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Abstract

We consider a stochastic differential equation with additive fractional noise with Hurst parameter
H > 1/2, and a non-linear drift depending on an unknown parameter. We show the Local Asymptotic
Normality property (LAN) of this parametric model with rate 4/7 as T — 00, when the solution is observed
continuously on the time interval [0, t]. The proof uses ergodic properties of the equation and a Girsanov-
type transform. We analyze the particular case of the fractional Ornstein—Uhlenbeck process and show that
the Maximum Likelihood Estimator is asymptotically efficient in the sense of the Minimax Theorem.
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1. Introduction

Let B be a d-dimensional fractional Brownian motion (fBm) with Hurst parameter H > 1/2.
Let us recall that B is a centered Gaussian process defined on a complete probability space
(£2, F, P). The law of B is thus characterized by its covariance function, which is defined by

Ry, =E[B} B/]= - (1t + s/ — |t = s"") 10 — j),  s,t€R. 6))

1
2
The variance of the increments of B is then given by

E[|B! - BI|*] = |t — s*#, s,teR, i=1,...,d, )

and this implies that almost surely the fBm paths are y-Holder continuous for any y < H.
In this article, we consider a time horizon 7 € (0, 00) and the following R4-valued stochastic
differential equation driven by B:

t d )
Y,=y0+/ b(Y;;0)ds+ Y o;B/, tel0,r]. 3)
0 ,
j=1
Here y, € R? is a given initial condition, B = (B!, ..., BY) is the aforementioned fractional

Brownian motion, the unknown parameter 6 lies in a certain set © which will be specified
later on, {b(:;0), 6 € O} is a known family of drift coefficients with b(-; 8) : R — R¢,
and oy, ..., 04 € R? are assumed to be known diffusion coefficients.

There has been a wide interest in drift estimation for stochastic equations driven by fractional
Brownian motion in the recent past, partly motivated by inverse problems in a biomedical
context [20]. However, notice that the existing literature on the topic mainly focuses on the case
where the dependence 6 — b(x; ) is linear and all coefficients are real-valued. In this situation
least squares and maximum likelihood estimators (MLE) for the unknown parameter 6 can be
computed explicitly, and numerous results are available: the case of continuous observations of
Y and where the drift coefficient is linear in both 6 and x (that is, fractional Ornstein—Uhlenbeck
type process) has been studied e.g. in [1,16,18,23], either in the ergodic (6 < 0) and non-ergodic
(@ > 0) case. See also the monograph [30] and the references therein. Results on parameter
estimation based on discrete observations of Y in the linear case can be found e.g. in [3,32]. The
case of a dependence of the form (6, x) — 6 b(x) is handled e.g. in [21,31].

However, the case of a general multi-dimensional coefficient 5(, x) in Eq. (3) is also a very
natural situation to consider, though we are only aware of the articles [6,27] giving some positive
answers for such a dependence. The current contribution has thus to be thought of as a step in
this direction. Indeed, our main aim is to show that the model given by Eq. (3) satisfies the Local
Asymptotic Normality property (LAN) with rate /7 as T — 00, when the process Y is observed
continuously on the time interval [0, t].

Before we proceed to a specific statement of our results, let us describe the assumptions we
shall work with, which are similar to the ones used in [27]. We start with a standard hypothesis
on the parameter set ©:

Hypothesis 1.1. The set © is compactly embedded in R? for a given g > 1.

In order to describe the assumptions on our coefficients b, we will use the following notation
for partial derivatives:
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Notation 1.2. Let f : R x & — R be a CP1°P2 function for pi, p, > 0. Then for any tuple

. . i oo P L g
G, ...rip) €{1,...,d}?, weset 85" f for 3»3 gx, . Analogously, we use the notation a;l v f
i) -0Xip
for 39.-13.%9[’ where (i1, ...,ip) isa tuplein {1, ..., q}?. Moreover, we will write 0, f resp. 0y f

for the Jacobi-matrices Ox, fo ., 0, f) and (Bg, f, . .., Og, f). Finally, for the sake of simplicity,
we denote by (-,-) the Euclidean scalar product in R? or R%, and by |-| the corresponding
Euclidean norm.

Let us now state the linear growth plus inward assumptions on our drift coefficient ensuring
ergodic properties for the process Y:

Hypothesis 1.3. (i) There exists & > 0 such that for every x, y € R? and § € 6 we have
(b(x; 6) = b(y; 0), x — y) < —at|x — yI*.

(ii) We have b € C>1(R? x ©; R?), with 3. and 32, b uniformly bounded in (x, 6).

(iii) We have b := 9pb € C*O(R? x O; R? x R?), with 8,b and 82 b uniformly bounded in (x, 6).
(iv) There exists ¢ > 0 such that for every x, y € R?and 6, 6y € O, the following Lipschitz and
growth conditions hold:

be;0) <c(l+Ix)),  |b(x;0) <c(+|x]),
lb(x; 0) — b(x; 60)| < c|6 — 6ol(1 + |x]).

Furthermore, we suppose that the coefficient o fulfills an invertibility condition of the
following form:

Hypothesis 1.4. The dimension d of driving fBm equals the dimension of the state space R? for
Y. In addition, denoting by o the d x d matrix with columns o1, ..., 04, we assume that o is
invertible.

Notice that Hypotheses 1.3 and 1.4 entail the following result (see next section for more
details): for a given & € O the solution to Eq. (3) satisfies a.s. lim,_, oo |Y; — Y,| = 0, where
Y = {Y,,t > 0} is a stationary and ergodic stochastic process.

Let us now introduce the concept of the LAN property in our context. Towards this aim,
forany 6 € © and A < H, we denote by Py (resp. Pp) the probability laws of the solution
to Eq. (3) in the spaces C*(R,; R?) (resp. C*([0, t]; R?)). Moreover, we assume that the process
Y is observed continuously in [0, 7]. In this context, the definition of the LAN property takes the
following form:

Definition 1.5. We say that the parametric statistical model {Pg, 6 € 6O} satisfies the LAN
property at 6 € O if there exist:

(i) A g x g invertible matrix ¢, (8),

(i) A g x g positive definite matrix 3/(9),

such that for any u € R?, the following limit holds true as T — oo:

dP? £®y) 1
log( Z*lf;(e)“) s WA, Z(0)) — SuTZOu,
6

where (0, X'(9)) is a centered g-dimensional Gaussian random variable with covariance matrix
X(6).
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The LAN property is a fundamental concept in asymptotic theory of statistics, which was
developed by Le Cam [24]. The essence of LAN is that the local log-likelihood ratio is
asymptotically normally distributed, with a locally constant covariance matrix and a mean equal
to minus one half the variance. The main application of the LAN property is the following
Minimax Theorem. It asserts (if LAN holds true) an asymptotic (minimax) lower bound for
the risk with respect to a loss function, for any sequence 6, of estimators of 6.

