:Pt—sPsf7 0<s<t.

Observe that u(s,z) = (Psug)(x) is the solution to the heat equation up to time s. Then,
we can assume that we start again at time s up to time ¢ and the semigroup property says
that the solution at time ¢ is given by u(t,z) = (P—su(s,-))(x).

We next assume that the heat equation (1.0.5) is perturbed by a reaction term f(¢,z).
Then we obtain the inhomogeneous heat equation on the real line given by

O(u(t,z)) = k02, (u(t,z)) + f(t,z), z€R, t>0, (1.0.8)

with initial condition ug(z) as above. By Duhamel’s principle (see for example p.54 of [1])
a solution to equation (1.0.8) is given by

u(t,2) = (Pruo)(z) + /O /R pe_s(z — ) (s ) dyds. (1.0.9)

The idea of Duhamel’s principle is to write the solution as u(t,z) = up(t,z) + uy(t,x),
where uy, (¢, z) is the solution to the homogeneous heat equation (1.0.5) with initial condition



up, and up(t,x) is a solution to the inhomogeneous heat equation (1.0.8) with zero initial
condition. Duhamel’s principle consists of showing that

up(t,x):/o (Pi—sf(s,-))(x)ds. (1.0.10)

In fact, as (P,—sf(s,-))(x) solves the heat equation with initial condition f(s,z) at time s,

(0r — KOZ,) (up(t, ) = /0 (0 — K02,) (P—sf(s,)(x)) ds + (Pof(t,-)(x)
=0+ f(t,z),

which proves that (1.0.10) indeed solves the inhomogeneous heat equation with zero initial
condition, and thus (1.0.9) is a solution to equation (1.0.8).
Similarly, we can consider the inhomogeneous heat equation on [0, L] given by

O(u(t,x)) = k02, (u(t,z)) + f(t,z), 0<x<L,t>0,

with initial condition ug(x) and homogeneous Dirichlet boundary conditions as above. By
Duhamel’s principle the solution is given by

t L
ult, ) = (Gruo)() + /0 /0 gr—s(z ) (s ) dyds.

The inhomgeneous heat equation has many applications in physics, chemistry and biol-
ogy. For example, it appears in the study of neurons, which can be seen as thin bars that
act as electrical cables. The function u(t,x) represents the electric potential at time ¢ and
point x, and is known to be governed by the cable equation given by

Or(u(t,x)) = k0%, (u(t, x)) — yu(t,z), (1.0.11)

where v > 0. Note that the solution to (1.0.11) can be written as u(t,z) = e "w(t, z),
where v(t, x) denotes the solution to the homogeneous heat equation (1.0.1).
We next assume that the heat equation is perturbed by a random term, that is,

A(u(t,z)) = kO, (u(t,z)) +b(u(t,z)) +o(ult,z)W(t,z), zeR,t>0, (1.0.12)

with initial condition ug, a bounded and continuous function on R. The term W denotes a
space-time white noise, which is a Gaussian noise in both time and space. The coefficients
b and o are nonrandom measurable functions on the real line known as the drift and noise
coefficient of the stochastic heat equation (SHE), respectively. Equation (1.0.12) is formal
since

. PW(t,z
Wit o) = g



where W (t,z) is a two-parameter Wiener process, and the latter process is nowhere dif-
ferentiable. Hence, W (t, ) is not a function but a distribution. Therefore, one needs to
interpret the solution to (1.0.12) in the weak sense, that is, integrating with respect to a test
function. Then one can show that such solution exists if and only if the following integral
equation has a solution

u(t, x) = (Pug)(x) + t pr—s(x — y)b(u(s,y)) dyds
o) o

+/0 /Rpts(;z;—y)a(u(s,y))W(dey)7

where the last integral is a stochastic integral with respect to the white-noise measure W
and is known as Walsh’s stochastic integral. In Chapter 2 we provide the rigorous definition
of the white-noise measure and the construction of Walsh’s stochastic integral. Equation
(1.0.13) is called the mild formulation or random field solution to the formal equation
(1.0.12) and was introduced by John B. Walsh in 1984 in his famous Saint Flour lecture
notes [24]. We refer to Walsh’s lecture notes for the proof of the equivalence between the
mild formulation (1.0.13) and the weak solution to (1.0.12). In this course, we will use the
mild equation (1.0.13) as the definition of the solution to the SHE.

As in the deterministic case, the SHE has many applications. For example, going back
to the cable equation (1.0.11) that studies the electric potential of a neuron, one observes
that the surface of the neuron is covered by synapses, through which it receives impulses of
currents that are random. This impulses are generally small and independent and can be
modeled as a space-time white noise. Hence, W(t , ) represents the intensity of the impulse
at time ¢ and point x. Since the response of the neuron to a current impulse may depend
on local potential we have the term o(u(t ,z)) in front of the noise. Then one obtains the
following stochastic heat equation, which is called the stochastic cable equation:

O(u(t,x)) = &83x(u(t,x)) —yu(t,x)) + U(U(t,.’IJ))W(t,(L‘).

The case o(u) = u is of particular interest in practise. In fact, equation (1.0.12) with b =0
and o(u) = wu is known as the Parabolic Anderson model (PAM) with space-time white
noise and has been extensively studied in the physics and probability literature due to its
intermittency properties. See for example the course by Davar Khoshnevisan [14].

The aim of this course is to give some answers to the question of existence and uniqueness
of the mild formulation (1.0.13) of the SHE. In order to simplify the exposition we will
assume that x = 1, and we will consider both the SHE on the real line and on the interval
[0,1]. This latter is written as

Or(u(t,z)) = 02, (u(t, ) + blu(t,z)) + olult,z))W(t,z), 0<z<1,t>0,



with initial condition a continuous function ug on [0, 1] and homogeneous Dirichlet boundary
conditions. In this case, the mild formulation is written as

t 1
ult,x) = (Grup)() + /O /0 gos(, 9)b(u(s 1)) dyds
t 1
+ /O /0 Gi—a(z 9)o(u(s 1)) W (ds dy).

In order to obtain the existence and uniqueness of the mild solution needs sufficient
conditions on the drift and noise coefficients of the SHE. When both coefficients are assumed
to be globally Lipschitz continuous (for instance, PAM), it is well-known that the mild
solution exists globally, that is, for all (¢,z) a.s. and is a.s. unique and continuous. We will
give the proof of this fact in Chapter 2. When the coefficients are only assumed to be locally
Lipschitz continuous, then the problem becomes more delicate. In this case, for the SHE on
the interval [0, 1], we will show in Chapter 2 that the mild solution exists locally, that is,
a.s. up to a stopping time t < 7, and is unique and continuous a.s. Then, in Chapter 3, we
will study the a.s. blowup in finite time of the mild solution, that is, when 7 < oo a.s. and

lim sup |u(t,x)| = o0, a.s.
17 ze0,1]

We will show that when the drift is locally Lipschitz and the diffusion coefficient is a positive
constant, the classical Osgood condition for ordinary differential equations is a necessary
and sufficient condition for the solution to blowup in finite time a.s. We observe that the
blowup of solutions to the SHE is very different if (say) o(u) = u (PAM) or if o is (say)
bounded away from zero and infinity. Thus, we will restrict the theory to the case that o
is a constant since this is the simplest and first case studied in the literature, and we will
mention recent extensions to more general cases.

