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Abstract

We consider a system of d linear stochastic heat equations driven by an additive infinite-dimensional
fractional Brownian noise on the unit circle S1. We obtain sharp results on the Holder continuity in time
of the paths of the solution u = {u(z, x)}, R, xeS!- We then establish upper and lower bounds on hitting
probabilities of u, in terms of the Hausdorff measure and Newtonian capacity respectively.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction and main results

We consider a system of d stochastic heat equations on the unit circle driven by an infinite-
dimensional fractional Brownian motion B¥ with Hurst parameter H € (0, 1). That is,

du; aBH |
E(I,X)IAXMZ'(I,X)-FW([,)C), t>0,xes, (1.1)

with initial condition u; (0, x) = 0, foralli =1, ..., d. Here A, is the Laplacian on § Uand B#
a centered Gaussian field on R x S ! defined, for all x, yesS Vand s, r > 0, by its covariance
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structure
E[B,H (t.x) Bf (s, y)] =21 (ﬁH +s2H ) - s|2H) 0 (x, )8,

where Q is an arbitrary covariance function on S' and §;, j is the Kronecker symbol. To simplify
our study, we assume that B¥ is spatially homogeneous and separable in space; therefore
0 (x, y) depends only on the difference x — y, and we denote it abusively Q(x — y).

Note that because Q is positive definite, there exists a sequence of non-negative real numbers
{gn},en such that

Q(x =)= gncos(n(x—y).

neN

This expression may be only formal for certain choices of the sequence {g,},, as these pointwise
values may explode, but this Fourier representation is always relevant if one allows Q to be a
Schwartz distribution. Examples will be given below where Q (0) is infinite while all other values
are finite (Riesz-kernel case); another, also with Q (0) = oo, will show that Q may not be equal
to its Fourier series at any point (fractional noise case for small Hurst parameter), but still allows
a solution to (1.1). Any case with Q (0) = oo denotes a distribution-valued noise BH in space,
for which the notation B (¢, x) is only formal in the parameter x.

The infinite-dimensional fractional Brownian motion B | with values in L%(S'), can also be
defined using its random Fourier series decomposition as

B (1.0 =Y Van (cos (nx) B (t) + sin (nx) B (t)) ,
n=0

where the sequences {ﬂ,{{n}neN and {ﬂ;z}neN’ i €{l,...,d}, are independent and each formed
of independent one-dimensional standard fractional Brownian motions. Then, the “mild” or
“evolution” solution of the stochastic integral formulation of Eq. (1.1) is given by the evolution
convolution

(e} t
ui (t,x) = Z@ (cos (nx)/ e_”z(’_s)ﬁili (ds)
n=0 0

t
+ sin (nx) / e*"2<’*“>,3;§1’ (ds)). (1.2)
0

[16] showed when such a solution exists, and more specifically, that the necessary and sufficient
condition for existence of (1.2) in L2 (Q x [0, TT x Sl) (cf. [16, Corollary 1]) is

o0
Z qnn74H < 00.
n=1

The study of stochastic PDEs similar to (1.2), that is, using fractional Brownian noise in time, is
a fairly recent endeavor. Preceding [16] was the particular case where B! is white in continuous
space R (which would correspond to our case when g, = 1 for all n) which was studied in [7],
where the solution exists if and only if H > }1. The topic is very active today; some recent results
in directions tangential to ours include: [11] (evolution equations), [8] (solutions of semilinear
equations), [13] (on the stochastic wave equation with fBm) and [2] (existence of the stochastic
heat equation with colored noise in RYand H > 1 /2.) Our article is closer to the line of [16]; in
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comparison with this and other papers concerned with regularity (such as [18], see below), our
article is the first to manage sharp time-regularity results when H < 1/2.

This article goes beyond regularity issues, however. Herein we develop a potential theory for
the solution to the system of equation (1.1). In particular, given A C R, we want to determine
whether the process {u(t,x), t >0, x € § l} visits, or hits, A with positive probability.

Potential theory for the linear and non-linear stochastic heat equation driven by a space—time
white noise was developed in [4,5]. The aim of this paper is to obtain upper and lower bounds on
hitting probabilities for the solution of (1.1). For this, following the approach developed in [4], a
careful analysis of the moments of the increments of the process u(z, x) is needed. In particular,
this will lead us to solve an open question which is the Holder continuity in time of the solution
of (1.1) when H < % The Holder continuity in space for the solution of (1.1) was studied in [17],
and the Holder continuity in time when H > % is due to [18]. These are generalizations of earlier
work done for the stochastic heat equation with time white noise potential: [14,15].

Let us first state, in some detail, the path continuity results we obtain for the solution of the
fractional heat equation on the circle (1.1), as these are a valuable immediate consequence of our
work. Assume that for all n large enough

cn4H—2a—1 <qgn < Cn4H—2a—1’ (1.3)

for some positive constants ¢ and C and @ € (0, 1] with o # 2H. Our basic quantitative result is
the following bounds on the variance of the increments of the solution: for 79, 7 > 0, for some
positive constants ¢, C, ¢y, Cy,, forall x, y € Sl andalls,t e [t0, T1,

o 15 =y < E [l 0 = (1,9 17] = G lx = v

clt —s|*"CH < E [Ilu (,x)—u(s,x) ||2] < Clt —s|CH)

Here and throughout || - || denotes the Euclidean norm in R?.

We then immediately get that u is 8-Holder continuous in space for any g € (0, «) and is -
Holder continuous in time for any g € (0, 5 A H), but not for 8 equal to the upper values of these
intervals. All these results are true for any H € (0, 1). Moreover, these results are sharp for our
additive stochastic heat equation (1.1): up to non-random constants, exact moduli of continuity
can be found (see the last bullet point below).

Let us consider some examples:

o In the case where B is “white noise” in space, then u exists if and only if # > 1/4; moreover
u is B-Holder continuous in space for any 8 € (0,2H — %) and B-Holder continuous in time
forany g € (0, H — 4—1‘). This follows from the above continuity results because the white
noise case is the case g, = 1: the appellation “white” reflects the fact that all spatial Fourier
frequencies are equally represented.

e In the case where B! has a covariance function in space given by the Riesz kernel, that is,
Q(x —y)=|x—y|77,0 < y < 1, we can prove that ¢, is commensurate with n¥ ~!. More
specifically, we can show that g, = n¥~'c (n) where ¢ (n) is a function bounded between
two positive constants, because it can be written as the partial sum of an alternating series
with decreasing general term and positive initial term (see Appendix A.l). Therefore, the
solution of (1.1) exists if and only if H > % and u is B-Holder continuous in space for any
B € (0,2H — %) and B-Holder continuous in time for any g € (0, H — %). See [13] for the
existence, uniqueness and Holder regularity of the solution of the stochastic wave equation in
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R driven by a multiplicative infinite-dimensional fractional Brownian motion with H € (%, 1)
and a space covariance given the Riesz kernel. Note also that the condition H > % is the same

as the one found in the paper [2] (when x € R instead of S1).

e In the case where B! behaves as “fractional Brownian noise” both in time and space with
common Hurst parameter H, then the solution of (1.1) exists if and only if H > % Indeed,
a wide class of examples fitting the description “fractional Brownian noise” can be defined
by assuming that ¢, = c(n)n'~># where the function ¢ only needs to be bounded above
and below by positive constants. When H > 1/2, if one prefers to work starting from the
spatial covariance function Q, one may stipulate that B¥ is has a Riesz-kernel covariance,
ie. Q(x—y) = [x—y*2 = |x —y|77 with y = 2(1 — H) € (0, 1), in which case
one is in the situation of the last example, with g, = ¢ (n) n'=2H where the function ¢ was
described therein.