A loss function is defined as a function ! : R? — [0, 4+-00) satisfying the following properties:

e For any u € RY, £(u) = £(—u), £ is continuous at 0, £(0) = 0 but is not identically 0.
e For all ¢ > 0 the sets {u : £(u) < c} are convex.
e £(u) has growth as [u| — oo less that <, for any € > 0.

Theorem 1.6 (Minimax Theorem [17, Theorem I1.12.1], [22, Theorem 2.4]). Suppo:ve that the
family of probability measures (Py)oc o satisfies the LAN property at a point 0. Let (6;).>0 be a
family of estimators of the parameter 6. Then for any loss function £ we have:

fmlimint swp Ey ¢ (7@ (6: - ¢))] 2 Bs e 201, @)

where L(Z) = N (0, X(6)71).

Observe that when £(z) = |u|?, the lower bound in (4) is simply the trace of X (8)~!. A
sequence of estimators that attains this asymptotic bound for some loss function £ is called
asymptotically efficient for this loss function. Therefore, Theorem 1.6 opens the way to a theory
which mimics the concept of efficient estimators from the Cramér—Rao lower bound.

As one can see, the LAN property is an important tool in order to quantify the identifiability
of a system. The aim of this paper is thus to show the following result for our Eq. (3).

Theorem 1.7. Assume Hypothesis 1.3, and recall that P}, stands for the probability law of the
solution to Eq. (3) in the space C*([0, 1]; R?). Then, forany 6 € © andu € R fixed, as Tt — 00,

we have:
dP! .
0+-%  L(Py) 1
log ——V= 75 4TN(0, £6)) — ~u" Z(O)u, Q)
dP; 2
where the matrix X(0) is defined by:
Eg[(b(Yo; ) — b(Y,,; 0) (6 ~)To~1(b(Yo; 0) — b(¥,,; 6
20) = CH/RZ o[(b(Yo; 0) — b(Yy, )1)/2(+H 1)/2+H(( 0;6) — b(Y,; 0))] drdry, (6)
+ 4| )

where the constant Cy is defined by:
_sin’(r (H—1/2)) T*(H+1/2)
- 2Hn? sin(m H) I'(2H) a
The LAN property for stochastic processes has been widely explored in the literature. To
mention a few references close to our contribution, the case of ergodic diffusion processes
observed continuously (with an unknown parameter on the drift coefficient) is dealt with in
e.g. [22, Proposition 2.2]. The proof follows from Girsanov’s theorem, ergodic properties and
the central limit theorem for Brownian martingales. The rate of convergence achieved in [22,
Proposition 2.2] is /7 like in our Theorem 1.7, with a function I'(9) given by:

2(6) = Eg[b(Y; 0)T 0 (V) To "1 (V)B(Y; 0)],

Cy [sin(rH)I'(1/2 — H?*TQH + D", (1)
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which should be compared to our expression (6). The case where the Brownian diffusion process
is observed discretely was solved in [14] using an integration by parts formula taken from the
Malliavin calculus. Let us also mention that the LAN property is obtained in [7] for some
discretely observed fractional noises including fractional Brownian motion. This last result is
achieved by a direct expansion of log-likelihood functions, plus a thorough analysis based on
properties of Toeplitz matrices.

Let us say a few words about the strategy we have followed in order to handle the case
of Eq. (3). In order to compare likelihood functions for different values of the parameter 6,
we take the obvious choice of applying Girsanov’s theorem for fractional Brownian motion
(following the steps of [26]). We are then left with two technical difficulties in order to get
asymptotic results: (i) Handle the singularities popping out of the fractional derivatives in the
Girsanov exponent. (ii) Get ergodic results in Holder type norms for our process Y. Let us
also mention that CLTs for martingales, which were an essential tool in the diffusion case, are
unavailable in our fBm situation.

Interestingly enough, our general Theorem 1.7 applies to the fractional Ornstein—Uhlenbeck
case (that is, d = 1 and b(x; 0) = —6x for 6 > 0.) In this context we find (i) that X'(8) does
not depend on H. (ii) that the MLE reaches the lower bound in (4), and is thus asymptotically
minimax efficient.

Finally, the generalization of Theorem 1.7 to a fBm B with Hurst parameter H < 1/2 is
obviously a natural problem to consider. To this aim and following the strategy we have just
summarized above, one can try to apply Girsanov’s transform and ergodic theorems for the
solution process Y to (3). Then the main difficulty to implement this strategy stems from the
fact that one is always left with evaluations of integrals similar to the right-hand side of relation
(6). Indeed, when H < 1/2 it is easily seen that this kind of integral exhibits some divergences
as rj, r, — 00. After this paper was completed, a study concerning the case H € (1/4, 1/2)
was completed (see [5]) for a 1-dimensional fractional Brownian motion (namely d = 1 in our
notation). The global strategy followed in [5] is the same as ours, and an extra care is taken in
order to bound the numerator in the right hand side of (6) thanks to Malliavin calculus techniques.
The fact that d = 1 is important in [5], since an explicit expression for the Malliavin derivative
of Y is available in this case. Therefore, to the best of our knowledge, the LAN property for a
multidimensional equation like (3) and a Hurst parameter H < 1/2 is still open.

Our paper is structured as follows: Section 2 is devoted to necessary preliminary results.
Then we prove Theorem 1.7 in Section 3, following the strategy described above. Eventually, in
Section 4, we analyze the particular case of the fractional Ornstein—Uhlenbeck process.

Let us close this introduction by giving a set of notations which will prevail until the end of
the paper.

Notation 1.8. We use the following conventions: for 2 quantities a and b, we write a < b if there
exists a universal constant c such that a < c b. In the same way, we write a < b whenever a < b
and b < a. If f is a vector-valued function defined on an interval [0, ] and s, t € [0, t], 8fs
designates the increment f, — f.

2. Auxiliary results

In this section we first recall some basic facts about stochastic analysis for a fBm B, and also
about Young integrals. Then we shall derive some pathwise and probabilistic estimates for Eq. (3)
under the coercive Hypothesis 1.3.

https://reader.elsevier.com/reader/sd/pii/S0304414918304198?token=7C48172106CDF96C31B0C47B3C35567388293C3304D3515CF074DE45625FFC8BBOEE31... 5/24
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2.1. Stochastic analysis related to B

The ergodic properties of Eq. (3) are accurately encoded by the fBm representation given
in [15], which goes back to the original paper [25]. We present this construction here for a one-
dimensional fBm, for sake of simplicity. Obvious generalizations to the d-dimensional case are
left to the reader.