The stopping time argument used to show the existence of a local solution does not
apply for the SHE on the real line since the solution is unbounded a.s., that is, for all ¢ > 0,

sup |u(t,z)| = oo, a.s.

zeR
If the coefficients are both locally Lipschitz continuous with at most linear growth, one
expects to obtain global existence and uniqueness of the mild solution, but this is still an
open problem in the literature. For the SHE on the real line, we will show in Chapter 3
that when o is a positive constant, the Osgood condition is sufficient for the non-existence
of the global mild solution. We will also mention some recent extensions of this result.

An example of locally Lipschitz function that is not globally Lipschitz is f(u) = u® with

a > 1. Another interesting case which is not covered in this course is the existence and
uniqueness of solutions for the case o(u) = u® with a < 1. This latter case appears in



the theory of branching processes and is studied for example in the paper by Carl Mueller,
Leonard Mytnik, and Ed Perkins [19], and the references therein. For the case o(u) = u®
with a > 1, we refer to the paper by Carl Mueller [18] and the references therein.



Chapter 2

Global and local existence of the
stochastic heat equation

The aim of this chapter is twofold. We first introduce the notion of space-time white
noise and its properties, and we define Walsh’s stochastic integral. Then we give sufficient
conditions on the drift and noise coefficients of the stochastic heat equation in R and [0, 1]
for the mild solution to exist globally and locally, and be a.s. unique and continuous. The
material of this chapter is very classical and follows essentially the lecture notes mentioned
in the introduction [24] and [14]. We also refer to the lectures by Davar Khoshnevisan [2],
the monograph by David Nualart [20], and the recent book by Robert C. Dalang and Marta
Sanz-Solé [5].

2.1 Space-time white noise and Walsh’s stochastic integral

A space-time white noise on R4 x R is a zero-mean Gaussian process W = {W(h),h €
L?*(R; x R)} defined on a complete probability space (2, F,P) with covariance

E(W(h)W(g)> = <h7g>L2(R+><R)7 h7g € LQ(R-F X R)7 (211)

where (h, g) 2R, xr) denotes the scalar product on L*(R4 x R).

Notice that for every {hy,...,h,} C L?(R,; x R), the matrix ((h;, hj>L2(R+xR))z’,j=1,...,n
is a n X n positive semidefinite matrix.

We can derive the following property of a space-time white noise.

Proposition 2.1.1. For all ay,...,a, € R and hy,...,h, € L>(Ry x R),
4 (Z alhl> == Z CLlW(hl), a.s.
i=1 i=1

8



Proof. By induction it suffices to prove that for all @ € R and h,g € L*(Ry x R): (i)
W{(ah) = aW(h) a.s.; and (ii) W (h + g) = W (h) + W(g) a.s. We verify (i) using (2.1.1)
in order to see that E (|[W(ah) — aW (h)[*) = 0. Similarly, we can prove (ii) by checking,
using (2.1.1), that E (|W(h + g) — W(h) — W(g)|*) = 0. O

Proposition 2.1.1 tells us that W : L2(R; x R) — L?(f2) is a linear isometry and the
relation (2.1.1) is called the Wiener isometry. If h € L?(R x R) then the square-integrable
random variable W (h) is called the Wiener integral of h . We will write

W(h):/R+/Rh(s,y)W(dsdy).

We denote by B(R.+ x R) the Borel o-algebra of subsets of Ry x R, and by A(R+ x R)
the set of Borel sets in B(R4+ x R) with finite Lebesgue measure . If A € A(R; x R) we
abuse notation and write W (A) for W(14). We observe from the Wiener isometry (2.1.1)
that if Ay, A € A(R4+ x R), then

E(W(A1)W(A2)) = AM(A1 N A3). (2.1.2)
From this notation we have the following result.
Proposition 2.1.2. The following properties hold:
1. W(A1 U Ag) = W(A)) + W(As) — W(A1 N Ag) for all A1, A2 € A(R4+ x R).
2. If {Ai}is1 is a decreasing sequence in A(Ry x R) such that N2, A; =0, then

L*(Q) — lim W(A,) =0.

n— oo
Proof. We start proving 1. Observe that if A; and Ay are disjoint, from (2.1.2), we get that
E (|[W(41U Az) — W(Ar) — W(49)]*) = 0.

The general case follows by induction from this one. The proof of 2. follows easily from the
fact that E (JW(4,)|?) = M(Ay) for every n > 1. O

The preceding proposition implies that the mapping A — W(A) from A(R4+ x R) to
L?(2) defines a o-additive L?(Q)-valued measure, since we can deduce from it that if {4;};>1
is a sequence in A(R4 x R) where the A;’s are pairwise disjoint and such that U2, A; also
belongs to A(R4+ x R), then

W(UZA) =Y W(A)  as,
i=1

9



where the sum converges in L?(Q).

For every time t > 0 and A € A(R), we define the white noise process {W;}i>o by
Wi(A) = W([0,t] x A). Observe that for fixed A, this is a proper stochastic process. In
particular, the process {\(A)~1/2W;(A)}s>0 is a Brownian motion.

Let F = (Ft)t>0 be the filtration of the process {W;}i>9. That is, for all t > 0, F;
is the o-algebra generated by {Ws(A4);0 < s < ¢t,A € A(R)}. We say that a process
X :R; xR x Q — R is adapted if for any ¢ > 0 and = € R, the random variable X (¢, x)
is measurable with respect to F;.

We next extend the definition of the Wiener integral to include random integrands, and
the result is called Walsh’s stochastic integral. The construction follows similarly as the
[t0’s stochastic integral. We first consider simple random fields X : R x R x 2 — R of
the form

X(t,2)(w) = X(w)ep(r)1(a) (1),

where 0 < a < b, X € L*(Q,F,) and ¢ € Cy(R) (continuous function in R with compact
support). Then, if X (¢,x) is a simple random field with the preceding representation, we
define the stochastic integral of X as

W(X) = X /( b] /R ()W (ds dy),

where the integral f(a i Jr e(y)W(dsdy) is the Wiener integral defined above, which is

independent of the o-algebra F,. Thus, X and f(a ) Jr ¢(y)W(dsdy) are independent. In
particular,
E(W(X)) =0 (2.1.3)

and
E(WCOPR) = I1X 22 m, xroxc): (2.1.4)

We next consider the set of elementary random fields £ given by the processes X :
R; xR x 2 = R that can be written as

X(t,2)(w) =Y Xi(w)ei(r) L (a0 (8),
i=1

where 0 < a; < by < az < by < -+ < ay < by, the X;’s are random variables in L?(€), F,,)
and ¢; € Co(R).
We define the stochastic integral of an elementary random field X € £ as

W(X) = ER:XZ- /(
=1

i,

/ i)W (ds dy).
b] JR

10



By the properties of Wiener integrals it is easy to see that the definition of the integral
does not depend on the representation of X (¢,z) in the sense that if we have two different
representations as a sum of simple random fields then the stochastic integral coincides a.s.
Moreover, it is also easy to check that (2.1.3) and (2.1.4) also hold for all X € £. The
identity (2.1.4) is called Walsh’s isometry and shows that the integral operator X € & —
W(X) € L*(Q) is a linear isometry.

