DENSITY ESTIMATES FOR JUMP DIFFUSION PROCESSES

ARTURO KOHATSU-HIGA, EULALIA NUALART AND NGOC KHUE TRAN

ABSTRACT. We consider a real-valued diffusion process with a linear jump term driven by a
Poisson point process and we assume that the jump amplitudes have a centered density with
finite moments. We show upper and lower estimates for the density of the solution in the
case that the jump amplitudes follow a Gaussian or Laplacian law. The proof of the lower
bound uses a general expression for the density of the solution in terms of the convolution
of the density of the continuous part and the jump amplitude density. The upper bound
uses an upper tail estimate in terms of the jump amplitude distribution and techniques of
the Malliavin calculus in order to bound the density by the tails of the solution. We also
extend the lower bounds to the multidimensional case.

1. INTRODUCTION AND MAIN RESULTS

Consider the following integral equation with jumps

t t [e%¢)
XF =z +/ o(X*)dB, +/ B(XP)ds + > Yilpa, t>0, (1.1)
0 0

i=1

where € R and (By);>0 is a standard Brownian motion. The jump amplitude sequence
Y = (Y;)i>1 is formed with i.i.d. random variables which have mean zero, finite moments of
all orders and probability density function ¢. The jump times (7});>; are the arrival times
of a Poisson process (/Vy):>o with rate A > 0. All sources of randomness are assumed to be
mutually independent.

The coefficients o,b : R — R are assumed to be twice differentiable with bounded
derivatives of all orders. Set ¢; := ||b]|« and ¢z := ||0||co. Moreover, we assume that
inf,er |o(y)| > p > 0 for some constant p > 0.

Under these conditions it is well-known that there exists a unique cadlag adapted Markov
process X* = (X[);>0 solution to the integral equation (1.1), which satisfies that for all
T>0andp>1,

E[ sup ]Xf]pl < 00,
te[0,7)
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see for e.g. [4, Theorem II1.2.32|. Moreover, it is also well-known that for all ¢ > 0, the law
of X7 has a density with respect to the Lebesgue measure on R, that we denote by f;(z, ),
see |2, Theorem 2.5] or |9, Theorem 11.4.4].

In this paper, we are interested in obtaining upper and lower bound estimates for the
density f. When equation (1.1) has no jumps, Gaussian estimates for the density are well-
known. Indeed, if we denote by Z* = (ZF);>¢ the unique solution to the equation

t t
Zf:x+/ a(Zf)st+/ b(Z%)ds
0 0

and by p(z,-) its density function, then it is well-known that for all 7" > 0, there exist
constants Ar,ar > 1 such that for all t € (0,7] and y € R,

1 aply—x|? AT _ly==?
L e ) < ¢ Bt 1.2
W or < pi(,y) 5 (1.2)

see for e.g. |5, 6, 10]. However, in the presence of jumps, less is known about estimates
for the density of the solution to (1.1). Similar estimates for the density function f as the
ones we obtain in this paper are proved in |7] (see also the references therein) for a class of
infinite activity Lévy processes. The main motivation to write this paper is the fact that
the model (1.1) appears in some insurance problems and their statistical estimation requires
in principle properties of their transition densities. The Laplace transform and Karamata-
Tuberian theorems are traditionally used in order to obtain asymptotic results for the density,
see for e.g. [1] and the references therein. Here we propose a more direct analysis of the
density that replaces the machinery of Laplace transforms.

The aim of this paper is to obtain upper and lower bounds for the density f when the
jump amplitudes follow the Gaussian or Laplace laws.

Theorem 1.1. Assume that ¢ is the centered Gaussian density with variance 3 > 0. Then
for all T > 0 there exist constants Cp,cr > 1 such that for allt € (0,T] and x,y € R,

CEl (QCle:cl 1n+(|y;71‘) + ﬂ) < ft(fl?,y) < ﬁechl\yﬂd\/@’
Vi Vi

where In (r) = max(Inz,0).