Let W be a two-sided Brownian motion, and H a Hurst parameter in (0, 1). We consider the
process B defined for ¢ € R by:

B = cilt) [ (=" [aW, —aw,] ®
R-

0 t
= ¢,(H) {f [(t _ r)H—l/Z _ (—r)H_l/Z]dW, _ / (t — r)H_l/ZdW,] ,
0

—00
where the constant ¢;(H) is defined by:
1
[2H sin(zH) ['(2H)]2
ci(H) = . ©))
I'(H+1/2)
Then B is well-defined as a fBm, that is a centered Gaussian process with covariance given by
relation (1). Eq. (8) is often referred to as Mandelbrot’s representation of fractional Brownian
motion.
The process B defined as (8) is closely related to the following fractional derivatives: for
a € (0,1) and ¢ € CP(R) we set

o Pt — Pr—r 1 _1
Dip| = dr, d |Ifp] =—— % dr. 10
[ +¢]t I'd—a) /]R+ rlta . an [ +(p]z I'(e) R, Pr—r ¥ r (10)

With this notation in mind, the following proposition identifies a convenient operator which
transforms W into B as in (8). We refer to [15, Lemma 3.6] for further details.

Proposition 2.1. For w € C2°(R) such that wy = 0 and H € (0, 1), set
[Kpwl, = c1(H) / (=) [y — i dr.
R-

Then the following holds true:
(i) The operator Ky admits the following expression:

_ _ 1

o) (117w, — 17 Pw),  forH > -
[Knwl, = 1/2-H 1)2-H
—ex() (IDY* " wl, — (DY wh),  for H < 3,
where the constant c,(H) is given by c,(H) = ¢i(H)I'(H + %), with c¢1(H) defined by (9).
(i) Define for every w € C°(R) the norm

wl sup lw(®) — w(s)

H= .
saek |t — s[4 J2] + [s1/2

Define the Banach space Hy to be the closure of CX°(R) under the norm || - ||g. Then Ky can

be extended continuously to Hy.
(iii) For all H € (0, 1) we have K;' = —(ca(H)ep(1 — H)) 'K _p.
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Also notice that in the sequel, our underlying Wiener space will be defined as (Hy, P), where
Hpy is introduced in Proposition 2.1(ii), and P is the unique Wiener measure on Hy (see [15]
for further details). The law Pj of the solution process Y |jo ;] is defined as the image of P by the
map o = Y(w)l0,7]-

2.1.1. Girsanov transform

Let us set the ground for our Girsanov transform by relating a general drift with respect to
a fractional Brownian motion with its counterpart with respect to W (we continue in the one-
dimensional setting for the sake of simplicity). This proposition is a slight extension of [15,
Lemma 4.2].

Proposition 2.2. Let H € (1/2,1), b', b* be two paths in 17"*(L*(R)), and suppose that
bl = Kyw/ for j = 1,2, where Ky is defined in Proposition 2.1. We also assume that for t > 0,
b' and b? are linked by the relation:

t
b =by, and b,2=b,1+/ ghsds, t>0 (11)
0

where gy is a function in If -1 2(LZ(IR)) and gp = 0 fort < 0. Then we also have:

t
w,2 = w,1 +/ 8w, ds,
0
with
gu = C2(H)™! Df_l/ng ,
where we recall that the constant co(H) = ci(H)I'(H + %) has been introduced in Proposi-
tion 2.1.
Proof. Let us write G, = fot 8psds fort > 0and G, = 0fort < 0, so that (11) can be read
as:
b2 =b! + Gy, . (12)
Moreover, invoking the fact that b/ = Kyw/ for j = 1,2, one can recast (12) into:
KHw2 =Ky (w1 + Gw) , Where G, = K;le.
Therefore, thanks to the relation K,;l = —cy(H) ley(1 — H)'K;_y, we end up with:
guw = —c2(H)'e2(1 — H) "' DL K1 G (13)

Since G, € TH-12(L,), the operator K;_y can be interpreted as a fractional differentiation.
Specifically, applying the definition of K;_y contained in Proposition 2.1(i), we have

Ki_pGy = —cy(1 — HY(D"7'2G,), — (DH712Gy)o). (14)
Substituting (14) into (13) we obtain

gw = ca(H) ' DL DI™Gy = e(H) ' DY gy,
which is our claim. [

The previous proposition yields a version of Girsanov’s theorem in a fractional Brownian
context, inspired by [26] (see also [8,28]):
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Proposition 2.3. Let B be a fractional Brownian motion with Hurst parameter H € (0, 1)
and let g be a process in If_ /2(L2(R)) adapted to o (W, s < t). We set V;, = fot gsds and
Q, = B,+V, fort > 0. Then Q is a fractional Brownian motion on [0, T], under the probability

P defined by %I[o,r] = e~ L, where
L=t fr[Df_l/Zg]u dw, + L ft[Df_l/zg]i du, (15)
c2(H) Jo 2(c2(H))? Jo

provided D_I:_l/ 2g satisfies Novikov’s conditions (see [10, Theorem 7.1.1]) on [0, ], that is, that
there exists ). > 0 such that

sup Ey [exp (A[Df_l/zg],z)] < 00. (16)
t€l0,7]

2.2. Generalized Riemann—Stieltjes integrals

We are focusing here on the case of a Hurst parameter H > 1/2, and the stochastic integrals
with respect to B should be understood in the Young (or Riemann—Stieltjes) sense. In order to
recall the definition of this integral, we set

Lf@) — f(s)l
|f|oo;[a,b] = sup |f(t)[, |f|k;[a,b] = %7 (17)
tela,b] stelabl |t —s]
where f : R — R" and A € (0, 1). We also recall the classical definition of Hélder-continuous

functions:

C*([a, b, R") = {f : [a,b] = R | flosstay + | flrta) < 00} -

Now, let f € C*([a, b];R) and g € C*([a, b]; R) with A 4+ u > 1. Then it is well known
that the Riemann—Stieltjes integral fab fs dg; exists, and can be expressed as a limit of Riemann
sums.