The next results extends the definition of the integral to general integrable random fields.

Theorem 2.1.3. Let W denote the completion of € with respect to the L>(Ry x R x Q)-
norm. Then W : W — L*(Q) is a linear isometry that satisfies (2.1.3) and (2.1.4).

Proof. Let {X™},>1 be a sequence of element of € that is Cauchy in L*(R; x R x ).
By completeness, X := lim, o, X" exists in L?(R; x R x Q). According to Walsh’s
isometry (2.1.4), the sequence {W(X()},>; is Cauchy in L?(Q). Therefore W (X) :=
lim,, oo W(X (™) exists in L2(Q) and satisfies (2.1.3) and (2.1.4). O

For any X € W, we call W(X) Walsh’s stochastic integral of X and we write

W) = [ + | X(swWiasay),

Several observations are in order. First we observe that the class of non-random elements
of W coincides with L?(Ry x R). Moreover, Walsh’s integral of X € L?(R, x R) is the
same as the Wiener integral of X. Second, it can shown that VW contains the set of jointly
measurable and adapted processes X that are square integrable, that is,

”X”%2(R+><R><Q) =KL </0 /R(X(S,y))zdy dS) < 0.

We next give Burkholder-Davis-Gundy inequality for Walsh’s stochastic integral.

Proposition 2.1.4. If X is element of W then the process

t
t— M(X) ::/ / X(s,y)W(dsdy)
0 JR
defines a continuous L*(Q)-martingale with quadratic variation

2
t = [ X122 (0,9 xmx0)-
Moreover, for all p > 2, there exists a constant ¢, > 0 such that

E(W(X)P) < ¢l X172 (2.1.5)

R4 xRxQ)"

11



Proof. The first statement follows directly if X is and element of £. If X € W then we can
find a sequence {X(™},51 in £ that converges to X in L?(R; x R x ) as n — oco. Thanks
to Walsh’s isometry, W (X)) — W (X) in L?(Q) as n — oo. Moreover, by Doob’s maximal
inequality for continuous L?(Q)-martingales (see for e.g. Theorem 1.7 in [13]),

E <sup M, (X™) — Mt(X(m))|2> < 4supE <|Mt(X(") _ X(m))|2)
t>=0 t=0
=4 x® - X(m)Hg?(RerRXQ)’

which goes to zero as n,m — oco. Thus, the first statement is true. In order to prove (2.1.5),
we see that

W(X) = lim My(X),

where the limit holds in probability. Hence, thanks to Fatou’s lemma, for all p > 0, we get
that
E((W(X)P) < StggE(lMt(X)lp)

Thus, from the classical Burkholder-Davis-Gundy inequality for continuous L?(£2) martin-
gales (see for e.g. Theorem 4.1 in [22]), we conclude the proof of (2.1.5).
O

2.2 Global and local existence of the stochastic heat equation
Consider the stochastic heat equation
O(u(t,x)) = 02, (u(t,z))+b(u(t,z))+o(ult,z))W(t,z), zel0,1] or R, t>0, (2.2.1)

with homogeneous Dirichlet boundary conditions in the [0, 1] case and W a space-time white
noise. The initial condition is assumed to be a continuous function on [0, 1] and in the real
line case is assumed to be a continuous and bounded function in R.

As explained in the introduction, equation (2.2.1) is formal and we define its solution
through the mild formulation as follows.

Definition 2.2.1. A local mild solution to equation (2.2.1) on [0, 1] is a jointly measurable
and adapted process u = {u(t, )}y )R, x[0,1] that satisfies the following integral equation

t 1
u(t,z) = (Gruo)(z) + gi—s(@, y)b(u(s,y)) dy ds
0 /0 /0 (2.2.2)

t 1
+/0 /o gi—s(x,y)o(u(s,y)) W(ds dy),

12



for all t € (0, T), where T is a stopping time. We recall that Gy is the semigroup defined

n (1.0.2) and g:(z,y) is the Dirichlet heat kernel on [0,1] defined in (1.0.3). If we can
take T = 00, then the local solution is also a global one. In R, the mild formulation can be
written as

u(t,z) = (Puo)( //pt s(z —y)b(u(s,y))dyds

(2.2.3)
[ [ pese = potats ) wiasay),
0 JR
where Py is the semigroup defined in (1.0.6) and p(x) is the heat kernel which is the N (0, 2t)
Gaussian density function.

We recall that f : R — R is a locally Lipschitz continuous if for any compact set K C R
there exist a positive constant Lx such that for all z,y € R,

[f(z) = f)| < Ll —yl,

If the constant L is uniform over all compact sets in R we say that f is a globally Lipschitz
continuous function.

The next result proves existence and uniqueness to the SHE (2.2.1) under globally Lip-
schitz coefficients.

Theorem 2.2.2. Assume that o and b are globally Lipschitz continuous functions. Then
there ezists a global mild solution to equation (2.2.1) on [0, 1] that satisfies for allT > 0 and
p>0,
sup sup E (Ju(t,z)P) < oo. (2.2.4)
t€[0,T] z€[0,1]
The solution is unique (in the sense of versions) among all mild solutions that satisfy (2.2.4)
with p = 2. The same statement holds for equation (2.2.1) in R by replacing [0,1] by R.

Proof. We start with equation (2.2.1) on [0,1]. We first show the existence. Observe that
since ug is bounded on [0, 1], the first term on the right hand side of (2.2.2) is bounded. We
next consider the Picard iteration scheme. Let ug(t,x) = up(x), and then iteratively define

Unt1(t,z) = (Grup)(x / / gi—s(z,y)b(un(s,y)) dy ds
(2.2.5)

t [ et otunts ) wasay)

Define dy,(t,7) = unt1(t,x) — un(t,z) and let Hp(t) = sup,epo04x0,11 E ([dn(s,y)[F),
where p > 2 is fixed. Note that since LP({2)-norms increase with p it suffices to take p > 2.
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Observe that
t 1
du(t ) = /0 /0 Gia( ) b(tn(s,9)) — Dlun—1(s,9))] dyds
t 1
" /0 /O G 9] (n(5.9)) — 0 (1 (5 .))] W (ds dy).