On the other hand, if H < 1/2, no Riesz-kernel interpretation is possible with g, =
c(m)n'~2# no matter what the choice of ¢ bounded. Appendix A.2 contains another
interpretation in this case, which also works for H € (1/2, 1). This interpretation, which
uses a differentiation construction, also allows a justification, for all H € (0, 1), of why we
use the appellation “fractional Brownian noise” in the case g, = c(n)n'~2# . In all cases,
ie. forall H € (1/3, 1), u is B-Holder continuous in space for any 8 € (0,3H — 1) and is
B-Holder continuous in time for any 8 € (0, %).

e Similarly to the previous example, but more generally, to obtain a B! that behaves like a
fractional Brownian noise with parameter H in time and K in space, we can set ¢, = n'~2K
(using the same justification as in the Appendix relative to the previous example). This is
equivalent to « = 2H + K — 1. In other words, the full scale of fractional Brownian noise
with H, K € (0, 1) covers the case of Riesz kernels with y = 2K — 1, and also extends to
the case K € (0, 1/2] which is not covered by the Riesz kernels. We then get existence of a
solution if and only if 2H + K > 1, and the solution is then 8-Holder continuous in space for
any 8 € (0,2H + K — 1) and is -Holder continuous in time for any 8 € (0, %).

e In addition to the examples above, which are of Riesz, white noise, or fractional Brownian
noise type in space, we mention the classical Ornstein—Uhlenbeck (OU) process, which uses
Q(r) = exp(—ar), i.e. for small r, the squared canonical metric is 2ar + o (r), so that the
local behavior is very close to standard Brownian motion (note that the corresponding B is
a bonafide function in space), and corresponds to ¢, =< n~2 (see Lemma 2.1). We note then
that hypothesis (1.3) is satisfied with @ = (4H + 1) /2, which can only work if H < 1/4.1tis
the fact that the OU covariance is that of a bonafide function that creates this slight difficulty,
but if instead one interprets BY as an OU noise, i.e as the spatial derivative of a process with
spatial OU behavior, then g,, < 1i.e.« = 2H — 1/2, and the behavior is like the case of white
noise in space (first example above).

e From Gaussian-regularity results such as Dudley’s entropy upper bound (see [10]), we
can state that if the upper bound in (1.3) holds, then the modulus of continuity random
variable

sup
x,yeSl;S,te[to,T]

( lu (2, x) —u (t, y)|

lx — y[*log"/2 (1 4+ 1/ x — )
lu (£, x) — u (s, x)|| )

|t — 5| @D 10612 (1 41/ 1t —s])
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is finite almost surely. Moreover, a (near) converse also holds: if the above random variable
(with logarithmic terms moved to the numerators) is finite, then the upper bound in (1.3) holds
for some constant C < oo (see [17, Corollary 1]).

Those examples treat the case where the covariance is “white” or “Riesz type” in space, but
other interesting examples such as Bessel type covariance, Poisson kernel, etc. could also be
considered.

We now state the results of potential theory that we will prove in this paper. For this, let us
first introduce some notation. For all Borel sets F C R¢ we define 2 (F) to be the set of all
probability measures with compact support in F. For all u € Z(R?), we let I (w) denote the
B-dimensional energy of w; that is,

I5(w) = // Kp(lx — vl (d) u(dy).

Here and throughout,

r A if 8 >0,
Kp(r) = {log(No/r) if B =0, (1.4)
1 if B <0,

where Ny is a constant whose value will be specified later in the proof of Lemma 4.1.
For all 8 € R and Borel sets F C R¢, Capg(F) denotes the B-dimensional capacity of F;
that is,

-1
Capg(F) = inf I ,
pﬁ( ) [Mey(F) ﬂ(M)j|

where 1/00 = 0.
Given 8 > 0, the 8-dimensional Hausdorff measure of F' is defined by

00

o0
Hp(F) = el_i,Ing inf{X:(Zri)’3 F C U B(xi,ri), supr; < e} ,

i=1 i=1 i>1

where B(x,r) denotes the open (Euclidean) ball of radius r > 0 centered at x € R?. When
B < 0, we define 773 (F) to be infinite.

Let u(S) denote the range of S under the random map r +— u(r), where S is some Borel-
measurable subset of Ry x S

Theorem 1.1. Assume hypothesis (1.3). Let I C (0, T]and J C [0,27) = S! be two fixed non-
trivial compact intervals. Then for all T > 0 and M > 0, there exists a finite constant cy > 0
depending on H, M, I and J such that for all compact sets A C [—M, M]d,

¢ Capy_g(A) < Plu(l x J) N A # 0} < ey Hy—p(A).

where 8 == é + (% \Y %).

Remark 1.2. (a) When BT is white in time and space, that is, H = % and g, = 1 for all n,
Theorem 1.1 gives the same hitting probability estimates obtained in [4, Theorem 4.6.].

(b) Because of the inequalities between capacity and Hausdorff measure, the right-hand side of
Theorem 1.1 can be replaced by ¢ Capd_ﬁ_n(A) for all n > 0 (cf. [9, p. 133]).
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We say that a Borel set A C R is called polar for u if P{u(S) N A # &} = 0; otherwise, A is
called non-polar.
The following results are consequences of Theorem 1.1.

Corollary 1.3. Assume hypothesis (1.3) and let B := é + (% \Y %).

(a) A (non-random) Borel set A C R? is non-polar for u if it has positive d — B-dimensional
capacity. On the other hand, if A has zero d — B-dimensional Hausdorff measure, then A is
polar for u.

(b) Singletons are polar for u if d > B and are non-polar when d < B. The case d = B is open.

(©) If d = B, then

dimg(u@Ry x S =8, as.

Let us consider the same examples as we had for the regularity statements.

e In the case where B is white in space, then @ = 2H — and B = 4H I

e In the case where B has a covariance function in space given by the Riesz kernel, that is,
Ox—y)=lx—y|77,0<y <1, then(x_ZH——and,B_“_I o

e In the case where B is the fractional Brownian noise with Hurst parameter H > 1/3 in time
and space, thenoe =3H — 1l and 8 = %

e In the case where B is the fractional Brownian noise with Hurst parameter H in time and K

in space, and 2H + K > 1 thena—ZH—i-K—landﬂ——zyﬁK T

This paper is organized as follows. In Section 2 we prove the path continuity results of u
stated in Section 1 using fractional stochastic calculus. In Section 3 we obtain an upper bound
of Gaussian type for the bivariate density of u that will be needed for the proof of Theorem 1.1.
Finally, Section 4 is devoted to the proofs of Theorem 1.1 and Corollary 1.3.

Throughout the paper, ¢y, Cy will denote universal constants depending on H whose value
may change from line to line.