In the sequel, the only property on Young’s integral we shall use is the classical chain rule for
changes of variables. Indeed, let f € C*([a, b]; R) with A > 1/2 and F € C!(R; R). Then we
have:

y
F(fy) = F(fa) = / F'(fo)dfs, y € la,b]. (18)

a
2.3. Basic properties of solutions to SDEs

In order to deal with stationary solutions, let us first extend our equation as a process indexed
by (—o0, t], by considering a process Y solution to:

d
dY, =b(Y;0)dt + Y o;dB!, te[0,7], and Y,=y, te(—00,0]. (19)

j=1
We first state the existence and uniqueness result for Eq. (19) borrowed from [15, Lemma 3.9].
Proposition 2.4. Under Hypothesis 1.3, there exists a unique continuous pathwise solution to

Eq. (19) on any arbitrary interval [0, T). Moreover the map Y : (yo, B) € R? x C([0, t]; R?) —
C([0, t1; R?) is locally Lipschitz continuous.
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In addition, exploiting the integrability properties of the stationary fractional Ornstein—
Uhlenbeck process, the following uniform estimates hold true. Their proof is omitted, since it
is only a slight variation on the proof of [15, Proposition 3.12].

Proposition 2.5. Assume Hypothesis 1.3 holds true and let Y be the solution to Eq. (19). Then
forany 0 € © and p > 1 there exist constants cp, k, > 0 such that

E(IVi)’] <cp,  and E[8Yul?] < kylt — P,
forall s,t > 0, where we recall that we have set §Y;, = Y, — Y as mentioned in Notation 1.8.

Let us now state a path-wise estimates on the increments of Y, where we translate the moment
estimates of Proposition 2.5 into path-wise bounds along the same lines as in [19].

Proposition 2.6. Assume Hypothesis 1.3 holds true and let Y be the solution to Eq. (19). Then
for all ¢ € (0, H) there exists a random variable Z, € N,>1LP(§2) such that almost surely we
have:

Y| < Z:(1+ 0%, and [8Yy| < Zo(1+ )%t — 5|7, (20
uniformly for0 <s <t.
Proof. We focus on the bound for §Y;, the estimate on |Y;| being shown in the same manner.
Set y = H — ¢ and consider n > 1. Thanks to Garsia’s lemma (see e.g. [11]) and recalling our

Notation 1.8, for all s, € [0, n] we have |§Ys| S Ny, palt —s|7, where p > 1 and N, p, is
defined by:

1
16 Yoy |? 4
)’pn—</ / v_u|yp+2dudv :

Furthermore, owing to Proposition 2.5 we immediately get:
1/p P 3
E [Nyy p,n] <n’,

under the constraint p > £~!. Set now Z, = sup,, .y IN”"""'. Then for all ¢ > £~! we have:
Ny, pnl? E[INypal’] _ w
E [Zg] =E [:lelg n2eq = Z n2eq < Z nsq 0, 2y

n=1

namely we have found Z, € N,_,-1LP({2). Obviously this also yields Z, € Np>; LP({2). Finally,
replace n > 1 by [¢] + 2 to obtain our pathwise bound (20). [

We shall need the following bound for the solution. This will be invoked while checking
Novikov’s condition.

Lemma 2.7. Assume Hypothesis 1.3 and let Y be the solution to (19). Then, for allt > 0, Y,
satisfies the following bound:

Y| < k1€?" sup |Bs], (22)
5€l0,1]

where k| and k) are two positive constants depending on b and o. Furthermore, the increments
of Y are such that forallr < s:

|8Yys] < K3(s —r)(1 +€“* sup [By|) + ks|8By|. (23)

uel0,s]
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Proof. Using (19) and the linear growth of b, we have

t
[Y:] < Iyol +ct + llo|[|B: +C/ |¥slds.
0

Gronwall’s lemma concludes the proof of (22). In order to prove (23), we just write
s d
8Y,, = / b(Y,; 0)du + ) " 0;8B,,. (24)
r j=1
According to Hypothesis 1.3(iv) and (22) we have
1b(Yu; 0)] < cp(1 + |Yul) < cp(1 + k1% sup| By|).

v=<u

Plugging this bound into (24) we easily get (23). O

2.4. Ergodic properties of the SDE

We recall here some basic facts about the limiting behavior of Eq. (19), mainly taken
from [12]. We still work on the Wiener space (H g, P) introduced in Section 2.1, and seen as
the canonical probability space. Together with the shift operators 6, : 2 — (2 defined by

bi0(-) = w(- +1) — w(?), teR, wel,

our probability space defines an ergodic metric dynamical system, see e.g. [13]. In particular,
the measure P is invariant to the shift operators 6;, i.e. the shifted process (B;(6;-))ser is still an
m-dimensional fractional Brownian motion and for any integrable random variable F : 2 — R
we have

lim % / ' F(6,(w))dt = E[F], 25)
T—>00 0

for P-almost all w € 2.

Under our coercive hypothesis on the drift coefficient of Eq. (19), the following limit theorem
is borrowed from [12, Section 4]. Notice that its proof is based on contraction properties for the
stochastic equation.

Theorem 2.8. Let Hypothesis 1.3 hold, and consider the unique solution Y to Eq. (19) as given
in Proposition 2.4. Then there exists a random variable Y : 2 — R? such that

lim |Y,(w) — Y(6,0) =0
=00
for P-almost all w € (2. Moreover, we have E[I?Ip] <ooforallp > 1.

With Theorem 2.8 in hand, let us label a notation for further use.

Notation 2.9. In the sequel we will denote the stationary process Y (,w) by Y.

It is worth observing that the convergence of ¥ towards Y can also be quantified in Holder
norm:
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Proposition 2.10. Assume Hypothesis 1.3 holds true. Let B € (0, 1]. There exists a random
variable Z admitting moments of any order and 3 constants cy, ¢z, c3 > 0 such that for all
0 <s <t we have:

IY, —7,| <Ze " and |3[Y —Y]st| < Ze 3t —s)P.
Proof. The difference ¥, — Y, satisfies
t
- To= - To+ [ [b00i6)~ b(T.: 0)1ds
0

Applying the change of variable formula in the Young setting (18) and using Hypothesis 1.3(i),
we get:

t
¥, =Y, = |yo - Yo" + 2f0 (b(Y; 0) — b(Y,; 0), Y, — Y,) ds

t
5\y0_7012_za/0 ¥, — 7. ds.