Theorem 1.2. Assume that ¢ is the centered Laplace density with scale parameter 1/ where
u >0, that is,

o(z) = et (1.3)

Then for all T > 0 there exist constants Cr,cp > 1 such that for allt € (0,T] and x,y € R,

1,.— C -1
o7t (e + 22 < o) < Teemonn
The proof of these two theorems may be applied to other probability density functions
. Indeed, first, we obtain an expression for the density f in terms of a convolution of the
density of the continuous part p and the jump amplitude density . This expression is given
in Proposition 2.1 below and turns out to be very suitable in order to obtain lower bounds
for the density. Second, we show an upper tail estimate for the solution to equation (1.1) in



DENSITY ESTIMATES FOR JUMP DIFFUSION PROCESSES 3

terms of the jump distribution of Y that will be crucial for the upper bounds, see Proposition
2.3 below. Finally, in Proposition 2.5 below we appeal to the techniques of the Malliavin
calculus in order to bound the density f; in terms of the tail probabilities of X. These three
results are proved for a general jump amplitude density . Then, we will show how to apply
these general results for the two particular cases of ¢ defined in Theorems 1.1 and 1.2.

The rest of the paper is organized as follows. Section 2 presents the key preliminary results
explained above for a general density ¢. Section 3 is devoted to the proofs of Theorems 1.1
and 1.2. Finally, in Section 4 we explore how the main results extend in the multidimensional
case.

2. PRELIMINARY RESULTS

In this section we present some preliminary results that will be crucial for the proof of
Theorems 1.1 and 1.2.

We start proving an expression for the density that will be very suitable in order to
establish lower bounds. For any ¢ > 0 we consider the random variable ZF + Y and we
denote by q:(z,y) its probability density function, where recall that Z7 is the continuous
part of X7 and has density p;, and Y is the jump amplitude which has density ¢. As Y and
ZF are independent then we have that ¢(z,y) = (p * ¢)(z,y) where x denotes the space
convolution of the functions p;(z,-) and ¢(-). That is,

a(zy) = / oy — v, v)do, 2.1)

Given two measurable functions g(x,y) and k(z,y) in R? we define the product

(g )z) = [ gla, 0kl
R
The following result gives an expression for the density of X} in terms of q.

Proposition 2.1. For anyt > 0 and x,y € R, the density fi(x,y) of X} solution to equation
(1.1) can be written as (here to =0):

fi@,y) = pi(z,y)e™

> 2.2
T Z/ (@10 % (5 (Gt g *Dit) =) (@, ) NN dty - dt . (22)
n=1 t <o <t <t<tpn41
Proof. First, we write
filz.y) = E[6,(X7)] = El6,(Z)) Lier] + ) B, (X)) Inccncicr,], (23)
n=1

where we recall that (7});>0 are the arrival times of a Poisson process (IV;);>o with parameter
A > 0. Remark that an abuse of notation is used here when we write the delta distribution
function ,(x). The formal argument can be obtained by proper approximation arguments
which are left to the reader.

As ZF and T; are independent, we have
E[éy(Zf) ]—t<T1] = pt(I, y)P(t < Tl) = pt(xv y)e_/\ty
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which gives the first term in (2.2).

We next show how to obtain the second term. First recall that for each n > 1, the density
function of the random vector (71,75, ...,T,) is given by

_\n_—Xt
9y T T (T1s oo tn) = NP Loy conct, g <t (B1y - oo L)

Let X;"" = X" (¢4, ..., t,,) denote the solution to the following integral equation with deter-
ministic jump times

t t n
Xt = / o(X7")dB, + / bXT™)ds + ) Yili<
0 0 i=1

Then, using again the independence between the jump times and the other random compo-
nents in X*", we obtain

E[0y(X¥) 1ncocmyatat,y] = / E[5, (X7 e M1ty - diy .