2. Regularity of the solution

We consider the two canonical metrics of u in the space and time parameter, respectively,
defined by

82(x, y) = E[l|lu(t, x) — u(t, y)|%1,
82(s, 1) := E[llu(t, x) — u(s, 0|1,

forallx,y € Slands,t e R;.

The aim of this section is to obtain upper and lower bounds in terms of the differences |x — y|
and |t — s| for the two canonical metrics above. These imply, in particular, the Holder regularity
of u that we have described in detail in the introduction. We begin by introducing some elements
of fractional stochastic calculus.

2.1. Elements of fractional stochastic calculus

In this section, we recall, following [12], some elements on stochastic integration with respect
to one-dimensional fractional Brownian motion needed for the analysis of the regularity of u in
time.



E. Nualart, F. Viens / Stochastic Processes and their Applications 119 (2009) 1505-1540 1511

Fix T > 0. Let BY = (B (1), t € [0, T]) be a one-dimensional fractional Brownian motion
with Hurst parameter H € (0, 1). That is, B* is a centered Gaussian process with covariance
function given by

R(t.s) = E[BY (1)BH (5)] = 2~ (z”’ L P s|2H> .

Note that for H = %, B is a standard Brownian motion. Moreover, B¥ has the integral
representation

t
BH (1) = / K, s)W(ds),
0

where W = (W (), t € [0, T]) is a Wiener process and K (¢, s) is the kernel defined as
H AR H-L Amp (!
K"7(t,s)=cy |- t—s)""24s527"F[-), 2.1
S S

where cy is a positive constant and

z—1
F(z)=cy (% - H>f0 P (1= A+ nf ) ar

From (2.1) we get

BKH 1 H_3 (S %*H
=5 =cp (H—E) t —5) 2(?) . 2.2)

It is important to note that % is positive if H > 1/2, but is negative when H < 1/2. This
negativity causes problems when evaluating the time-canonical metric’s lower bound.

We denote by & the set of step functions on [0, T']. Let .7 be the Hilbert space defined as the
closure of & with respect to the scalar product

(110,1> Lo,s1).72 = R(2, 5).

The mapping 1j0,;) — BtH can be extended to an isometry between .7 and the Gaussian space
A associated with BH . Then {B (¢), ¢ € )} is an isonormal Gaussian process associated
with the Hilbert space 7. For every element ¢ € 2, B (¢) is called the Wiener integral of ¢
with respect to BY and is denoted

T
/ ¢(5)B™ (ds).
0
For every s < t, consider the linear operator K* from & to L2([0, T']) defined by
" t 9 H
Kip(s) = K" (t,5)¢(s) +/ (pu) — ¢(5)) » (u,s)du.

When H > % since K (¢, 1) = 0, this operator has the simpler expression

aKH
ou

t
K;‘¢(S)=/ ¢ (u) (u,s)du.
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The operator K* is an isometry between & and L>([0, T']) that can be extended to the Hilbert
space 7. As a consequence, we have the following relationship between the Wiener integral
with respect to the fractional Brownian motion B and the Wiener integral with respect to the
Wiener process W':

t t
/0 ¢ (s)BH (ds) = fo K¢ (s)W(ds),

which holds for every ¢ € ¢, which is true if and only if K¢ € L2([0, TY).
Recall also that when H > %, for any ¢, W € |7,

E [ / Z ¢ (s)B (ds) / t x/x(s)B”(ds)}
0 0

t t
= HQH — 1)/ ds/ du ¢ (s)y )]s — u)?12. (2.3)
0 0

Here the notation |.77°| designates the set of all functions ¢ € L?([0, T1) such that the quantity on
the right-hand side of formula (2.3) is finite for ¥ = ¢. The reader can also consult the original
work [1] for more details.

2.2. Space regularity

The next lemma gives a precise connection between a generic condition of type (1.3) and the
Fourier expansion of a canonical metric for a homogeneous Gaussian field on the circle.

Lemma 2.1. Let Y be a homogeneous, centered and separable Gaussian field on S' with
canonical metric § (x,y) = & (x —y) for some univariate function §. Then, there exists a
sequence of non-negative real numbers {r,},cN such that for any r € S L

82 (r) =2 ra(l—cosnr). (2.4)

n=1

Moreover, if there exist constants ¢ and C positive, and o € (0, 1], such that for all n large
enough,

en=21 <y < Cn-2, 2.5)

then for all r close enough to 0,

Vkger® <8 (r) < KoCr?, (2.6)

where ky, and K, are constants depending only on a. More specifically, the upper bound (resp.
lower bound) in (2.5) implies the upper bound (resp. lower bound) in (2.6).

Proof. We start proving (2.4). Let C(x, y) denote the covariance function of Y, that is, for any
x,yeS 1,
E[Y(x)Y(»] = C(x,y),

where C depends only on the difference x — y. Because C is positive definite, it holds that there
exists a sequence of non-negative real numbers {r,},cn such that

C(x.y) =Y _racos(n(x —y)).

neN
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Hence, forany r € S 1
8%(r) = EL(Y(0) = Y(r)*1 =2 1, (1 — cosnr) .
n=1

This proves (2.4).

We now prove the second statement of the lemma. We begin by proving the upper bound
statement. Assuming that the upper bound of (2.5) holds for all n > ny > 1, we restrict r
accordingly: we assume ng < [1/r], thatis, r < 1/ng. In this case, we immediately get r2 <y,
We write

no—1 [1/r] 00
27152 (r)y = Z rn, (1 —cosnr) + Z rn (1 —cosnr) + Z rn (1 — cosnr)
n=1 n=ngo n=[1/r]+1
no—1 [1/r] 00
< max {r,} Z (nr)? + Z Cn~ 2 Y (mr)? +2 Z Cn~2!
nEmo ST =l n=[1/r]+1
[1/r] 00
< n(z) max {r,} r> + Cr? Z n—2tl 42 Z Cn—2e1
=10 =1 n=[1/r1+1

IA

rz_zan% max {r} P2% + CCour* (1/r) 22+ 4 2CC,, (1/r)~
n=ngm

IA

2C (Co +2C,) 1%,

provided r < ry := min {l/no; C (Ca + ZC&) [né max, <p, {r,,}]l/(zfza)}, where Cy and C),
are constants depending only on «. It is elementary to check that C), can be taken as 1/ (2«). If
o € (0, 1/2), then one checks that C, can be taken as 1; while if « € [1/2, 1], and we assume
moreover that r < rp = (1 — 2(1)_1/(2“), then C, can be taken as a~ L. In other words, when
o < 1/2, we obtain the upper bound of (2.6) for all r < ry, with K, =4 (a’l + l), while when
a € [1/2, 1], we obtain the upper bound of (2.6) for all r < min {ry; rp} with K, = 8o~ L. In
fact, the formula K, = 8o~ ! can be used for both cases.
In order to prove the lower bound on § (r), we write instead, still assuming » < 1/no, that

o o
27182 (r) = Zrn (1 —cosnr)>c Z n=2*=1(1 = cosnr)
n=1 n=nq
[/ (2r)] [/ (2r)]
>c Z n=2*=1 (1 —cosnr) > c(1 —cos 1) Z n2el
n=[1/r]+1 n={1/r]+1

v

() (13-

2.1 _ Z)”"‘(Z_ _
r2e (1 cosl)<2 -1 zr).