The first claim follows by a direct application of Gronwall’s lemma.
Similarly, for our additional parameter 8 € (0, H), we have

s[¥ —7]s,l=‘ / [b(Y,; 0) = b3 ) du| < ¢, (L)' P11,

where ¢y, is the uniform bound on the Lipschitz constant of b, and where

t
I, =/ Y, = Y,| du.
)
We now bound I, in two different ways:
(i) Since we have just proved that |Y, — Y,| < Z e~“1“, we get
t [ee} Z
I, < Z/ e Vdu < Z/ e Vdu=—. (26)
K 0 C1

(ii) Still using the relation |Y, — Y,| < Z e~1%, it is also readily checked that:
t
I; < Z/ e Vdu < Ze °V(t — ).
N

Plugging those two bounds into (26), we get

from which our second claim is easily deduced. [J

We now recall, similarly to [27], that the integrability of ¥ implies the ergodicity of Eq. (19):
Proposition 2.11. Assume Hypothesis 1.3 holds true. Consider a finite horizon p > 0, a generic
parameter € O, and the set CP([—p,0]) of Holder continuous functions on the interval

[—p, O] for an exponent B < H. Let F be a functional on C#([—p, 0]) such that F is Frechet
differentiable and

IF@)I+ IDF@I <c(1+1gl}_,0), &€ CPU—p,0D,
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for some ¢ > 0, N € N. Then the following limit holds true:

T

1 —
lim — A F(Y|jt—p,n)dt = E[f(Y)|—p,01]s P-a.s. 27

T>00 T

Proof. This is a direct consequence of Proposition 2.10 and the fact that relation (25) holds true
for the ergodic system (w, ¥Y). O

3. Proof of Theorem 1.7

We can now gather the information we have obtained on the system (19) in order to complete
the proof of Theorem 1.7. This will be divided in different steps.

Step 1. The first step of the proof consists in applying Girsanov’s theorem.

We first notice that Df - 2b(Y; 0) is well defined on [0, 7], which follows since the function

u +— b(Y,; 0)is (H — ¢)-Holder, and thus (H — 1/2)-Holder.
Fix 6 € O, and set 6, = 6 + v~ '/2u. Suppose that Novikov’s condition holds. Then our
Girsanov-type Proposition 2.3 implies that

1og<dpef)=— ; / o DI b8 0)), — DY 001, dW,)
dP; c2(H) Jo (28)

- WIH»2 /0 o (DY 2b(¥; ) — (DY 2b(Y; 61 dr.

In the following, we show that Novikov’s condition (16) holds for l;, = b(Yy; 0) — b(Yy; 6;),
that is, that there exists A > O such that

sup Ey [exp (Ala‘l[fol/zl;],F)] < 00. (29)
tel0,7]

Towards this aim, we extend the definition of ¥ to R_ by setting ¥; = yo for all # < 0. Then,

H-1/27

0’71(5 _l;—r)
o Db = e /R T dr| < enl+ ), (30)
where
A (R ® g=Y(b;, — bo)
Al,,= /‘077‘1%%/2 dr‘ and Az,,:f 7?'H+1/2 dr

Using the mean value theorem and the uniform boundedness of 9,5, the second term is easily
bounded as:

1Y — yol
Ay < CHW'

In addition, Eq. (18), the linear growth of » and Lemma 2.7 yield

1Y; — yo| < ct(1+€” sup |B|) +c|Bil.
ref0,]
Therefore, we obtain that

|Y; _}’0|2

2
A2, < e

<ce’ (1+ |B|§o;[oyt] + |B|%1,_£;[0’,]) ) (31)
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Similarly, we get that for all 0 < & < 1,

8Y,_ S| 8Y,_
Ay <c sup | ;ml - dr=cHs%*£ sup l :1 "sl.
0<r<s Tr77¢ 0 rate 0<r<s I™7°

Moreover, inequalities (22) and (23) yield:

[8Ys—rs| < cr(1+ € sup |Bul|) + c|8Bs—rsl,

uel0,1]

and thus A ; satisfies the following bound:

A, <ce (1+ B2 00 + 1BlH—ci00) - (32)

Plugging our estimates (31) and (32) into (30), we have thus obtained
o DY 2BY 1P < ce® (1 + 1BlRyi0, + 1Bl _esio.)-
Finally, Fernique’s theorem [9] implies (29).
Step 2. We next linearize relation (28). To this aim, recall that b is defined in Hypothesis 1.3 as

A

b = 9yb. We add and subtract the d-dimensional vector

P 1 P
(Y “2b(Y;6)],(0,—6)=ﬁ[Df 2hy; 0,
where we abbreviate ([Df -l 2l;(Y ; 0], u)re into [Df - 25(Y; 6)];u for notational sake. This
easily yields:
1 aPs, L+1 L (33)
og ap; =1 2751 45
where
L= r<a—1[1)“"1/2t3(1/-¢9)]u aw,)
I_TI/ZCZ(H) 0 + ’ % t
1 iy pH-127 2
- DEY2p(y: 0)]ul*dt
s |, 1o D b ol
1 T
I, = 1 D22y 0.)], — [DE*b(Y; 0
) 62(H)/0<o (D 2p(¥; 6,)), — (DY 0)],
— [DE72b(y; 0)1,6, — 6)), dW,)
1 L nH-1)2 H-1/2
I = YD b(Y: 0] — [D b(Y; 0
s = o |, 1o DI 6L - (Do oy
— [DE7?b(x; 0)1,(6, — 0))2dt
and

— g H-1/2p oy o nH-12;
I4_(cz(H))2_/(; (@ IDZPb(Y; 6,)], — (DY V?b(Y; 0)],

— [DH12h(x; 0)1,6: — 6)), o [DEV2b(Y ; 6)1,(6; — 0))dt.

Step 3. In this step we set the ground for the identification of the main contribution to our log-
likelihood. That is, we wish to show that as T — oo we have:

m for e~ DI by )Pt 5 uT S O)u, (34)
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where Y'(0) is given by (6). Observe that (34) together with the multivariate central limit theorem
for Brownian martingales (cf. [22, Proposition 1.21]), imply that I; is the term that contributes
to the limit in (5). In Steps 4 and 5 below we will show that I,, I3 and I, are negligible terms
with respect to this main contribution.

In order to prove (34), we first write

m/ |U_1[DH l/zb(Y 0)]tu|2dt — uTI(‘l')u
)

where we have set
1 pH-12 CINT 1y mH—1/22
I(7) = 7f [D b(Y; 0" (o o [Dy Tb(Y; 0)).dt. (35)
T(c2(H)? Jo ’
To prove the convergence (34) we are then reduced to show the limit
Py- lim I(7) = X(0). (36)
T—>00

Next recall that for o € (0, 1) and ¢ € C°(R) the fractional derivative operator D is defined
by (10). In particular we can write:

—-1/2 b(Y;;0) — b(Y:_,; 6)

DHpy; 6 d 37

[ ;0 = m e, R . 37)
Now substituting (37) into (35) we obtain:

C4(H) &(r,7) ~

I(t) = / [RZ SHT12,HI12 drdrdt, (38)
where we have denoted the constant c4(H) = (1,(3(/;__71%)2, and where £ stands for the
function:

= A A g T ,—1 (7 P
£ ) = (bt 0) = b(¥,—:6)) (@™o~ (B(¥i; 0) = b(¥;-,: 6)). (39)

We now specify the constant c4(H) appearing in (38). Indeed, owing to the definition of c,(H)
given in Proposition 2.1 and resorting to the elementary identity:

I'Ir 1 -z)sin(rz) =n, z>—1, (40)
we get the following alternative expression for c4(H):
2
sin(r(H — 1))
Hy=|——*="]. 41
ca(H) < ——y (4D

In addition, taking into account the expression for the constant c;(H) given in relation (9), it is
readily checked that c4(H) = Cy, where Cy is the constant displayed in our main Theorem 1.7.
We now further analyze I(t) as given by (38) by exchanging the order of the integrals.