Using the Lipschitz continuity property of b and Hélder’s inequality, we obtain

B(| [ [ st s blants ) = bunss ]y )

t rl p—1 Lt 1
<cp</0/ogt_s(:c,y)dyd8> /0/0gt_s(x,y)E(!dn_l(s,y)!p)dyds

t 1
<o [ [ o) Blldani(s )P dy s,
0 JO

for some positive constants ¢, and ¢, that may change from line to line. In the last
inequality we have used the fact that by (1.0.7),

t 1 t 1
/ / gt—s(v,y)dyds </ / pr—s(z —y)dyds < t.
0 JO 0 JO

Similarly, from the Lipschitz continuity property of o, Burkholder-Davis-Gundy inequality
(2.1.5) and Holder’s inequality, we get that
)

e
| /ot /01 gi—s(@, Y)E(|dn1(s,y)") dy ds

t 1
< </ / g (z,y)dy dS)
0 0

t 1
< cpr / / G2 (@, y)E(|dns (s, 9)P) dy ds,
0 0

t 1
/0 /0 go—s( 9) [0 (n(5, ) — 0 (n_1(5,))] W(ds dy)

Y
2

where again in the last inequality we have used that by (1.0.7),

t 1 t 1
/ / 97 o(z,y)dyds < / / pi_o(z —y)dyds < eVt
0 JO 0 JO

Therefore, using again inequality (1.0.7), we obtain

t 1
E(|d,(t,z)F) < Cp,T/ (1/2 + 1> sup E(|dn—1(s,y)|P)ds.
o \|t—s] ye[0,1]
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We next apply Holder’s inequality with a € (1,2) and 3 such that ! + 371 = 1 to find
that for all ¢ € [0, T,

t 1/
Hy(t) < cpr ( / H? | (s) ds> :
0

Apply Gronwall’s Lemma A.0.1 with ¢,, = H5 to find that Y omey Hy(t) < co. This implies
that the sequence uy,(t,z) converges in LP(€2) uniformly for all ¢t and = to a process u(t,z).
Moreover, the process u(t, x) is jointly measurable, adapted, and satisfies (2.2.2) and (2.2.4).

We finally prove uniqueness. Set d(t,z) = u(t,x) — v(t,z), where u and v both solve
(2.2.2) and satisfy the integrability condition (2.2.4) with p = 2. Then, proceeding as above,

it follows that
t 1/8
H(t)<erp (/ Hﬁ(s)ds> ,
0

where H(t) = sup(s y)efo4x[0,1] E (|d(s;9)[?) Apply Gronwall’s Lemma A.0.1 with ¢, = HF
for all n > 1 to find that H(¢) = 0. Thus, v and v are modifications of one another, that is,
u(t,z) =v(t,z) as. for all t >0 and x € [0,1].

The proof for the equation in R follows exactly along the same lines by replacing [0, 1]
by R. O

We have the following estimate of the increments of the solution to (2.2.1).

Theorem 2.2.3. Consider the solution to equation (2.2.1) on [0,1] with ug = 0. Then,
for allp > 2 and T > 0 there exists a constant c, 7 > 0 such that for all x,y € [0,1] and
s,t €0,T],

E (lu(t,z) = u(s,y)|") < cpr(lt = s|'/* + |z — y|"*)P. (2.2.6)

The same holds for the solution to equation (2.2.1) in R by replacing [0, 1] by R.
Proof. Fix 0 < s <t < T and z,y € [0,1]. Using the mild formulation (2.2.2), we have that
E(Ju(t,z) —u(s,y)[") < ep(f1 + I2),

where

e/ gl (e (222) — a2 L0y (1) Bl 2)) dz

)
|

and

e(|/ gl (e 2) — Gor (5 )00 () ol 2)) W(dr )
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Since b is globally Lipschitz continuous it has linear growth. Hence, using Holder’s inequality
and (2.2.4), we obtain that

t 1 p
n <o ([ [ oo -0l 1m0 azar)
0 0

Similarly, from the linear growth property of o, Burkholder-Davis-Gundy inequality (2.1.5)
and Holder’s inequality, we get that

t pl p/2
I2 < Cp,T (/ / ’gt—r(m ) Z) - gs—r(y ) Z)l[O,s)(r)‘Q dz d?‘) .
0 JO

We now use the following inequality of the Dirichlet heat kernel (see (B.2.5) in [5]): there
exists ¢ > 0 such that for any 0 < s <t and z,y € [0, 1],

t 1
/O /0 G (22) — gar(y 20,0 (r) 2 dzdlr < ([t — 52 + | — ).

Thus, using Cauchy-Schwarz inequality, we conclude the proof of (2.2.6).

The proof of (2.2.6) for equation (2.2.1) in R follows exactly along the same lines using
the following estimate of the heat kernel (see (B.1.7) in [5]): there exists ¢ > 0 such that for
any s,t >0 and z,y € R,

/ / Dty (2 — 2) — ps—r(y — 2)|? dzdr < (|t — s|V? + |z — y)]). (2.2.7)
o Jr

This completes the desired proof. O

As a consequence of Theorem 2.2.3 and Kolmogorov’s continuity criterion (Theorem
A.0.2) we can derive the a.s. continuity of the solution to equation (2.2.1).

Corollary 2.2.4. Consider the solution to equation (2.2.1) on [0,1] or on R. Then, there
exists a modification of the solution which is continuous in (t,x).

The next result gives the local existence and uniqueness for the SHE on [0, 1]. We refer
to Theorem 4.5.8 in [5] for a more detailed proof.

Theorem 2.2.5. If 0 and b are locally Lipschitz functions then there exists an a.s. unique
local mild solution to equation (2.2.1) on [0, 1] which is almost surely continuous in (t,x).

Proof. For each N > 1, one can define the truncated functions

on(u) := gy <nyo(u) + 1o (N) + 1gye—nyo(—N)
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and
b (u) := 1y <nyo(u) + 1is Ny0(N) 4 1y - nyb(—=N).

Since o and by are globally Lipschitz continuous function, using to Theorem 2.2.2, for each
N > 1, we obtain the existence of a unique global mild solution uy (¢, z) to equation (2.2.1)
where o and b are replaced by o and by, respectively. Moreover, uy (¢, z) is continuous in
(t,x) a.s. by Corollary 2.2.4.

We next consider the stopping time

v :=inf ¢t >0: sup |un(t,z)] >N ;,
z€[0,1]

where inf () := co. It is easy to see that for all x € [0,1] and ¢t € [0, 7n), un (¢, ) = uny1(t, x)
a.s. This implies that 77 < 7y41 a.s. We set 7 = limy_, o 7n. Then, we can define u(t,x)
for all x € [0,1] and ¢ < 7 by setting u(t,z) = un(t,z) whenever ¢ < 7) for some N. This
defines a local mild solution to equation (2.2.1) on [0, 1] which is continuous in (¢, z) a.s.
Finally, using a Gronwall-type argument similar as in the proof of Theorem 2.2.2 on the
event {t < 7}, we deduce that if we have two local solutions u and v to equation (2.2.1) on
[0, 1] which are continuous in (¢, x) a.s., then u(t,z) = v(t,z) a.s. on {t < 7} and = € [0, 1],
which gives uniqueness. The proof is completed. ]

We observe that the latter stopping time argument does not work to show existence of
a local mild solution to equation (2.2.1) on the real line since the solution is unbounded
almost surely, that is, for any ¢ > 0,

sup |u(t,z)] = oo a.s.
zeR

In the recent paper by Davar Khoshnevisan, Mohammud Foondun and Eulalia Nualart [7]
the authors construct a local solution to equation (2.2.1) on the real line, under the assump-
tion that o is a bounded and globally Lipschitz continuous function and b is locally Lipschitz
continuous, nonnegative, and nondecreasing on (0, +00). The construction also uses both a
truncation and stopping time argument by exploiting the fact that b is nondecreasing.