0 <-<tn<t<tp41

Finally, appealing to Chapman-Kolmogorov’s equation yields to

E[(Sy(Xf’n)] :/ Gty —t0 (T Y1) Qa1 (Y1, Y2) Qo —tns Y15 Yn)Pe—t,, (Y, ) dY1 - - - Ay

= (-t * (% (@t s *Pr—t,,) ) (T, Y),

which gives the second term in (2.2) and completes the proof. O

Remark 2.2. Observe that in the linear case, that is, b =0 and o = 1, (2.2) reads as

fle) = 3@ x )y — 1) O

where ®; denotes the N(0,t) density.

The second result of this section is an upper bound for the tail probability of X} in terms
of the distribution of the jump amplitude Y. This result is an extension of Lemma 26.4 in
[11], where a similar tail probability estimate is obtained for Lévy processes. Let us first
introduce some notation which is similar to that in [11|. Define

C:={ueR:Ee"] <o} and s:=sup(C).
Note that C' is an interval and assume that s > 0. Set, for u € C,

1
U(u) = éu%g + AE[e"Y —1].

Then
V' (u) = ucs + AE[Ye"]
and
V" (u) = c3 + AE[Y2e™].
Notice that ¥ € C°, and ¥” > 0 in the interior of C'.
Let u = 6(&) be the inverse function of £ = VU'(u), that is,

§=0(8)c+ AE[Ye"@Y], €€ (0,0(s—)).
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Proposition 2.3. For allt > 0 and z,y € R such that ‘y;—‘r‘ —c1 € (0,¥'(s—)), we have
=zl _,
P(XP —a| > |y —af) <2e7th T 0O«
Proof. Let u € (0,s) and let (M;);>o denote the It6-Lévy process given by

t o0 1 t
M, = u/ o(X7)dB, + UZY,- 1< — Euz/ o*(X")ds — )\t/(euz — 1Dp(z)dz.
0 0 R

i=1
Observe that

t 1 t
w(X] —x) = M, + u/ b(XT)ds + §u2/ o?(X5)ds + )\t/(euz — D(z)dz.
0 0 R
By It6’s formula,
t oo
M =1+ u/ Mo (XT)dB, + ZeMTi— 1) 1 — / / Yo(z)dzds.
0 i=1
In particular, (eMt);>¢ is a martingale and E[e*] = 1.
Using Markov’s inequality and the fact that o and b are bounded, we have that
P(XF —x > |y —a|) = P(e"¥F ) > e“'y’“ﬂ)
_ P( Mt-i—ufo ds+1u2 7£02(X;F)ds-l—>\f(;S Jp(e"*=1)p(z)dzds > 6u|y—ac|)
< P( Mi+ucit+3uct+Xt [ (e —1)¢(2)dz > €u|yfx|>

—P <6Mt (|y z|— clt)u——u c3t— )\tE[e“Y—I]>

< min 67(\y7x|fclt)u+t\11(u) — min et(‘l/(u)fuz)

— O<u<s 0<u<s ’

where z := 222l — ¢ The rest of the proof follows as in Lemma 26.4 in [11]. Indeed, we

have z € (0, ¥'(s_)). As U'(u) — z changes value from negative to positive at u = 0(z) and
U(0) = 0, we have

0(z)
jmin (V) — u) = W(6(:) ~ 61 = [ Widu - 0(2)z = [ eav(e) - o(e):
= 0()—151%156 /9 £)d¢ — 0(z /9

lim £0(€) = lim ¥/ (u)u = 0.
im £0(¢) = lim W' (u)u

since

This shows the upper bound for P(X}? —z > |y — z|).