Specifically, we introduce the following notation:
1

mdr, dr) = ZHF1/2 HA1/2

———drdr and J.(r,7) = / & (r, F)dt. 42)

Then a standard application of Fubini’s theorem to relation (38), plus the fact that c4(H) = Cyq,
yield:

I(t) =Cnx /2 J.(r, F)p(dr, dr). (43)

Ry
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Moreover, sending T to oo and invoking Proposition 2.11 for the term & (r, 7) defined by (39),
we get the following almost sure limit:

r1;1{{.10 J.(r,F) = J(, F), (44)
where we denote:

J(r,7) = Eg [(5(Yo; 0)~b¥+:6)) o (BTo:0) —~ B¥_: e))] .
Provided one can pass the limit through the integral in (43), we thus get the almost sure limit:

lim I(r) =1 :=Cy /2 J(r, F)u(dr, dr). (45)
T—>00 R+

Notice that, thanks to relation (20) for small r, 7 and Cauchy—Schwarz’s inequality for large r or
7, it can be easily checked that I is a convergent integral.

Let us identify the right-hand side of (45) with the announced expression (6) for X'(6). To this
aim, we consider the expansion

J(r, 7) =Eg[b(Yo; 6) (0™ o™ b(¥o; 0)] — Eg[b(Y-7; 6) (0 ~") o~ b(¥o; 0)]
— E4lb(¥o; 0)" (0 ) 0 b(Y_,; 0)] + Eg[B(Y 5 )" (0~ o B(Y_,; 0).
Invoking the stationarity of Y in each of the four terms on the right-hand side above yields the
following identity:
J(r, 7) =Eg[b(Yo; 0" (6 ™) o™ b(¥o; 6)] — Eglb(Yo; 6)" (o) o~ b(¥;; 6)]
— Eslb(¥,; 0) (0 ™") o~ b(Yo; 0)] + Eqlb(¥,; 0) (0 ~") o~ b(¥5; 0)],
or otherwise stated:
J(r, ) = B [((Yo; 0) — b(¥,; )" (0™ )'o ™ (B(Yo; ) — b(¥r; )],
The expression (6) of X(0) is obtained by substituting this expression of J into (45) and
exchanging the order of the integrals in 7 and 7.

Step 4. Summarizing our considerations, in order to prove (34) we are now reduced to take limits
in 7 in relation (43). To this aim, take an arbitrary constant ¢ > 0. In the following, we show that
there exists t(w) < 0o, Py a.s. such that |I(t) — I| < ¢ for all T > t(w), where I is defined by
(45).

Since [ is a convergent integral, we can take a constant A = A(g) > 0 such that

o0
I— CHf J(r, F)uldr,dr)| <& and f rH-12gr < g, (46)
(0,47 A
For V, V' C R, we set
I(z,VxV)=Cy f J.(r, F)u(dr, dr). (C9))
VxVv/

In the following, we show that one can take limits in (43) if the integral domain Ri is replaced
by [0, A]>. Namely, we will prove that

lim 1(z, [0, AP) =Cy /

J(r, F)u(dr, dr). (48)
[0,A12
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We first derive some estimates for &,(r, 7) and J, (r, 7), where we recall that &, (r, 7) is defined
in (39). Take 0 < § < 1/2. Proposition 2.6 on the (H — §)-Holder continuity of the solution
process Y allows to write the relation

&, )| < KIY (s o ar ™72, (49)
which holds true for all 0 < r, 7 < A. Applying relation (49) to J,(r, 7) in (42), we then get the
following upper bound for J(r, 7):

1 T
0P < 1 [ KI5 50)
T Jo ! !

Notice that Proposition 2.11 implies the almost sure convergence

.17 =2
lim = | KIY a0t = KE[|Y|H_6’[_A’O]].
=00 T Jo
In particular, we can find 7;(w) > 0 such that for 7 > 71(w)
1 [ - - —2 S~H—
;f KIY s yongr7dr < g(r,7) = (1 + KE [|Y|H_3,[_A’O]]) PH-SFH-5 (5])
0

So the estimate (50) implies that for T > 71(®w)

[Je(r, )| < g(r, 7). (52

On the other hand, it is clear that f[o AR g(r,F)u(dr,dr) < oo. Thus taking into account
relation (44) and (52), one can apply the dominated convergence theorem in (47) with V = V' =
[0, A]. This yields (48). In the sequel, we will thus consider 7,(w) < oo such that for T > 7,(w)
we have

I(7, [0, A]») — Cy f J(r,F)u(dr, dr)| < e. (53)
[0,A%

In the following, we show that |I(z)—I(t, [0, A]?)| < & for T sufficiently large. We first show
that the quantities 1 [i7 [b(Y;; 6)|%dt and L [ |b(Y,_,; )|*dt can be bounded by some constants.
In fact, by Proposition 2.11 again we have the almost sure convergence

1 (7 . .
lim — | |b(Y:; 0)%dt = E|b(Yo; 6)|%.
0

T—>00 T

In particular, there exists 73(w) satisfying 7(w) < 73(w) < 00, such that the following upper
bound estimate holds true for all T > 73(w):

1 (7 4 n_
- [ ot < K= 1+ BB 0P, (54)
0
On the other hand, due to the fact that ¥, = ¥, for u < 0, the following holds true for r < 7:

1 7
—/ b(Y;—,; 0)|*dt
T Jo

1 (7 4 1 " .

! f B(Y,: 0)2dr + - / 1B(¥o; 0)Pdt

T Jr T Jo

Ky + 1b(Yy; 0)1 = K, (55)

IA

while (55) is also trivially true for » > 7. In conclusion, the estimate (55) is valid for all T > 13(w)
and all r > 0.