Consider equation (2.2.1) on the real line where b is replaced by b = b A n for every
n € N. Because b is globally Lipschitz continuous, by Theorem 2.2.2 this equation has a
unique solution that we denote by wym) (t,z) for every n > 1. The monotonicity of b implies
that 5™ < b(™ when n < m. Therefore, by a comparison theorem (see [17] and [11]), we
get that uym) < uyemy whenever n < m. It follows that the random field

u= lim uym

n—o0

exists and has lower-semicontinuous sample functions.
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™) (uyny (£, ) < D™ (wymy (£, ) whenever n < m,
off a single null set that does not depend on (b,n,m). Since

b(x) +n—|b(z) —n|

b (z) = 5 ;

it follows that

lim ™ (uy (t,2)) = b(u(t,z))  forallt>0and z € R, (2.2.8)

n—oo

again off a single null set. Therefore, the monotone convergence theorem yields

lim pr—s(y — 2)b™ (™ (s, y)) ds dy = / Pi—s(y — z)b(u(s ,y)) dsdy,
n—00 J(0,t)xR (0,t)xR

where b(oc0) = sup b.
Next, let us consider the [0, co]-valued random variable

T=inf{t >0: u(t,z) =00 for some z € R}. (2.2.9)

Then one can show that 7 is a stopping time and since ¢ is a bounded and continuous
function, we get that
2)

- E ( [ T2 o (s) — oluls )ds dy) ~0
(0AT)XR

n—oo

lim E (’ / Pi—s(y — ) [U(u(”)(s ,y)) —o(u(s,y))] W(dsdy)
(0,AT)XR

n—oo

Therefore, if 7 > 0 then u is a local solution to equation (2.2.1).
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Chapter 3

Blowup of the stochastic heat
equation

In Chapter 2 we defined the concept of local mild solution to the stochastic heat equa-
tion, which means that the solution is only defined up to a stopping time 7, see Definition
2.2.1. Then in Theorem 2.2.5, we show existence and uniqueness of the local solution for
the stochastic heat equation on [0, 1], when the coefficients are locally Lipschitz functions.
Moreover, this local solution is a.s. continuous for all (¢,x). Observe that by the construc-
tion of 7 in the proof of Theorem 2.2.5, this stopping time is the blowup time of the solution,
since
T = inf{t >0: sup |u(t,z)| = oo}
z€[0,1]

and lim¢r supge(o 1) [u(t, )| = oo a.s. Then, we say that the solution blowsup in finite time
almost surely or with positive probability if 7 < 0o a.s or P(7 < 00) > 0, respectively. For
the stochastic heat equation in R, the argument after the proof of Theorem 2.2.5 shows how
to construct local solutions up to its blowup time 7 defined as

T=1inf{t >0:u(t,z) =00 for some z € R}.

In this chapter we address the question of blowup in finite time almost surely for the
solution to the stochastic heat equation when the diffusion coefficient is constant and that
the drift satisfies the following condition.

Assumption 3.0.1. The function b : R — Ry s locally Lipschitz continuous, nonnegative
and nondecreasing on (0, 00).

An example of function satisfying this assumption is b(u) = u® with o > 1.
We first recall some results on the blowup in finite time for stochastic differential equa-
tions.
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3.1 Blowup of stochastic differential equations

Suppose that b satisfies Assumption 3.0.1 and consider the following ordinary differential
equation
& =b(z), z(0) =a > 0.

Observe that the integral formulation of this equation is given by

t
z(t)=a —I—/ b(xz(s))ds, t=>=0.
0
This equation admits a unique solution up to its blowup time defined as
7 :=inf{t > 0: |z(t)| = oco}.

Then we say that the solution blows up in finite time if 7 < co. One can show that this
blowup time is equal to the following

1
T:/a @ds. (3.1.1)

This can be seen rewritting the equation as t = fg m dz(s). After a change of variable,

we obtain
/x(t) 1 q
t= — ds,
+(0) 0(s)
which implies (3.1.1).
We next introduce the Osgood condition which states that the blowup time in (3.1.1) is
finite.
Assumption 3.1.1.
/ N (3.1.2)
——ds < o0, 1.
1 b(s)
where 1/0 = co.
We now consider the following stochastic differential equation
dX; =b(Xy)dt + odBy, Xo=a >0, (3.1.3)

where (B¢)¢>0 is a Brownian motion and ¢ > 0. This can be written as the following integral
equation

t
Xt = (I+/ b(Xs) dS+O‘Bt.
0
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If b is locally Lipschitz continuous, the same argument of the proof of Theorem 2.2.5
shows that this equation admits a unique solution up to its blowup time

T:=1inf{t > 0:|X;| = o0}. (3.1.4)

The next result known as Feller’s test, gives necessary and sufficient conditions for the
blowup of this process, see Proposition 5.32 in [13] for the proof.

Proposition 3.1.2. Suppose that b: R — R is a continuous function. Let

p(x) = /1 ' exp (-20—2 /1 ) b(r) dr) ds and v(z) =202 /1 ' W dy.

The blowup time of the solution to (3.1.3) defined in (3.1.4) is finite a.s. if and only if one
of the following conditions holds:

1. v(o0) < 00 and v(—00) < 00,
2. v(00) < 00 and p(—o0) = —o0,
3. v(—00) < 00 and p(o0) = co.

The next result (see Theorem 5.2 in [16]) shows how the Osgood condition and the
conditions in Feller’s test are related.

Proposition 3.1.3. Assume that b is locally Lipschitz continuous and nonngative. Then

(i) p(=00) = —o0;

(ii) if b is nondecreasing on (0,+00), then [ ﬁ ds < oo if and only if v(co) < oo,
(iii) if b is convex on (0,400) and [° ﬁds < 00, then v(oo) < oo.

Proof. We first prove (i). Observe that since b is nonnegative,

p(—o0) = — / 100 exp <202 / "br) dr) ds

1
< / exp (0)ds = —o0.
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We next prove (ii). Suppose that fl ds < 00. Then, since b is nonnegative and
nondecreasing on (0, +00),

/ / exp ( 20~ / Cb(r) dr) exp <20—2 /1 ") dt> ds dy
o [ e o) om0
=202 /1 h b(ly) ( /y h b(s) exp (—202 /y ) b(r) dr) ds> dy
i (1o (22 [ o))

1
@ dy.