Note here that 1 — cos1 > 0.459 and /2 — 1 > 0.57. It is now clear that choosing
r < rp := min{0.035; 1/n¢}, we get
82 (r) = r*c (1 —cos 1) (m/2)~>,
which proves the lower bound of (2.6) with ky, = (1 —cos 1) (7 /2)_2“ for all r < rg. The proof
of the lemma is complete. [

v
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This lemma can be applied immediately, to find sharp bounds on the spatial-canonical metric
of u; the almost-sure continuity results also follow.

Corollary 2.2. Let H € (0, 1), to > O and t € [ty, T] be fixed. Assume hypothesis (1.3). Then
the canonical metric 8; (x — y) for u (t, -) satisfies, for all r enough close to 0,

Vkace (to, T, H)r* <8 (r) </ KaCC (19, T, H)r®,

where ko, and K, are constants depending only on «, ¢ (to, T, H) and c (to, T, H) are constants
depending only on ty, T and H and c, C are the constants in (1.3). In particular, u(t, -) is B-
Holder continuous for any B € (0, ). More specifically, up to a non-random constant, the
function r — r* logl/2 (1/r) is an almost-sure uniform modulus of continuity for u (¢, -).

Proof. Let (87 (r),t > 0) be a one-dimensional fractional Brownian motion. Let #5 > 0 and
t € [ty, T] be fixed. From the proof of Theorems 2 and 3 of [16] we deduce that there exist
positive constants ¢ (tg, T, H) and C (ty, T, H) such that

t 2
c(to, T, Hyn * <E [( /0 e (=) gH (ds)) } <Ct,T,Hyn ™,

Thus, appealing to (1.2), we find that for all n sufficiently large,
2¢ (to, T, Hyn=* g, (1 — cos(nr)) < 82(r) < 2C (19, T, H) gun~* (1 — cos(nr)).

Then hypothesis (1.3) and Lemma 2.1 conclude the first result of the corollary.

The second statement of the corollary, which is a repeat of one of the continuity results
described in the introduction, is proved using the arguments described therein as well. In fact,
a simple application of Dudley’s entropy upper bound theorem is sufficient (see [10, Theorem
2.7.1]). We do not elaborate further on this point. [

2.3. Time regularity

We now concentrate our efforts on finding sharp bounds on the time-canonical metric of u. The
bounds we find for H > 1/2 were essentially already obtained in [18], although the result and its
proof were not stated explicitly therein, an omission which we deal with here. When H < 1/2,
no results were known, either for upper or lower bounds: we perform these calculations from
scratch. This portion of our calculations is very delicate. As in the previous section, our new
estimates can be used to also derive almost-sure regularity results.

Proposition 2.3. Let H € (0,1). Assume hypothesis (1.3). Let T > 0, to € (0,1] and
s,t € [ty, T with |t —s| < %0 be fixed. Then the canonical metric &y (t — s) for u (-, x) satisfies
for every x € §!
co 1. lt = 5| < 83 (1 — ) < Coprmlt — 5|, 2.7
where ¢y 7. n and Cy, 1 g are positive constant depending only on to, T and H. In particular,
u(-, x) is B-Holder continuous for any g € (0, % A H).
In particular, u(-, x) is B-Holder continuous for any B € (0, % A H). More specifically, up to

. [ . .
a non-random constant, the function r — r2"1 log]/ 2 (1/r) is an almost-sure uniform modulus
of continuity for u (-, x).
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Proof. The statement on almost-sure continuity is established using the arguments described in
the introduction, or simply by applying Dudley’s entropy upper bound theorem (see [ 10, Theorem
2.7.1]). We detail only the proof of (2.7), separating the cases H > 1/2and H < 1/2.

Fix T > 0,19 € (0,1] and s, ¢ € [tg, T] such that |t — 5| < %" We assume without loss of
generality that s < t. Following [18, Section 2.1], it yields that

82(s,1) = qolt — s*#

+o00o s t 2
+ an E |:{/ (efnZ(tfr) _ e—nz(sfr))ﬂrl:l (dr) +/ efnz(tfr)ﬁ’f] (dr)} :| ,
n=1 0 N
(2.8)

where {(,Bf (1), t = 0)},>1 is a sequence of fractional Brownian motions.
In order to bound the last expectation we consider two different cases:

Case 1: H > % In [18, (15)] it is proved that 8)% (s, t) is bounded above and below by

CH{]
qolt —sPP 4+ 37—+ Y Cuaale—sPH.

n2(t—s)>1 n2(t—s)<l1

Taking ¢, and o € (0, 1] from hypothesis (1.3), we obtain that 8)2( (s, t) is bounded above and
below by

cu(t —sP 41t —s1%) = eplt —s|*(r — s~ 4+ 1),
Hence, as 2H > 1 > « > 0, the upper and lower bounds of (2.7) follow for H > %

Case2: H < % We prove the upper and lower bounds of (2.7) separately.

The upper bound. In order to prove the upper bound of (2.7), we start estimating the expectation
in (2.8). Using the results in Section 2.2, we have that

K t 2
E [( / (e7 0 — e 0=) gl (ar) + / e~ (=) gH (dr)) ]
0 s

<2h + L +25L, (2.9
where
$ 2 2 2
L= / (K fr)Pdr,  flry=e "7 —emm 67,
0
! 2
L= / (K}g(r)dr,  g(r)y=e ™), (2.10)
)
N
B [ (K7 e0) - Kig) o
0
We next study each of the terms /1, I> and I3 separately. We will compute the order of each
series Z:{i‘l’ gnli, fori = 1,2, 3, for g, as in (1.3). For this, we will separate the sum into two
terms: n>(t —s) > 1 (tail) and n>(t —s) < 1 (head). We will then prove that the tails of the series

are of order |t — s|* for all the terms, and the heads are of order |r — s|**?#) for I, and I3, and
of order (|t — s|*"?H) 4 |t — s|%) for I,.



1516 E. Nualart, F. Viens / Stochastic Processes and their Applications 119 (2009) 1505-1540

We start estimating /. We write

s s s 2
I < 2/ (K(s,r)f(r))zdr—i—Z/ (/ (f () —f(r))aa—:(u,r)du) dr
0 0 r
= 2111 + 21 ». (2.11)

Using Lemma A.1 and the change of variables 2n2(s — r) = v, we have

N
I < CH/ (5 — p)2H=1,2H=1(=n2(=r) _ o=n2G=r))2 g,
0

c v \2H-1
— 4_1";_1(1 _ efnZ(z—s))Z/ (S _ ﬁ) U2H7167U dv.
n 0 n

2ns
By Lemma A.2, it yields

CH —n2(t—
Iy < (=02,

We now treat 1 5. Using Lemma A.1 and the change of variables s —r = v, s —u = v/, we have

2 2 s v 3 . ) 2
hp<ep(—e 07 / w (/ e e O “>) .
0

0

By the change of variables v — v’ = u, we find

2 2 s 22 v H 3 2 2
Ly <cy(l—e W U=9)) / dve_””(/ du u —z(e"“—1)> )
0 0

Then using [16, Lemma 2] witha = n?> and A = H — %, we conclude that
CH _n2(—
I <_1_en(ts)2.
12 < n4H( )
Writing 11,1 and I; > together, we get

CH —nz(t—s) 2
11 < n4_H(1 — € ) .