We will now bound the quantity |I(t) — I(z, [O, AP by sums of elements of the form
I(t, V x V'). Recall that I(t, V x V') is defined in (47). Those elements will then be estimated
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thanks to (54) and (55). To this aim, we first recall that J,(r, 7) is defined by (42). Therefore, an
elementary application of Holder’s inequality yields

1 L . 1/2
[J:(r, )| < K(;/ |b(Y:; 0) — b(Y;—r; 0)|2dt)
0

17 . . 1/2
X (; f |b(Y:; 6) — b(Y:—7; 9)|2dt) . (56)
0
Then applying (56) to the definition (47) of I(z, V x V') we obtain

lI(r,V x V)| < KFyFy, )
where the quantity Fy is defined by

1 (7 . ) 1/2
Fy = / <; / |b(Y,;e)—b(Y,_,;9)|2dt) r 1124y, (58)
Vv 0

As a last preliminary step, let us bound trivially l;(Y,; 0) — E(Y,_,; 0) as follows:
|b(Ys; 0) — b(Y,—r: O)* < 21b(Ys; 0)> + 2|b(Y,—,; 0) 2.
So invoking relations (54) and (55), we obtain the estimate

1 (7). . 12
o2 (— | (|b(Y,;0)|2+|b(Y,_,;e)|2)dt) ri 1 2dr
v \T Jo

< 2K, + Ky)'/? / r~ =124y, (59)
14

We now analyze Fy for three different choices of set V.
(i) Take Vi = (A, oo). Then applying (59) and taking into account the second relation in (46) we
obtain

Fy, < 2(K1 + K2)'%e == Kze. (60)
(ii) Similarly, consider V, = (1, A), then the estimate (59) implies

Fy, < K(K1 + K2)'* == K4. (61)
(iii) Take now V3 = (0, 1). Similarly to (49), for r € V3 we have:

b(Ys; 0) — b(Ye—r; O)* < K|Y [3_s g™ ? 7.

Hence invoking expression (58) of Fy and along the same lines as for (51) we obtain

L e 1/2 _
Fy, < K(—/ Y2, ,dt) / r 2534y < KA +E|Y, o) = Ks, (62)
T Jo ’ V3 ’

for all T > i3(w).
With these preparations, we now consider the difference () — I(z, [0, A]?) for T > T3(w).
Owing to relation (57) and recalling that V; = (A, o0), V2 = (1, A) and V3 = (0, 1) we have

[I(r) = I(z, [0, AP)| = |I(z, V1 x (0, A)) + I(z, (0, A) x V1) + I(z, V1 x V)|
< 2Fy,(Fy, + Fy,) + Fy,.
We then apply (60), (61), (62), which yields

[I(t) — I(z, [0, A]?)| < 2K3(K4 + Ks)e + K2e? < Ke. (63)
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We can now conclude the proof of (34). Indeed, combining (46), (53) and (63), we easily get
the estimate

[I(t) —I| < Ke for 7> 1i3(w),

from which (34) is trivially deduced. Notice that we have obtained in fact a stronger statement
than (34), since our limit holds in the almost sure sense.

Step 5. We next show that the term /5 in (33) converges to zero in Py-probability as T — oo. For
this, set g;(0) = o‘l[Df_l/zb(Y; 6)];. One can recast I3 into:
T
I = / |g:(6:) — £:(6) — 0,8:(0)(0: — O)I*dt,
0

and we also recall that 6, — & = t~'/24. In addition, a simple application of Taylor’s expansion
for multivariate functions yields the existence of a A € (0, 1) such that:

8:(0:) — 8:(0) = 998:(6:)(0: — 6), where & =0+ A(6; —0).

Notice that under our standing Hypothesis 1.3 we have dpg;(§) = a‘l[Df_l/ 2l;(Y s ED]. We
thus get:

SIb(Y; &) — b(Y; 0)]i—r,s p
F12+H r.

1 T
L=-— / lo ™' M,(Y)ul* dt, where M,(Y) = /
T Jo R

+

Next we decompose M;(Y) into M1 ,(Y) + M, ,(Y), where

“SIb(Y; £) — b(Y; 0)i—rs
My, (Y) =/(; Ar1/2+H

dr,

dr.

© 8[b(Y; &) — b(Y; 0))i—rs
My, (Y) = _/t F1/2+H
Recall that we have extended the definition of ¥ to R_ by setting ¥; = yo for all # < 0. Therefore
a simplified expression for M, ((Y) is as follows:

A A ® dr
M) = b - b)) [ s,

and using Hypothesis 1.3 we obtain that:

T T 2
_ _ _ 1+ 1Y)
77! fo lo "My, (Y)u?dt < 72 i tw—_;dt.
Thus, by Proposition 2.5, the L1(£2)-norm of this term is bounded by cuyt 2 Hence, this term
converges in Py-probability to zero as t — oo.

On the other hand, fix o € (ﬁ, %), and write

A A o N N

1 (8[b(Y; &) — b(Y; O)i—rs| - ‘S[b(Y; §) — b(Y; )]i—rs
M (Y) < /0 pSypxeT dr.
Then, appealing to Hypothesis 1.3, we get that

1 [P+ 1Y + 1Y ) Y = Yy |
Te/2 0 rH(1-a)pl/24aH

M1 ()| < dr.
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Therefore,
|M,,(Y)?

<L/’/’ (L4 1Y% + Yy %) 1Yy = Yoy |1
~ o Jo Jo

H(l-a) 1/2+aH
pH=e), T2+

5 (L4101 + 1Yy %) 1Yy = Yoy |1
rzli(l—a)r21/2+aH

drldrz.

Thus, again by Proposition 2.5, the L!(£2)-norm of the term 1 [7 |0 ! My ,(Y)u|?dt is bounded
by

T
c
1-2Ha g, _ H
.L-I—HX/ _/ _/0 rl/2+aH 1/2+aH dridrydt = .L.l A ! dt = o1

which converges to zero as T — 00 since o > 2H+1

Step 6. We finally show that I, and I, are also negligible terms. Since I3 is the quadratic variation
of the martingale I, this implies that I, converges to zero in Pg-probability as t — oco. On the
other hand, applying the Cauchy—Schwarz inequality to 14, we get that

1/2
|14|<( f lo =1 [DZ by e)],u|2dt> x 1)?,

Thus, by the results in Steps 3 and 4, we obtain that I, converges to zero in Py-probability as
T — 00, which completes the proof of Theorem 1.7.
4. Ornstein—Uhlenbeck case

Though our result encompasses a wide range of coefficients b, it is worth illustrating it
on a simple linear case, that is for the real-valued fractional Ornstein—Uhlenbeck process
corresponding to b(x;0) = —6 x and 0 = 1. In addition, we will assume that our parameter
0 is an element of the set ©, which is a compact interval in (0, 00). Specifically, the equation
followed by Y is the following:

t
Y,=—0/ Yy ds + B, tel0,7], 6>0, (64)
0

and the stationary solution is given by:

t
Y; = / e_e(t_s) st
—0o0

4.1. Computation of the LAN variance

One of the advantages of the Ornstein—Uhlenbeck case is that it allows explicit computations
of the LAN variance X'(9). We summarize this possibility in the following proposition:

Proposition 4.1. Let Y be the fractional Ornstein—Uhlenbeck process solution to (64). Then the
LAN property (5) is satisfied with

1
X)) = Th
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Remark 4.2. As mentioned in the introduction, we observe that in this case '(8) does not
depend on H, and is equal to the asymptotic variance of the LAN property of the Ornstein—

Uhlenbeck process driven by a standard Brownian motion.