Proceeding exactly along the same lines, we can consider the martingale —M; and show
the same upper bound for P(—(X7 — x) > |y — z|). Thus, the desired result follows. O

The last result of this section is an upper bound for the density of X in terms of its
upper tails. For this, we appeal to techniques of the Malliavin calculus with respect to the
Brownian motion B. We denote by D the Malliavin derivative operator with respect to B
and by D** the Sobolev space of twice differentiable random variables with finite moments



6 ARTURO KOHATSU-HIGA, EULALIA NUALART AND NGOC KHUE TRAN

of all orders. See the monographs [8] or [9] for the precise definitions. The next result is
classical and shows that the solution to (1.1) is twice differentiable in the Malliavin sense
and gives an expression for the Malliavin derivatives, see |2, 3] and [9, Theorem 11.4.3| for
its proof.

Lemma 2.4. For allt > 0 and z € R, X7 belongs to D*>* and the Malliavin derivative
(D, X, r <t) satisfies the following linear equation

t t
D, X} =o0(X}) +/ a’(Xf)DTdeBS+/ V(X?)D, X2ds,
forr <t, a.e., and D, X7 =0 forr >t, a.e. Moreover, for allp > 1,

sup E
re(0,T]

sup \D,,Xf]p] < 00.

te[r,T]

Furthermore, the iterated Malliavin derivative (D7, ., X[,V o < t) satisfies the equation

t
D2, X7 = Do)+ Doo(X5) + [ DA (o(XD)dB.
VT
. 1VT2
2 T
+ y DT1,T2 (b<XS )) dS?

forriVry <t, ae., and D? , XF =0 otherwise. Moreover, for all p > 1,

1,72

sup E{ sup |D2 Xﬂp < Q.

1,72
r1,72€[0,7T r1Vre<t<T

We are now ready to state the last result of this section which bounds the density fi(x, )
of X} in terms of its upper tail probability. Since the jump term is linear, the proof fol-
lows exactly along the same lines as for a continuous diffusion (see [8]). For the sake of
completeness, we provide the proof.

Proposition 2.5. For any T' > 0 and g > 1, there exists a constant Cyr > 0 such that for
allt € (0,T) and z,y € R,

fi(z,y) < Cor (POXT — 2| > |y — z|)"/".

Vit

Proof. Appealing to Proposition 2.1.2 in [8], we have

filx,y) < cqap (PUXT —af > |y — 2[))/* (E [IDXF 5] + (B [1D°X7 [%6])

« (e [1oxz]) "),

for some constant ¢, o 3 > 0, where % +14 % =1and H = L*([0,t];R).

(2.4)
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Using Lemma 2.4 and Hélder’s inequality, we get for any o > 1,

E (10X [rom]) = B [(1D*X{ l3rom) ?

= [(// (D?,X}) drdv)g

(E[ID*XEI50m]) " < Carrt < Ol (2.5)

< Cort®.

Thus,

Now, we denote by JJ := 0,X] the derivative of X} with respect to the initial condition
x, which satisfies the linear equation

t t
Jr =1+ / o' (X*)J*dB, + / b (X7)J"ds.
0

0

By Ito’s formula, the inverse H} := (J;)~! satisfies the linear equation

t t
=1~ [ oeenmzan, - [ (602 - (o(x0)) Hids.
0 0
Using the assumptions on b and ¢ and Gronwall type arguments, we have that for all p > 1,

B[ sup |71 < Cpre B[ sup [HP] < Cyr

te[0,T] t€[0,T7]
Moreover, we have that

D,X{ = J{ HEo(X?)1p4(r).

Consequently, for any p > 1,

E[IDXY(] =E [(/Ot(Jé”)Q(Hf)%?(Xf)dr) M]

Cyr
< Optp/Z L)i pT|J | OSTP | | :| - Optp/Q'

Hence, using (2.5) and (2.6), we conclude that

T ||« 1/a z||— 1/8 CBT Ca1 N
(E 1D X7 50m]) ™ (B [IDXENG7]) T < CaarVi0T = 2221,
Vit
which together with (2.4) finishes the proof of the upper bound.