We now separate the sum in (2.8) into two terms, as n2(t —s) > 1 (tail) and n2(t — s) < 1
(head), and take g, and @ € (0, 1] from hypothesis (1.3). Then we obtain for the tail of the series

Yo anhi<en Y, ' <cplt—s|®

n2(t—s)>1 n2(t—s)>1
For the head of the series, use the inequality 1 — e™ < x, valid for all x > 0, to get

c(to, H) —n2(— 2
Z qgnlh < Z CInn“—H(l —e " 4 S))zH(l —e " Y S))Z 2H
n2(t—s)<l1 n2(t—s)<l
cult — s Z A 201
n2(t—s)<l
cylt — s|2NGH)

IA

IA
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‘We now bound /5.

t t t 9K 2
I, < 2/ (K(t,r)g(r))zdr +2/ dr (/ du (g(u) —g(r))m(u,r)>
= 2D +2D).

Using Lemma A.1 and the change of variables 2n2(t — r) = u, we have

t
_ 1 —on2(—
b < CH/ dr (1 — p)2H=1,2H=1 =202 =)
S
u \2H-1 L
du (t——z) ufi—le—u,
2n

Using Lemma A.2, we obtain for the tail of the series

Z qn1 =< cH Z n2 < eyl — 5|

n2(t—s)>1 n2(t—s)>1

20—
cH 2n(t—s)

ni4H

0

For the head of the series, as |t — 5| < %", we have

2H—1 (2n%(1—s)
c(to, H) [t _
E QH12,1 E qn n_4H <§) / du M2H 1
0

n2(t—s)<l n2(t—s)<l

CHl[—S|2H Z n4H—20{—l.

n2(t—s)<l

IA

IA

This proves that ) 2, <y gnl2,1 is of the same order as )2, | gnI1 Which we calculated

above to be of order |r — 5] 2H),

We now bound 7, ». Using Lemma A.1 and the change of variables t —r = v, t —u = v/, we
have
2

—s v u 5 ), ,
Ly < CH/ dv (/ dv’(v — U/) TI(eTY — e v)) ]
0 0

Using the change of variables n%(v — v') = y and 2n%v = x, we find

2n%(t—s) x/2
C 3
e dre™ / dyy =3 — 1)
n 0 0

Appealing to [16, Lemma 2] witha = n? and A = H — %, we obtain for the tail of the series

Z gnhp <cu Z n=2 =l < eyl — 5%

n2(t—s)>1 n2(t—s)>1

2

For the head of the series, we have

cH 2n2(1—s) 1/2 3 2
> awha< Y qn’ﬂ—Hf dx / dyy" 3@ = 1)
0 0

n2(t—s)<l n2(t—s)<l

cult —s| Z n2t <oyl — 5%

n2(t—s)<1

A

IA
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We now estimate I3.

s s ' 9K 2
<2 / (Kt r) — K (s, 1) (g(r)dr +2 / dr ( / du (g(u)—g(r))a—(u,m)
0 0 K u
=201+ 20,.
By Lemma A.1, we get, forevery r < s < t,
Lok
K@ r)y—K(,r)= (t—s)/ — (G +v(—s),r)|dv
0 du
1
<cp(t —s)/ Is+v@—s)—r|T32dv (2.12)
0
< e[ =712 = @ =172 (2.13)

We now separate the evaluation of the integral in /3 ; depending upon whether r is bigger or
smaller than s — (r — s) /2. In the first case, we evaluate

N
I3y = f (K (t,r) — K (s,7))? e =Ny,
s—(t—s)/2
Here, we have s —r < (t — s) /2and t — r > t — s; therefore, using (2.13), we have
* 2
Ly < CH/ ((1427712) (s =112 gy
s—(t—s)/2

IA

s
cHefnz(tfs)/ (s —r)*f1ar
s—(t—s)/2

2
— CHein (t—s) (r — S)2H )

For the head of the series, we find

2H 4H —20—1
> gnBag <cu(t—s) > Ml

n2(t—s)<l n2(t—s)<l

which is bounded above by cy |t — s|%*?H) while for the tail of the series we have

2
Z gnl311 < cu (t — s)2H Z n4H*20!flefn (t—s)

n2(t—s)>1 n2(t—s)>1

o 2
cH (t _ S)ZH/ e (tfs)x4H72a71dx
(t—5)~ 112

IA

© 2
=cy (t —s)* / eV yMIT2elgqy = (1 — )Y
1
Second we evaluate
s—(t—s)/2
__ 2 —n?(t—r)
o= / (K (t,r)—K(s,r))"e dr.
0
Here, we have s — r > (¢t —s) /2; we simply use (2.12) where an upper bound is obtained

by replacing |s + v (t —5) — r|H=3/2 by |s — r|#=3/2; the latter can now be bounded above by
23/2=H |t — 5|H=3/2 Thus
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A

s—(t—s)/2 )
I31.2 cylt — S|2+2H_3[ e =gy,
0

2
S CH It _ S|2H—1 n—Ze—n ([—S).

This estimate will not help us in the case n2 (t — s) < 1. In the other case, we have

2
Z Qn13,1,2 <cylt— S|2H—1 Z n4H—2a—3e—n (t—s)

n2(t—s)>1 n2(t—s)>1

o0
_ a3 (1
<cplt—s]PH 1/ (=203 —x2(1=5) 4
(=12

oo
2
=cy |t _ S|2H_1 (t _ s)—2H+a+1 / y4H—2Dt—3e—) dy =cy (t _ S)a i
1

The third and last step of the estimation of I3 is the sum for n? (t —s) < lof I3 1. In this
case, we use (2.13) and obtain an upper bound by bounding (s — )71/ — (t — r)#~1/2 above
by ey (t — ) (s — r)=3/2. Thus

s—(t—s)/2
s <cp(t—s)? / (s =2 3dr <epyt—s5)* .
0

This proves that }°>, - gnl31,2 is of the same order as >, <j gnl3,1,1 Which we

calculated above to be of order |t — 5% ZH).
We now bound /3 . Using Lemma A.1 and the change of variables s —r = v, s —u = v/, we

have
—2n%(t—s) ! 0 / WH—3  —n?v —n?v ’
I3p <cpe ’ dv dv'(v—v)"72(e —e ")) .
0 s—t

Using the change of variables v — v = u, we find

o2 s o2 v+(t—s) 5 ) 2
Iy <cye ™" (’_S)/ dve " [ duu20"*-1)) .
0 v

Appealing to [16, Lemma 2] witha =n?> and A = H — %, we obtain for the tail of the series

Y anbazcn Y, n <yt —sl®

n2(t—s)>1 n2(t—s)>1

In order to evaluate the head of the series, we separate the evaluation of the integral in /32
depending upon whether v is bigger or smaller than ¢ — s, that is,

s v+(t—s) 2
C‘H/ dv / duutl~
0 v
t—s v+ (t—s) 3 2 s v4(t—s) 3 2
=cy / dv / duu’—2 —l—/ dv / duuf’—2
0 v t—s v
t—s N
CH {/ dvv?H-! +/ dv v2H_3(t —s)z}
0 t—s

)2H .