Conversely, assume that v(co) < co. First note that

/100 b(ls) exp <—202 /1 b(r) dr) ds < /1

b(s)
bl/ exp ( 2b(1)(s — 1)) ds < oo.

o0
1

o0
1

-
<
exp (—2072b(1)(s — 1)) ds

On the other hand, Fubini’s theorem yields

o2 / / exp( 20~ / dr) exp (20 2 /1 yb(t)dt) dyds
_ /1 e exp< 252 ><exp< 1Sb(r) dr—l))ds
=/1 o (1 exp( /<> 7))

Hence, [ 5 ds < 00, and the proof of (ii) is completed.
We ﬁnally show (iii). The fact that b is convex on (0,400) and [~ 5 1 ds < o0 imply
that b is nondecreasing on (xg, 00) for some 1 < zg < co. We then write

00) =207 /OO /OO exp (—20_2 /S b(r) dr> dsdy
/ /xo dsdy+/ / dsdy+/:/yoo(...)d5dy
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Since b is continuous, the first integral in the above display is clearly finite. For the second
integral, we use Cauchy-Schwarz inequality to see that

o 00 s
20_2/ / exp (—20‘2/ b(r) dr) dsdy
1 b)) Y

<20 %(xg — 1)/ exp <—20_2/ b(r) dr) dsdy

0 0

<20 (2o — 1) < /x :O b(ls) ds) v < /x :O b(s) exp (—40—2 /x 0 b(r) dr) ds) v
=0 (20— 1) (/: b(ls) ds> v (1 — exp (—40—2 /: b(r) dr))l/Q,

which is finite as floo Tls) ds < oo. Finally, since b is nondecreasing on (xg, o0), proceeding
exactly as in part (ii), we see that the third integral is also finite. This completes the
proof. O

Feller’s test is proved using It6’s formula, thus it does not extend if we replace Brownian
motion by a process which is not a semi-martingale. In order to overcome this fact, Jorge A.
Leon and José Villa [16] extend the ordinary differential equation explosion time to functions
that satisfy the following assumption.

Assumption 3.1.4. g:[0,00) — R is a continuous function such that

limsup inf 1g(t + h) = .

t—oo O0<h<
Then we have the following result obtained in Theorem 3.1 of [16].

Proposition 3.1.5. Let a > 0 and suppose that Assumptions 3.0.1 and 3.1.4 hold. Then
the solution to the integral equation

Xi=a+ /t b(Xs)ds + g(t) (3.1.5)
0

blows up in finite time if and only if the function b satisfies the Osgood condition.

Proof. Suppose that the solution blows up at finite time 7. Since g is continuous, we can
set
M = sup [g(s)].

S<T

Let ¢t < 7. Upon noting that b is nonnegative, (3.1.5) gives

t
Xt<a+M+/ b(X,) ds.
0
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The nonnegativity of b together with the continuity of ¢ imply that X; can only blowup to
positive infinity. Let Y; =a+ M + 1+ fg b(Ys)ds. Then by Lemma A.0.3, we have X; <Y}
on [0,7]. But since X; blows up at time 7, Y; should also blowup by time 7. This means
that b satisfies the Osgood condition.

We now suppose that X; does not blowup in finite time and that the Osgood condition
holds. Let {t,}>2; be some sequence which tends to infinity. Since b is nonnegative and
nondecreasing, we get that

t+tn
Xt+tn > (I—|—/ b(XS) d8+g(t+tn)
tn
t
>a+ [ BXaw,)ds gt + )
0

t
> a4+ inf g(h+tn)+/ b(Xsye,)ds,
0

INx

where the last inequality holds whenever 0 < ¢ < 1. This means that X;1;, > Z; where

1 _ ¢
Zy = 3 (a + 0511219(}1 +tn)) —i—/o b(Zs) ds.

Since we are assuming that X; does not blowup in finite time, the blowup time of Z; has to
be greater than 1, which implies that

o 1
/ ——ds > 1.
L(at+infocnes g(httn)) O(5)

2

But from Assumption 3.1.4, we can find a sequence t,, — oo such that
1
— inf .
5 (a+ oérﬁglg(h +tp)) = 00

This contradicts the Osgood condition and the proof is complete. ]

One can show that almost surely Brownian motion B; satisfies Assumption 3.1.4. We
will prove this fact for a more general class of processes in Section 3.3. Hence, the Osgood
condition is a necessary and sufficient condition for blowup of the solution to equation
(3.1.3). As showed in [16], one can replace the Brownian motion by a more general class of
processes including the bifractional Brownian motion for which Feller’s test for explosions
is not applicable.

The bifractional Brownian motion was introduced by Christian Houdré and José Villa in
[12] and is a generalization of the fractional Brownian motion. It is defined as the centered
Gaussian process B = (BtH’K, t > 0) with covariance

RH’K(t,S) — 2—K ((tQH + SQH)K . |t _ S|2HK) ’
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where H € (0,1) and K € (0,1]. Note that if K = 1, then B! is a fractional Brownian
motion with Hurst parameter H and B 3! is a Brownian motion.

Set
Vi i (t) = tT5\/2loglogt, t>e.

The bifractional Brownian motion satisfies the following law of iterated logarithm; see for
instance Lemma 4.1 of [16] for the proof.

Lemma 3.1.6. Almost surely,
limsup —+—— = 1.
t—r00 wH,K(t)

As a consequence of Proposition 3.1.5 and Lemma 3.1.6, we have the following result.
Proposition 3.1.7. Let a > 0 and o > 0, and suppose that Assumption 3.0.1 holds. Then,
if the Osgood condition holds, the solution to the stochastic integral equation

t
X;=a+ / b(X,)ds +oB T 1 >0, (3.1.6)
0
blows up in finite time almost surely. Moreover, if the solution blows up in finite time with
positive probability then the Osgood condition holds.

Proposition 3.1.7 will be a consequence of the results in Sections 3.2 and 3.3 since
similar results will be proved for the stochastic heat equation, and we will see that the same
arguments apply to the solution to equation (3.1.6).

3.2 Blowup of the stochastic heat equation on [0, 1]
Consider the stochastic heat equation on [0, 1],
Ar(u(t,x)) = 0%, (u(t,x)) +bult,z)) + ocW(t,z), =xecl0,1], t>0, (3.2.1)

with homogeneous Dirichlet boundary conditions, ¢ > 0, and initial condition ug(z) a
nonnegative and continuous function on [0, 1].

The following theorem, due to Pablo Groisman and Julian Fernandez Bonder [6], shows
the sufficiency of the Osgood condition for the solution to (3.2.1) to blowup in finite time
a.s. with the additional condition that b is convex instead of nondecreasing.

Theorem 3.2.1. Suppose that b : R — R is locally Lipschitz continuous, nonnegative,
convex, and satisfies the Osgood condition. Then, the solution to (3.2.1) blows up in finite
time a.s.
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Proof. We consider the process
1
b= /0 u(t, y)¢(y) dy,

8
[0,1]. See (1.0.3). We multiply equation (3.2.1) by ¢ and we integrate to obtain that

F, — FO_—)\l/Fds+//¢ u(s,y) dyds+a//¢ W(dsdy).

Since b is convex, Jensen’s inequality implies that

[ stmtats. ) vz [ twuts. )ay) = ().

Moreover, since ffooo $? = 72 /8, it is easy to see that

= \f/ot/olﬁﬁ(y)W(dsdy),

is a standard Brownian motion. Therefore, we obtain that

where ¢(y) = %Ql(y) and @, is the principle eigenfunction of the Dirichlet heat kernel on

s
dF; > (=M F; + b(F))dt + oc—=dB;.
t = (=M F 4+ b(F)) N

Define z; to be the one-dimensional process that satisfies the SDE given by

dZt = (—)\12,5 + b(Zt))dt +o0o— dBt,

N

with initial condition zg = Fy. Set e; = Fy —z;. Then e; verifies the deterministic differential

inequality
b(Fy) = b(ze) , \ 4
Ft — t 3

with eg = 0. It is easy to check that e; > 0 upto its blowup time. Therefore, F; > z; up to
the blowup time of z. We now apply Feller’s test (Proposition 3.1.2) to the SDE satisfied
by z;. On one hand, since b is nonnegative, similarly as in the proof of Proposition 3.1.3(i),

we get that
p(—o0) = — /_; exp <c/:(—m +b(r)) dr> ds

1
< —/ exp (—eA1/2)ds = —o0,

de; > (—)\1615 +
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where ¢ = 1602772, On the other hand, the fact that b is convex and fl 1 ds < 00
implies that there exists zp € (1,00) such that b(r) > 2A;r for all r > zo. In partlcular,
b(r) — \ir > @ for all » > xg. Then, using this fact, we can proceed exactly along the
same lines as in the proof of Proposition 3.1.3(iii) and we get that

o0) = 6/100 /yoo exp (—c/ys(b(r) — A7) dr) dsdy < oo.