Observe that Lemma 2.4, (2.6) and criterion in [8, Theorem 2.1.1] imply the existence of
the density. O
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3. PROOF OF THEOREMS 1.1 AND 1.2

Proof of Theorem 1.1. Assume that ¢ is N(0,3). We start proving the upper bound. By
Proposition 2.5, it suffices to apply Proposition 2.3. For u > 0, we have that

L oo w28
U(u) = Juet Ae 2z —1).
Thus, ¥'(u) = u(c3 + )\ﬁe#) and its inverse function u = 6(§) satisfies

£=0(6)(E+ M8 50), e (0,00).

2
Let us now estimate 0(£). Observe that 6(£) 1 0o as £ 1 oo and for a < %, 56_6 = 50 as

2 2
¢ 1 oo. Hence, there is & > 1 such that for all £ > &, 56_05) < % and cle_go(f) < % Thus,

for &€ > &, (€ + 01)6_%@) < 1 and (&) > /aln(§ + ¢1). Therefore, by Proposition 2.3, for
ly=al _ .
t 1 > 517

ly—=|

ool T
P(IX? — 2| > |y —a|) <2e o’ VelEedd _ g7t b, Vamngdt
As for z sufficiently large |, ;1 o, VINEAE > 5V In z, the desired result follows.

In the case that 0 < @ — ¢ < &, one clearly has that (ly — z|, @) belongs to a
compact set and therefore if we bound the probability in Proposition 2.5 by 1, we obtain

C ly—z| lv—z]|
ft(%?/) < —T€7|y7m| ln+(yf)€\y*w\ Iny (lv72l)

< OF pmty=alyin (25D 11 en) ims Geben)
Wi
which implies the desired upper bound.

In the case that “’;—xl — ¢1 < 0, the probability of the reverse inequality can be bounded

in a similar fashion.

We next prove the lower bound. Using (2.1), the fact that ¢ is N(0, 3), and the Gaussian-
type lower bound for p,(z,y) in (1.2), we obtain that for all t € (0,7] and z,y € R,

(z,y) > 1/— / /—1 e e
qQ\r,y) = T v
AT ar Jr 27T /27TCL
\v+<y—1x>\2
2a; t dU

“ e Lt W

1 v 135\2
_ 2(aglt+8)
= e ar ,

AT\/aT27r(a}1t +0)

where in the last equality we have used the fact that the convolution of two Gaussian densities
is a Gaussian density with mean equal to the sum of means and variance equal to the sum
of variances.
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Therefore, using (2.2), we obtain for r := |y — x| and Cp = ;\/ﬁ
- C o=t (At
fi(z,y) > e Z (Cr)" 4 ¢ Hapicrnd ( |) . (3.1)
\/27'(' ap't +npB) w

Observe that it suffices to assume that 7 > e, otherwise the bound follows trivially, since
taking n = 0 yields to

s _ T
1 20t 1 —AT p

z,y) > e M————¢ ——e e T |
ft( y> o AT\/ 2mt o AT\/ 2nT

from which the desired lower bound follows for r» < te. Observe also that if » = 0, we get
the lower bound

1
z,y) > e M ———.
ft( y) = AT\/%
By Stirling’s formula, there exists a constant K > 1 such that for all n > K, it holds that

(3.2)

2ren ln(n)fnJr% In(n) 1
— 1| < =
n! 2
This implies that for all n > K,
()\t)n 1 6fnln(%)+nf%1n(n) > 1 efnln(%)féln(n)'

>
n! 24/ 21 24/ 21

Then, substituting this into (3.1), we get that

7‘2 n
f (:[; y Y Z enln (Cr)—3In aTlt—&-n/B)—m—nln(ﬁ)—%ln(n)
n>K
CT —\t 7n\ln(CT)\fl1n(a71T+n,B)fifnln 2 _Lin(n)
> E€ Z e 2T 2np (M) 2 . (3.3)
n>K
We next consider two different cases according to —— ( = > K+ 1and —— ( = < < K-+1.