Proof of Proposition 4.1. By (6), we have the following expression for X'(6)

—2 — — — — — —
/ Eg[Y,] - Eg[YoY, ] - Eg[YoY,, ] + Eg[YoY,, 1]

2()=Cy J2HH 1240
1 2

Ry

where Cy is given by (7).

drldrz,

We start by computing the covariance of Y between times 0 and ¢. Namely, thanks to [29,

(3.4)], we obtain

Eo[¥o¥,] = (H) f £ F(L oo ) F o0 &) dE
— o e
@ ) e o) CiE+0)
L [,
"~ cs(H) R92+526 4.
where F(f)(§) = f]R f(t)e'*¥dt and
2
cs(H) =

I'CH + )sin(rH)'
Therefore, using Fubini’s theorem, we obtain

CH |E|1—2H (1 _ eir1§ _ ei72§ + ei(rz—rl)f)
X(0) = dé dridr
o) Jeo Je 2w g e R
C 1-2H 1— eirlf 1= e—irZE
B (;II) leil 2 / 2 ( 1/2+)H( i/3+H Lar 1dra d§
cs rO°+&° Jr2 I
C 1-2H 00 | _ girk 2
_ Cu [l / e 0l ae
cs(H) R 02 + 52 0 rl/2+H
20 © £l1-2H 00 1 _ pirk 2
=" § / dr| dé.
cs(H) Jo 02 + 52 0 rl/2+H
Thus, setting y = r£ in the integral above, we get
2Cy 1 - e‘y
X)) =
® cs(H) Jo 62 +52 ’/ ‘/2“"
_ JTCH / d
~ Oes(H) | Jo y1/2+H Y
We next write
0 1 _ oy 2 o1 _ 2 00 s 2
[l < ([0 w) ([0
o Yy 0 y o

For the first integral on the right hand side we use the integration by parts u

dv=y~ 5 “H du =sin(y), v = (ﬂ
)
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(66)

= 1 —cos(y),

. For the second integral, we use u = sin(y), du = cos(y),
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B / s1n(y) / COS(y)
- (H—l) H 1/2 (H—l) H 1/2

to get that

®© 1 — ey
/ 1/2+H dy
o Yy

2 2
b T
+ 1
2H — DI(H - Ysi (M> 2(H — DI(H ~ Hco (”‘”{2))
7T2
_1 _1
4T2(H + §)sin” (”—(Hz 2)) cos? <—"(H2 2)>
7.[2

 I%(H + bysin® (w(H - 1))’
where in the second equation we have used some standard formulas for improper integrals (see

e.g. [33, Page 331-332]). Plugging this identity into the expression (66) we have obtained for
(), and using the definition of Cy in (7) and of ¢s(H) in (65), we obtain that

nCh n? _TQH+1) 1
Ocs(H) I'(H + Y)sin® (n(H — §))  40HIQH) 20’
which concludes the result. [

X)) =

4.2. Efficiency of the mle

Consider now the MLE ét of 6 from the observation of a fractional Ornstein—Uhlenbeck
process Y in [0, 7], as defined in [18]. It is well-known (see [2,4,18]) that é, is uniformly
consistent on O (recall that @ is assumed to be a compact subinterval of (0, co) in the Ornstein—
Uhlenbeck sense). That is, for any A > 0, we have

lim sup Pj > A) =0.

T=Pgco (

The estimator 6, is also uniformly asymptotically normal:
L(Pg) — lim +/7(; — ) = N(0,26),
T—>00

where the limit is uniform in & € ©. Moreover, we have a uniform convergence of moments.
Namely, for any p > 0, one gets:

lim sup Eg[‘ﬁ(é,—e)‘p] —Ee[‘«/ﬁz‘p]‘ —0, 67)
T—>00 fe®
where £(Z) = N(0,1). In particular, the last two results already suggest that the rate of
convergence for the LAN property in this case is 7~'/2, as mentioned in [30, p. 162]. Our
Theorem 1.7 confirms this intuition, and one can see that the MLE reaches this optimal rate
of order t~1/2.
Moreover, as a consequence of Theorem 1.7 and Proposition 4.1, we obtain the asymptotic
efficiency for polynomial loss functions of the MLE for the fractional Ornstein—Uhlenbeck
process, in the sense of Theorem 1.6.

https://reader.elsevier.com/reader/sd/pii/S0304414918304198?token=7C48172106CDF96C31B0C47B3C35567388293C3304D3515CF074DE45625FFC8BBOEE3...  21/24



11/06/2019 Elsevier Enhanced Reader

Y. Liu, E. Nualart and S. Tindel / Stochastic Processes and their Applications 129 (2019) 2880-2902 2901

Proposition 4.3. Let Y be the fractional Ornstein—Uhlenbeck process solution to (64). Then the
MLE is asymptotically minimax efficient for any loss function £(u) = |u|?, p > 0.

Proof. Fix 6 € 6. Then, forall§ > 0 and p > 0,

sup Eo [ V7@, - 9/)‘1)] —E [‘Jz_gzlp]’
0'€O:|6'—0|<8
B P
* 9'e6:s|gge|<s Ey Hmz‘p] —E [|mz‘p]’ '

where £(Z) = N(0, 1). Then, the uniform convergence of the moments (67) implies that

b [ved o] 52|

lim sup
T2 ®0eo:0'—6| <5

<, g [ee[[varz] ] -E[|vaz[ ]|
Therefore,
lim im  sup EB/[)ﬁ(é,—e’)(p]—Eg[)«/ﬁz‘p])=o.

820720 pre 9:g/—g|<s

Thus, by Proposition 4.1, the lower bound in (4) is achieved by the MLE when £(u) = |u|?,
which completes the proof. [
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