Hence, Proposition 3.1.2 implies that the blowup time of z is finite a.s., which concludes
the proof. O

The next result proves the converse of Theorem 3.2.1 and was obtained by Mohammud
Foondun and Eulalia Nualart [8]. The proof follows that of Proposition 3.1.5 but it relies
on the fact that the stochastic term in the random field formulation is continuous and that
the equation itself is defined on an interval.

Theorem 3.2.2. Suppose that Assumption 3.0.1 holds. Then, if the solution to (3.2.1)
blows up in finite time with positive probability then b satisfies the Osgood condition.

Proof. Set

=inf{t >0: sup |u(t,z)| = cc}.
z€[0,1]

Since the solution blows up in finite time with positive probability, we can find a set €2 that
satisfies P(£2) > 0 such that for any w € 2, we have 7(w) < co. We now fix such an w but
for the sake of notational convenience, we will not indicate the dependence on w in what
follows. We recall the mild formulation

ult,z) = (Geuo)(a //gtsxy u(s,y)) dyds

—i—a/o/ogt_s(x,y)W(dsdy).

The third term in the above display is almost surely continuous. Therefore the following

quantity is finite almost surely:
/ / gi—s(z,y) W(dsdy)|.

Moreover, since b and ug are nonnegative,

J/Ot/olgt_s(x,y) W (ds dy).
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This means that

in u(t,z) > —oM.
tel0,7],x€[0,1]

Since ug is bounded, we have

[(Gruo)(2)] < a,

for some positive constant a. Denote A := {s € (0,¢),y € (0,1); —oM < u(s,y) < 0} and
B:={se€(0,t),y € (0,1);u(s,y) >0} and write

/Ot/01 gt—s(z,y)b(u(s,y))dyds = /Agts(x,y)b(U(Say))dde

+ //Bgt_s(x,y)b(u(s,y))dyds
=11 + I.

Since we are assuming that b is nonnegative and nondecreasing on (0, 00), this gives us

t
I < / b(Y,) ds,
0

where Y; 1= SUP,e0,1] u(t,z). Since b is assumed to be continuous, we have I; < K, where
K is an almost sure finite quantity. Putting all these estimates together, we obtain

t
Yt<a+0M+K+/ b(Ys) ds.
0

We can now proceed as in the proof of Proposition 3.1.5 to conclude the proof. ]

3.3 Blowup of the stochastic heat equation on R

Consider the stochastic heat equation
Or(u(t,x)) = 02, (u(t,z)) + bu(t,z)) + cW(t,z), zecR,t>0, (3.3.1)

where ¢ > 0 and the initial condition ug(x) a nonnegative and bounded function.
We recall that, when it exists, the mild solution u = {u(t, )} s)er, xr satisfies the
following integral equation

u(t,z) = /Rpt(w —y)uo(y) dy + /0 /Rpts(x —y)b(u(s,y))dyds +og(t,z), (3.3.2)

where

ott.0)= [ [ peste - pwasay)
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Observe that g(t,x) is the solution to the stochastic heat equation (3.3.1) with zero drift,
zero initial condition, and o = 1. It is shown in [15] by Pedro Lei and David Nualart that for
a fixed x € R, the process (g(t,x),t > 0) is a bifractional Brownian motion with parameters
H=K-= % multiplied by a constant. In fact, one can easily check that the covariance of
g(t,x) is given by ,

m(\/th— VIt = s]).

The following estimates on the increments of g(¢ , z) are a direct consequence of Burkholder-
Davis-Gundy inequality (2.1.5) and the estimate (2.2.7).

E(g(t ) :C)g(s ) 33)) =

Lemma 3.3.1. For any p > 2 there exists ¢, > 0 such that for any s,t > 0 and z,y € R,
E(lg(t,2) = g(s,9)I") < eyt = s|"/* + |z — '/}

As a consequence of Lemma 3.3.1 and Lemma 4.5 in Robert Dalang, Davar Khoshnevisan
and Eulalia Nualart [3] we have the following estimate. Lemma 4.5 in [3| is based on an
improvement of the classical Garsia’s lemma obtained in Proposition A.1 of [3]| for general
metric spaces, and in Lemma 4.5 this lemma is applied to the parabolic metric [t — s|1/4 +
& —y|'/2.

Proposition 3.3.2. For all p > 2 there exists a constant A, > 0 such that for any integer
n>1,

s,t€[n,n+2],2,y€[0,1]

E( suplglt,) —g(s,y>|p> < A2,

Proof. Using Lemma 4.5 in [3] and Lemma 3.3.1, we get that for all p > 2, there exists a
constant A, > 0 such that for any € > 0,

E sup lg(t,z) —g(s,y)P | < Ape’.
|t—s|!/ A+ ]z—y|1/2<e
Then, using this inequality with € = 221/4 implies the desired result. ]
We can now use Proposition 3.3.2 to get the following almost sure result.

Proposition 3.3.3. Almost surely,

sup — 0, asn — oo.

stenntoye,] P
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Proof. Proposition 3.3.2 implies that for p > 4,
o o0
t,x) — P A, 2p/4
B3 sup lot, ) = g(s,9)I” ) P < 00,
istelntdayeoy V31

which gives us the desired result. O

1
27

As a consequence of Proposition 3.3.3, we get the following estimate.

Proposition 3.3.4. Almost surely, there exists a sequence t, — oo such that

inf t,+h,x) >00 as n — oo.
hE[O,l],:JcE[O,l]g( " )

Proof. Fix zp € [0,1]. Choose w such that both Proposition 3.3.3 and Lemma 3.1.6 hold.
We now write

hE[O,i]r,lxe[O?l]g( +h,x) 9(,w0)+h€[0’h1’1x€[071] (9t +h,z)—g(t,xg))

= g(t, inf —lg(t+h,x)—g(t,
gltwo) +, it (=gt +h,2) = g(t,0))

t) — sup

11 11
22 hel0,1],z€0,1] ( 272

We use Proposition 3.3.3 and Lemma 3.1.6 to choose an appropriate sequence t,, and finish
the proof. 0

We are now ready to show the main result of this Section, which shows that if the
Osgood condition holds, then there is no global solution to equation (3.3.1) and is due to
Mohammud Foondun and Eulalia Nualart [8].

Theorem 3.3.5. Suppose that Assumption 3.0.1 holds. Then, if b satisfies the Osgood
condition, then almost surely, there is no global solution to equation (3.3.1).