In the first case, we set n = | ] > K > 1. Note that x — 1 < [z] < z for any x € R,

\/ n(r/t)

then using (3.3), we obtain

ft(xvy)
2
| C 711 / T _ T _ T 1 T 711 ( T )
C VG mEr)=s H(CT\/Inwt)) oz _1)s VIRO/D “(At\/1n<r/t>> 2 M\ VG0
> T =M, V(7o)
T Ar
> ﬁef/\Techr ln(r/t)’
4

for some constant ¢ > 0, where ¢ = a;'T + 3. In the last inequality we have used the
following inequalities

2 K+1
(1) ———— < =—rV/I(r/0),
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(2) T <r<r In(r/t), since ; > e,

In(r/t) ()\t\/ r/t) V/In r/t)

< K + 1 the conclusion follows easily since taking n = 0 in

(3)

(T<t) < r/In(r/H)(1 + | In(N)]).

For the second case

In(r/t
(3.1) yields
_ r2 (K 'm/ln(r/t)
fulw ) > e T > TS
AT\/ 2nT AT\/ 2nT
The proof is now completed. 0

Proof of Theorem 1.2. We first prove the upper bound. As above it suffices to apply Propo-
sitions 2.3 and 2.5. A direct calculation using (1.3) gives that for all —pu < u < p,

1 1 1
U(u) = ~ulcd+ A - 1),
=5 <2 <U+u u—u) )

Thus,

Ap 1 1
2 ((9(5) — )2 (0(¢) +u)2) , §€(0,00).

£=10(&)c +

Let us now estimate 6(¢). Observe that 6(¢) T p as € 1 oo. This implies that £((6(§) —
w2 A (0(€) + p1)?) converges to 32& as £ T co. Hence, there exists £ > 0 such that for all

§> &, VE(r—0(8)) — /Ar/2 < 1, and thus, for all £ > &, 0(&) > p — . \/2#/2- Therefore,
by Proposition 2.3, for 2=%1 x' —c > &,

ino L. « — H#
Choosing 75 < )

ly—z|

a (|y—x|_61_§1)'

T ¢ 1 1
/51 o Nyl Nake o1+ j2) t

In the case that @ — ¢1 < &, the result follows trivially. This finishes the proof of the
upper bound.
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Next, we prove the lower bound. Using (2.1) and the lower bound in (1.2), we get that
for all t € (0, 7] and z,y € R,

1 _le=w-a)?

/J/ - |Z‘ 201t
r,y) > = [ e Ml——e vt dz
Qt( y) 2 /]R ATV 2mt

" W2 tar! o _ \z—(y—x—qm;l)\? 0 _\z—(y—xﬂ;ta;l)l?
= — e 2 6—(3/—30)#/ e 2apt dz _I_ e(y—a:)u/ e 2ap"t dz
2AT\/ 2mt 0 —00

v ta=112
Gl Sy R
- 5 - - a,
2 CTG ? € 1y—x—uta;1<0§6 T + §1y—x—uta;120

(v-2) e
Yy—x)u _ ap't _
te 1y—x+,uta;120 26 r + 9 1y—r+,uta;1<0 ) )

where Cr = £ —. Observe that in order to get the last inequality when z > 0, we have

2A1+/2a

used the fact thgﬁe integral of a Gaussian density with a non-negative mean on the positive
axis is lower bounded by % On the other hand, in the case that the mean is negative, we
have used the inequality |a — b|* < 2(]al* + |b]?), valid for all a,b € R and the fact that the
integral of a Gaussian density with zero mean on the positive axis equals % We have applied

a similar argument for the case z < 0.