IA
wlw

IEW)

IA

<cyglt—s
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Therefore, Y ,2,_s)<1 qnl3,2 is of the same order as )2, _ <y gnl31 Which is of order
|f _ s|ot/\(2H)-

Use all the estimates above, together with (2.8), to conclude that

82(s,1) < e (|t — s 4 |t — 51%) < |t — 5|“"CHD,

This proves the upper bound of (2.7) when H < 1/2.

The lower bound: We now estimate the lower bound of the expectation in the case H < 1/2. We
write

s t 2
E |:</ (e*nz(t*r) _ efnz(sfr)) ﬁf(dr) +/ e”z(tr)ﬁf(dr)> :|
0 K

=hL+h+L+ 14 (2.14)

where I, I and I3 are as in (2.10), and

Iy = /0 (K¥fr)(KFg(r) — Kfg(r))dr. (2.15)

We will prove that the series ), .n¢n(I1 + I + I3 + I4) is of order (t — 5)“, and that
the tails of the series of the first term /; are the ones that contribute on that order. First note that
I, L, I3 >0,butly =141+ 142+14341s4, where 141, 142 > Oand 14 3, I4 4 < 0 (see (2.17)).
Hence, it suffices to find a lower bound for Zn eN dn (1 + 143+ 14 4). In fact, it suffices to find a
lower bound for the tail series Y, s, ¢n(I1414.3+414.4), where Sk := [neN:n?@—s5)> K}
for some (large) constant K > 1 which will be chosen later. We will prove that for some
constant K > 1 sufficiently large, the series ), . s, dn11 1s bigger than 2 Y one i n |I4,3| and
thand} ., cq. dn | 14,4, and is of order (t — 5)®K ~*. This will imply the desired lower bound.

We start by finding a lower bound for /1. We have I .= I 1 + 112+ 11 3, where I1,1 and 11 2
are as in (2.11), and

N N 8](
Liz= 2/ dr K(s,r)f(r)/ du (f(u) — f(r)——(u,r).
0 r ou
The change of variables s —r = v, s —u = w, v — w = u’ gives
s v 9K , 2
I = —e*"2<'*s>)2/ dpe 210 (K(s,s—v)—i—/ du’F(u’,O)(e”Z“ - 1)) .
0 0 u

Appealing to Lemma A.1 in the Appendix, and the change of variables n’u’ = u, n’v = x, we

obtain
1 x 3 2
— (- — H) / duu2(e" — 1))
2 0

v
D=

2
I LA | — e =9 2 dxe 2 (xF-
I = JaH 0

CH 2 fo 1 X 3 2
—g(l—e™ (t_s))Z/ dxe > <xH_ — <§ — H) / du uf’=2 (" — 1))
n 0

0
_ CH —n2(1—s)y2
= 7 (1—e™ )% (2.16)

D=

as the last integral is finite and positive.



E. Nualart, F. Viens / Stochastic Processes and their Applications 119 (2009) 1505-1540 1521

Next we evaluate I4. We write Iy = 141 + 142 + 143 + 14,4, where
s
Iy = / drK(s,r) f(r)(K(,r) — K(s,r)g(r),
0

Ky t 31(
14,2=/0 drK(s,r)f(r)/ (g0 — §(N 5, 1),

2.17
Ky s 81( t 8]( ( )
lis = / dar / du(f @) = ) T, ) / (g — () = (v, ),
0 r u s av
5 s 8K
I = /0 dr(K (1, r) — K (s, r)g(r) / du(f @) = DTG,
r
Now, note that 141, I42 > Obut I4 3, I44 < 0.
We claim that, for some subset Sx C N,
Y gl >2 ) qu|lasl. (2.18)
nesSg neSg
Yol >4 qullaal, (2.19)
neSg neSk

where ¢, and o € (0, 1] are as in hypothesis (1.3) and Sk = {n eN:n? (t—ys) > K} for some
(large) constant K > 1 which will be chosen later.
Assume (2.18) and (2.19) are proved. We write, using (2.16),

o
Z gnli = cg(1 — e—l)zfzﬁ/ : dex 2 =) gt — )Y K™Y, (2.20)
neSg VIi=s

Because I, I3, 14,1, 142 > 0 and using (2.18)—(2.20), we find

an(h +h+L+1y) > Z qnli — Z qnlls3| — Z qnlls4l

neN nesSg neSg neSg
1
> Z Z qnli
nesSg
> co,Hk (t—9)".

Therefore, by (2.8) and (2.14), we conclude that
82(s, 1) = qolt — sI*M + eyt —s|% = iyt — 5|4 ),

This proves the lower bound of (2.7) when H < %
We finally prove (2.18) and (2.19).

Proof of 2.18. Using Lemma A.1 and the change of variables s —r =r',s —u =u’,s —v =0/,
r—u =u" = =V, n*u = x,n*v” = v, we find

nzf X
|l43] < cn (1 - efnz(tfs)) efnz(tfs)nf“l‘/ dxe ™ </ du uf =312 (e — 1))
0

0

x+n2(t7s)
X / dv o732 eV - 1) ). 2.21)
X
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Note that with the exception of the factor e~ (=5 jp ,
in I; and I4 3 are in fact largely similar, which makes this portion of the proof quite delicate,

and in particular, to exploit the factor e ), we must restrict the values of n%(f — s) to being
relatively large, which explains the choice of Sg above.

Our strategy is to bound the sum over n € Sk of g, |I4,3| above as tightly as possible
by performing a “Fubini”’, dragging the sum over n all the way inside the expression for
ZSK qn| , and evaluating it first using some Gaussian estimates. That these Gaussian
estimates work has to do with the precise eigenvalue structure of the Laplacian, not with the
Gaussian property of the driving noise.

We proved in (2.20) that the contribution of /; is bounded below by an expression of the form
c;,H (t —5)* K~%, where C(L,H depends only on « and H. We will now show that

N aullasl <2y —s)* K (2.22)
nESK
for some 8 > o, where c2 .y depends again only on H and «. Even if ci’ g 1s much larger than

c1 _y» one only needs to choose K > (2c / ch Y/(B=9 o guarantee that the contribution of I
exceeds twice the absolute value of the contrlbutlon of I4 3 as announced in (2.18), which implies
that even though the latter is negative, the sum of the two exceeds (ca, y/2) @ —s5)* K™, ie. for
some K depending only on H and «.

First, for fixed x, we perform the announced Fubini, which means that, instead of having the
integration and summation limits forn and vasn > \/K/(f — s) firstand x < v < x+n% (t — 5)
next, we get instead x < v < 0o and

n > max[\/K/(t—s),\/(v—x)/t—s}
=@—-"""Jw-x) VK.