Proof. Let {t,} be a sequence of positive numbers which we are going to choose later. From
the mild formulation of the solution and the nonnegativity of the function b, we obtain

t+in
w(t 4t ) = /R Prion (@ — y)uo(y) dy + /0 /R Prsen—a(x — y)b(u(s ) dy ds
t+in
+ U/ / Pittn—s(® —y)W(dsdy)
0 R
t
> / Prtt, (T — y)uo(y) dy + / / pi—s(z — y)b(u(s +t,,y)) dyds
R 0 R
t+tn
+ O’/ / Pitt,—s(x — y)W(dsdy).
0 R
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Let 0 <t <1andz € (0,1). Recall that

bt
gt +t,,z) = / / Pittn—s(® —y)W(dsdy).
0 R

By Proposition 3.3.4, we can find a sequence t,, — 0o so that the above quantity is positive
for 0 <t <1andx € (0,1). Therefore u(t + t, ,z) is also positive for any = € (0,1) and
any 0 < t < 1. We now use the fact that b is nondecreasing on (0, 00) to bound the second
term as follows. For fixed z € (0, 1),

/Ot /Rpts(fv — )b(u(s + ty ,y)) dyds

t 1
> / b< inf u(s+tn,y)> / pi—s(x —y)dyds
0 y€(0,1) 0
t
> bl inf wu(s+t,, > ds,
/0 <y6(0,1) ( v)

where we have used that fact that pi(z —y) > 47 whenever |z — y| < tY/2. We now set
Y: :=infye(o,1) u(t + £, y) and combine the above estimates to obtain

t
Y, > inf {/ T —y)u dy +og(h+1t ,az}+/bY ds.
2 el Rphm( Y)uo(y)dy + og(h +ty , ) ; (Ys)
We now choose w as in Proposition 3.3.4, and we can therefore find a sequence ¢, — oo
such that infocp<q 2e(0,1) 9(h +tn , ) goes to infinity. By the proof of Proposition 3.1.5, we
have the required result. ]

3.4 Remarks and extensions

Concerning the stochastic heat equation on [0, 1], Theorem 3.2.2 can be easily extended to
the case that o is locally Lipschitz continuous and bounded, see Mohammud Foondun and
Eulalia Nualart [8]. Moreover, Robert Dalang, Davar Khoshnevisan, and Tusheng Zhang [4]
established the existence and uniqueness of the global solution with superlinear and locally
Lipschitz coefficients satisfying

b()] = O(lzllog |2])  and  |o(2)| = o (|=I(log |21)!/*)

which shows the optimality of the Osgood condition. Last but not least, Michael Salins
[23] demonstrated that if b does not satisfy the Osgood condition, then to guarantee the
existence of global solutions one can allow ¢ to grow superlinearly as long as it satisfies an
appropriate Osgood-type condition.
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On the other hand, as regards the stochastic heat equation on R, Theorem 3.3.5 is
extended by Mohammud Foondun, Davar Khoshnevisan, and Eulalia Nualart in [7] to the
case that o is globally Lipschitz continuous and bounded away from zero and infinity, and
a stronger statement is proved. Namely, it is shown that the Osgood condition implies that
the solution blowsup instantaneously and everywhere meaning that for every ¢ > 0 and
x € R, u(t,z) = oo a.s. This implies that 7 defined in (2.2.9) satisfies that 7 = 0.

As we started these notes with the deterministic heat equation, we should end with
the comparison of the results of Chapter 3 with the blowup of such equation. Namely, we
consider the heat equation perturbed by a drift satisfying Assumption 3.0.1, that is,

o(u(t,x)) = k02, (u(t,z)) +ut,z)®, xR, t>0, (3.4.1)

with @ > 1 and initial condition ug(z) a nonnegative, continuous and bounded function.
Then, it is shown by Hiroshi Fujita [9] that when o < 3 and ug(z¢) > 0 for some zg, then
there is no global solution to equation (3.4.1). However, when « > 3, one can construct
nontrivial global solutions when ug is small enough. More precisely, for any x > 0, there
exists ¢ > 0 such that equation (3.4.1) has a global solution whenever

0 < wup(x) < dexp (—m]x|2) )

The exponent a. = 3 is called the Fujita exponent. Observe that the drift b(u) = u® satisfies
the Osgood condition if and only if o > 1. Therefore, Theorem 3.3.5 shows that for the
stochastic heat equation o, = co meaning that there is no global solution no matter how
small the initial condition is. This shows that the Fujita phenomenon does not occur in this
stochastic setting.

We next consider equation (3.4.1) on [0, 1], that is,

Oi(u(t,x)) = k02, (u(t,z)) +ult,z)*, zcl0,1], t >0, (3.4.2)

with homogeneous Dirichlet boundary conditions, o > 1, and initial condition wug(z) a
nonnegative and continuous function on [0, 1]. In this case, for any o > 1, one can always
construct nontrivial global solutions by taking ug small enough. When wug is large enough,
there is no global solution for any « > 1. More precisely, if

1
/ wo(@)(x) dz > AV,
0

then the solution to (3.4.2) blowsup in finite time, where ¢ and A; are as in the proof
of Theorem 3.2.1. See Hiroshi Fujita [10]. Again this phenomena does not occur for the
stochastic heat equation on [0,1] as it is proved in Theorem 3.2.1. For the heat equation
on both R and [0, 1] this phenomenon holds for more general convex drifts satisfying the
Osgood condition. See [10] and Section 17 in [21] for precise statements.
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Appendix A

Some useful inequalities

The following Gronwall’s lemma can be easily proved by induction. See for e.g. [1].

Lemma A.0.1. Suppose ¢1,da,...:[0,T] — Ry are measurable and non-decreasing func-
tions. Suppose that there exists a constant A such that for all integers n > 1 and all
te[0,7],

t
busal) <A [ 6u(s) s
0
Then, for alln > 1 and t € [0,T],

(At)n !

Pn(t) < ¢1(T)m-

The next Theorem is a version of Kolmogorov’s continuity criterion for random fields.
See Theorem A.3.1 in [5].

Theorem A.0.2. Let Z = (Z(t, 7)) x)eR,xp @ real-valued random field, where D is a
closed domain in R. Assume that for some p > 6 and T > 0 there exists a constant c, 7 > 0
such that for all s,t € [0,T] and x,y € D,

E (‘Z(t,l‘) - Z(S ) y)|p> < Cp7T<‘t - 3|1/4 + ‘IL' — y‘1/2)p.
Then there exists a modification of the process Z which is continuous in (t,z) € Ry x D.

The following is a comparison principle for ordinary differential equations. See for in-
stance Lemma 2.1 in [16].

Lemma A.0.3. Assume that b satisfies Hypohtesis 3.0.1. Let ay > ao and T > 0. Assume
that w and v are two measurable functions on [0,T)] such that

v(t) = a1 + /Ot b(v(s))ds, te[0,T]
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and .
u(t) = as —l—/ b(u(s))ds,
0
Then, v = u on [0,T]. Moreover, if a; < az and

o(t) a1 + / b(v(s))ds,

and
u(t) = as —I—/O b(u(s))ds,

Then, v < u on [0,T].
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