Expanding the square appearing in the two exponentials yields

Cp _sugt (bl o -
Qt(xvy)>7€ 2 e °r <6y Mly—:c<,uta;1+e Y Hly—xz—uta;l)

RS |

—(y—z)u
+e 1y7$2ptCLT yf:v<f,uta;1

2

Cp _wtap' [ -1
> —e " 2 e ortelvTElrg 1
ly—z|<ptar

L1 4 e lvmalng (3.4)

—ly—=|p
te ]‘y—m>,utaT y—m<—,uta;1

OT Hzm;1
Lo —ly—z|p ,~|y—=z|p
= 5 © ’ € € 1|y—r\§w€a51

—ly—z|p —ly—=|p
+e 1y7:p>,uta;1 +e 1yfm<futa;1

CT ﬁm;l
2

e 2ly—zln
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This implies, using the triangular inequality, that

4
02 7u2t2a;1 _ _ o
= e 2 e 2yl p—2lyz— yl\udyl
R

2 2 —1
ptoa
> C_e_ 2 = 6_2|y2_r‘u.

02 m tla;l M2(t2—t1)a;1

T - 2ly1—z|p,—————=—— —2|y2—

(Grr—to * Qa1 (@, 90) > =L [ &7 7 e 2elie 2 e iy,
R

Therefore, iterating the above computation, we obtain that for n > 1,

(@t —to * (Qry—ty * = * (Q—tny *Pe—t) =) (2, Y)

H2tna;l

> Cfe 2 / e~ 2=ty (Y, y)dyn
R

> C’TC%G_CTte_‘”y_’”‘”,

for some constants Cr, Cr, er > 0. Finally, appealing to formula (2.2) yields to

(A2)"
n!

0o
ft (l’, y> > 6T€—0Tt€—4|y—a:|ue—)\t Z C«% > UTQ_(CT+>\)T€_4‘ZJ_$‘N,
n=0

which proves the lower bound for  # y. When x = y it suffices to use formula (2.2) for
n = 0 to obtain the same lower bound as in (3.2). This completes the proof. 0
4. EXTENSION TO THE MULTIDIMENSIONAL CASE

The aim of this section is to explain how the results obtained above extend to the multi-
dimensional case. The multidimensional version of equation (1.1) writes as follows:

t t 0
Xf =g +/ o(X®)dB, +/ B(XD)ds+ > Yilpg, t>0, (4.1)
0 0 i=1
where z € RY, (B;)i>0 is a d-dimensional standard Brownian motion, ¥ = (¥;);>1 is a

sequence of d-dimensional i.i.d. random variables which have mean zero, finite moments of
all orders and probability density function . The function b : R — R? and the matrix
o RY = Myq are C*, bounded with bounded partial derivatives of all orders. We also
assume that the matrix ¢ is uniformly elliptic, that is, there exists p > 0 such that

inf 2> p>0.
N LN =

Under theses conditions it is well-known that there exists a unique cadlag adapted Markov
process X* = (X[);>0 solution to the integral equation (4.1), see [4]. Moreover, for all ¢t > 0
the random vector X[ possesses a density f;(x,-) with respect to the Lebesgue measure on
R, see [2].

As in the one-dimensional case, we denote by ZF the solution to equation (4.1) with Y =0
and by p;(z,-) its probability density function. Then, it is well-known that for all 7" > 0,
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there exist constants Ar,ar > 1 such that for all £ € (0,7] and z,y € R?,

1 _erly—al? < < Ar  _ly=sl 49
_— t - - apt
AT(Qﬂt)d/Qe s ple,y) < (27rt)d/2€ ' (42)

We also denote by ¢;(z,-) the probability density function of ZF + Y and we observe that
for all z,y € R,
w(@,y) = (p* ) (x,y) = /d oy — v)pi(x, v)dv. (4.3)
R
The expression for the density obtained in Proposition 2.1 can be easily extended in this
multidimensional setting as follows. The proof follows exactly as in the one-dimensional
case.