Therefore, bounding (1 — e’”z(t’s)) by 1, and n’s by oo, we have

o0 X
Z gn |In3| < CH/ dxe % (/ duut1=3/2 (e" - 1))
0 0

neSK
oo
x (/ dv o732 (¥ — 1)S(K,v—x,t—s)>, (2.23)
X

where the term S (K, v — x, t — s) is defined by a series which we compare to a Gaussian integral
as follows

S(K,v—x,t—3s) = Z p2e—1g=n*(t=s)
n>(t—s)"1/2/(v—x)VK
o0
< / dy y—2a—le—y2(t—s).
T Sy (—s)"12/o—x)VK
Using the change of variable w? = (r — s) y2, we have
© 2
S(K,v—x,t—s) < (t—s)“/ dww 2" le®
J—x)VK
o
< (-5 ((v=x)V K)—“—W/ dwe "’
J—x)VK
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Now, using the classical Gaussian tail estimate f:o dwe W <2 1A le=4" we get

S(K,v—x,t—5) <27t =) ((v—x) v K) ¢ e~ (0=0IVK, (2.24)

Combining (2.23) and (2.24) we have immediately

0 X
Z qn |I4,3‘ <cp(t— s)"‘f dxe > (/ ut=3/2 (e“ - 1) du)
0

neSg 0

g (/ Tt e 1) (-0 v K e—<v-”VK)

X

o0 X
=cy (t —5)® e—KK—“—lf dxe % (/ du w732 (e — 1)) (2.25)
0 0

x+K
X (/ dv vf1=3/2 (e” - l))

+cy (t — s)“/ dxe (/X w324y (e” — 1)) (2.26)
0

0

o
X (/ dv o732 (e — 1) (v —x)™* ! e(”x)> .
x+K

We separate the last expression into various terms. We will calculate first the term in line
(2.25) by separating the x-integration over x € [0, K] and x € (K, c0), which we denote by
Ja3.1 and Jg 32, respectively. The term in line (2.26), which we denote by J4 32, can be dealt
with more directly. We now perform these evaluations.

Term Js3,1. We write

K X
Jasg =cy(t —s)@e Kg=-! / dxe > (/ du ut'=3/2 (e" = 1))
0 0

x+K
X </ dv 1372 (e”—l))

0 X
< cy(t— S)a e—KK—a—I/ dxe—Zx (/ du uH—3/2 (eu _ l))
0 0

2K
x (CH+/ dva3/2(eU—1)).
1

Now, integrating by parts, we get
2K
/ dp vH—3/2 (ev _ 1) < cpeK KHH1/2,
1
The last two estimates imply immediately that

Jaz1 < cy (t—s)* KoTH=1/2)

which proves the contribution of J4 3 1 in (2.22).
Term Js3,2. We write

o0 X
Jaso =cy (t —s)%e KK—71 / dxe (/ du uf?=3/% (e — 1))
K 0
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x+K
X ([ dv 1372 (e“—l))

o0 X
< cy(t—9)* e_KK_“_1/ dxe > (f duu® =32 (e — 1))
K 0
« xH-3/2 (ex+K . ex)
o X
< cy(t—s)* Ko / dxe*xH3/2 </ du ufl=3/2 (e” - 1)>
K 0
o X
< eyt —s)* Ko / dxe*xH73/2 (cH + ex/ du uH3/2>
K 1
< eyt —s)* Ko (KH—3/2e—K + KH—]/Z)
< ¢y (f _ S)O( K7Q+H73/2

which proves the contribution of J4 32 in (2.22).
Term Ja 3 3. The last part of the estimation is that of

o X
Jy33 :=cpy (t — 5 / dxe % (/ ut=3/2 (e" —1) du)
0 0

o0
X (/ dv v —3/2 (e“ — 1) (v—x)"! e_(v_x)>
x+K
o0 X
cy (t — ) KH*3/2/ dxe™ . (/ du uf1=3/2 (e” — 1))
0

0
x (/ dv (v—x)—“—1>
x+K

o0 o0
= Cop (t —5)* K*“+H*3/2/ du uf?=3/% (e — 1) (/ dxex)
0 u

oo
= ¢q (t _ s)()t K*OH*H*Z;/Z/ uH73/2 (eu _ 1) efudu
0

A

o0
= cq(t —s)* K—0TH3/2 |:CH ~|—/ uH_3/2du:|
1

— C()t,H (t _ S)(X K—d+H—3/2.

Therefore, (2.22) holds taking 8 = o + 1/2 — H which is greater than o as H < 1/2.
The proof of (2.18) is now finished. [

Proof of 2.19. By (2.12) and Lemma A.1, we have

sl < cnlt — s)/O dr (s — =3 g(r) / du (u — 2 (F ) — £0r)).

Using the change of variables s —r =7/, s —u =u’,r' —u' = v, n>v = u, n’r’ = x, we get

2

c 2 nes 3 x 3

[I44] < 4;’ 2(t—s)e—"z“—“(l —e™" “‘S))/ dxxH_fe_2xf duufl=2@E" - 1).
nee 0 0
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Bounding (1 — e =9y by 1 and n%s by oo, we get

CH —n2(1—s)
[14,4] < W(t —s)e .

We will now proceed as in the proof of (2.18); that is we will prove that there exists a constant
cz depending only on H such that

> anllaal < cjy (1 =) KF, 2.27)
neSg

for some B > «. It then suffices to choose K > (4"13%/6}1,01)1/(/3_“) to get (2.19).
We now prove (2.27). We write

> Gullaal <

nesSg

c(t —s) /00 dx x 20+ g=x2(=5)
JET=s)
© 2a+1 2
=cy(t —s)“/ dyy =*Te™”
vK

o0

cy(t —s)"‘K_“Z_l/ dy Zye_y2
Nie

IA

eyt —s)*K~@tD,

which proves (2.27) taking 8 = o + 1 and concludes the proof of (2.19). [

IA

This finishes the proof of the entire proposition. [
3. Gaussian upper bound for the bivariate density

We denote by p; x. (-, -) the (Gaussian) probability density function of the random vector
(u(t,x),u(s,y)) foralls, s >0andx, y € S1 such that (¢, x) # (s, ).
For every fixed real number 0 < « < 1 we consider the metric

A((t, x); (5, ) = |x — Y% + |t — 5| CHD, 3.1)

In this section we establish an upper bound of Gaussian type for the bivariate density
Di,x;s,y (-, -) in terms of the metric (3.1). This will be one of the key results in order to show
the lower bound of Theorem 1.1. The estimates obtained in the previous section to prove space
and time regularity are nearly sufficient to obtain the results in this section. The following
further improvement is needed, which deals with precise joint regularity (see [4, (4.11)] for the
space—time white noise case).

Lemma 3.1. Assume hypothesis (1.3). Fix tg, T > 0. Then there exists cy > 0 such that for any
s,t€lty, T], x,y € S with (¢, x) is sufficiently near (s, y), andi =1, ...,d,

i A3 (5,3)) = B @i, x) = ui(s, 3))?
e A, x); (5. 9)). (.2)

IA

Proof. The upper bound in (3.2) is a consequence of the upper bounds of Corollary 2.2 and
Proposition 2.3, and the following inequality

E i) = uits, v = 2{E[ @it 0 = w5, 002 + B[ aits, 0) = wits, 2]}
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We now proceed to the proof of the lower bound in (3.2). By Corollary 2.2, there exist

c1,c2 > Osuchthatforallt € [#9, T], x,y € St with x is sufficiently near y,andi =1, ...,d,
erlx = 2 < B[ it 0) = wit, 3)?] = ol — v, (3.3)
Moreover, Proposition 2.3 ensures the existence of ¢3, ¢4 > 0 such that that for any s, t € [ty, T],
x € S, with ¢ is sufficiently near s, andi =1, ...,d,
c3 |t — 5| <E [(m(z, x) —ui(t, y))z] <yt — s (3.4)

Let us now consider two different cases.