Proposition 4.1. For anyt > 0 and =,y € R?,
filz,y) = pi(a,y)e™

+ Z/ (Grr—to * (- % (Qn—ty * Dr—tn) =) (@, y) N Tre™ M0 dty - diy,
t

n=1 1< <t <t<tpi1

where given two measurable functions g(z,y) and k(z,y) in R x R? we define the product

(g e) = [ gl 0k(w.g)do

Rd
The lower bounds of Theorems 1.1 and 1.2 also extended to equation (4.1) as follows.

Theorem 4.2. Assume that ¢ is the centered d-dimensional Gaussian density with covari-
ance matriz . Then for all T > 0 there exist constants Cr,cp > 1 such that for allt € (0,T]
and z,y € RY,

ly—aly 1x—y

file.y) = O (' A td/;).

Proof. Using (4.3) and convolution properties for Gaussian densities with the lower bound
in (4.2) yields, for all t € (0,7] and z,y € R%,
1 w—o)T(S+a bt L y—uo)
qt(x7 y) > e : Cg : )
Ar(2mar)i2, /| det(S + az't])|

where I denotes the identity matrix of order d x d. Therefore, using Proposition 4.1, we
obtain in a similar manner that

s C (=) (n8ta7 D" y—2) (\£)"
filw,y) > ey CF ! e z ( '>
o (2m)i2 \/ | det(nX + az't])] w
> 'r2 —1 n
> oM ZC% Cr -l (/\t') |
n=1 (27r)d/2nd/2\/\ det(X + ap'T1)| v

_ »)-!
e and [|(5) 7 = sup,eqa o S
The rest of the proof follows exactly along the same lines as in the one-dimensional case.

O

where r := |y — z|, Cr =




14 ARTURO KOHATSU-HIGA, EULALIA NUALART AND NGOC KHUE TRAN

Theorem 4.3. Assume that o is the multivariate centered Laplace density with = (pi1, .- ., fa),
wi > 0, given by

d
1
QO(Z) 22#16 , R (Zl,...,Zd).
Then for all T > 0 there ezist constants Cr,cp > 1 such that for allt € (0,T] and x,y € RY,

— —cr|y—=x ]-x:
fex,y) > O (6 el 4 td—/Qy) :

Proof. We start proving a lower bound for ¢, (z,y). Using (4.3) and the lower bound in (4.2),
we get that for all t € (0,7] and z,y € RY,

2
Hdﬂ 1L a1 EECE ]
> 1= L Zi:1 .U'z‘zzl 2apt d .
g(z,y) > 20A7  Jpa € (27Tt)d/26 g o
We next show by induction on d > 1 that for x # y
R 1 ,% 1 d IR - —
/Rd e (27Tt)d/2e Tt dez (2\/2@T) ‘ e, (4.4)

When d = 1, it is shown in (3.4) that (4.4) holds. Moreover, the left hand side in (4.4) is
equal to

1 o i) 1 _ (zg—(yg—rq))?
e Titmilml 2aqt doy - -dzgq | e Pzl _— ¢ 200tz
Rd—1 (27t)(d=1)/2 R (2mt)1/2

Thus, using the induction hypothesis for the first integral and the one-dimensional case for
the second, we conclude that (4.4) holds true.

Therefore, we have shown that

—1,,,,2
ap - t|pl

d PR . .
q(z,y) > Cre™— 2 e 2imlvizwilui

[T, 1 d
o— =1
where Cr := 27 ir (2\/E> .

The rest of the proof follows exactly as in the proof of the one-dimensional case. That is,
appealing to Proposition 4.1 we obtain that for some positive constants C'r and cr,

ft(x’ y) > GTQ*(CTJr)\)teJlZ?ﬂ lyi—zi| i > 6T67(CT+/\)T674|‘1,71||M|'

This completes the proof. O

Concerning upper tail bounds, we observe that although Proposition 2.5 can be easily
extended, Proposition 2.3 uses a one-dimensional argument which cannot be easily extended
to the multidimensional setting. Thus, we leave it for further work.
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