Case 1: |t —s|*"H) < 4%‘4 |x — y|?*. Appealing to the lower bound in (3.3) and the upper bound
in (3.4),

B[00 = i, 307 | = B @it %) = i@, ) 4+ i 0, ) = wis, )]

v

SB[, —uite, 1?] B [wite, v — wits, 9]

1
St = P = calt — 5|00,

Because of the inequality that defines this Case 1, this is bounded below by

A%

€1 Cl
Sl =P - —

|2a
2 4

€1 2a
X — = —|x —
| 4| y

c c1 4c
> _1|x_y|201+_1_4|t_s|a/\(2H)
8 8 Cl

> min (% %“) A((t, X): (5. ).

This completes the proof of the lower bound in (3.2) in Case 1.

Case 2: |t — s|*"CH) > %ﬂx — y|?*. The proof of this portion is identical to Case 1, by using
the upper bound in (3.3) and the lower bound in (3.4), and writing

E [0 = i, 3))? | = B[ it %) = i@, ) + i (4, 3) = wics, )]
> 2B [ 0 — g 5, 002] ~ B (5.0 — i 5, 7]

which yields the lower bound min (%3, %2) A((t, x); (s, y)). This completes the proof of Case 2.

Case 3: %pc —y2@ > |t — s |2NCH) > %4|x — y|?@. Note that it suffices to prove that,
E [(ui(t, X) — ui (s, y))z] > |t — s[0NCH), (3.5)
Indeed, because of the lower bound inequality that defines this Case 3, this is bounded below by

Cc Cc C
Slr— s L Z L 2 > A X); (5, ),
2 2 4cy

which proves the lower bound in (3.2) in this Case 1, provided that (3.5) is proved.
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Proof of 3.5. We write
o0
B[00 = wis, 3)?] = qolt = 5P + " gl + #2),

n=1

where

# =E |: {/s (cos(nx) e _ cos(ny) e_"z(s_r)) B (dr)
0
t 5 2
+ / cos(nx)e "= g, (dr)} :| ,
W =E |: {/s(sin(nx) e _gin(ny) e 6 B (dr)
0

t 2
+ / Sin(nx)e‘"z“‘”ﬂ,;(dr>} }

where {8, }nen and {B),},eN are independent standard fractional Brownian motions.
Now, because the further calculations use fractional stochastic calculus we need to consider

the two different cases, namely H < % and H > %

Case H > % In this case @ A (2H) = « and (3.5) is proved in [18] for the case x = y.
Straightforward computations using (2.3) give

E [, 0) = ui (s, v)?)

o
= qolt — s|*H + Zq {(e‘Z"Z’ i o2 _ 2 cos(nlx — y|)e_”2(f+~‘)) I
+ el 420 (e — cos(nlx — y|)e™" ‘) 13}

> qolt — s|2H + Z (e—n 2 —nzs)ZIl + e—n21212 + 2e—n2t(e—n2t _ e—nzs)13] ,

where

s S
2
L :/ dw/ dv e W)y — P2,
0 0

t t
2
L= [ dwf dv e W)y — yPH =2,
N N
N t 5
I =/ dw/ dv e W)y — 22,
0 s

Hence, using the results of [18, Section 2.1 and (17)] and (1.3), it follows that

E [(ui(t, x) — uj(s, y))z] > qolt — s +eut =" Y g

n2(t—s)<l

ca((t — ) +(t —$)*) = eyt — ).

v

This proves (3.5) when H > 5.



1528 E. Nualart, F. Viens / Stochastic Processes and their Applications 119 (2009) 1505-1540

Case H < % It is elementary to see that by (2.14), # > I 1+ i4, where 1 1 and i4 are defined,
respectively, as /1 and I4 in the previous section (see (2.10) and (2.15)), but replacing f and g
by

—n2(t—r) —n2(s—r) 7n2(t7r)'

f(r) = cos(nx) e — cos(ny)e g(r) =cos(nx)e

Similarly, #» > I + Iy, where I; and I are defined, respectively, as I1 and I4 but replacing f
and g by

Fr) = sin(ax) e 0 _gin(ny)e 6 g(r) = sin(nx) e 1),

Therefore, the proof of (3.5) when H < % is similar to the control of /] from below by |/4] in
the previous section; yet it is less delicate, because the hardest estimates we will need to use are
ones which were already obtained therein. Indeed, proceeding as in (2.16), we find

L+ 1 = S f(cos(nx) e 4% — cos(ny))® + (sin(x) e =) — sin(ny))?)
n

= S (e ] 2 cos(aly — y) e )
n
C
2 (eI (3.6)

Here we see that the case where x = y is the worst case, in the sense that the lower bound (2.16)
obtained for /7 is a lower bound for all I 1+ I 1 uniformly in ¢, x, s, y.

Moreover, simple calculations yield very similar formulas for the four terms in Iy + I as we
had found for Iy itself in (2.17); namely we have

Iy + I, =/ drK (s, r)h(r)(K(t,r) — K(s,r))g(r),
0

i4,2 + f4,2 = /
0

~ _ s S 0K ! 0K
14,3+14,3=/ drf du(h(u)—h(r))a—(u,nf du(g(v) — §(r) 2= (v, ),
0 - u s dv

N

' ! 0K
dVK(S,V)h(V)f du(g(u)—g(f”))ﬁ(u,r),

- - s $ 0K
Lya+Iaa = /0 dr(K(t,r) — K(s, r))g(r)/ du(h(u) = h(r)) =, r)

where
h(r) = 0 —cos(nlx — y]) e " ¢
_ e nP6n) (e—n"‘(f—AY) — cos(n|x — yl))
_ einz(sir)hs,t’x!y. (37)

In other words, for each j = 1, 2, 3, 4, the formula for I~4, i+ 1_4, j is identical to that of Iy ;, with
f replaced by h. Also recall that

f (F) = e_”z(s_r) (e—nz(t_s) - 1) = e_nz(s_r)hs,t,x,x-

We see here that f is always negative, while it is much more difficult to control the sign of A.
Luckily, for any r, the sign of & (r) is the sign of the fixed coefficient hy ;  , defined in (3.7).
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When Ay ; « y is negative, we will be able to use calculations from the previous section directly.
When A ; .y is non-negative, we will instead compare il +1, with ’I:L] + 1_4,1 ’ and ‘i4,2 + 1_4,2‘ .
Case hy; x,y < 0. Note that, in this case, I~4,1 + 1_4,1 > (0 and I~4,2 + 1_4,2 > 0, while the other

two sums are negative. Therefore, identically to the proof of lower bound in the previous section,
we only need to show that for sufficiently large K, still using Sx = {n : n?|t — s| > K},

Y i +1)>2 Y gu|laz+ a3, (3.8)
neSg neSg
Z ‘In(i1+l_1) >4 Z qn I~4,4+1_4,4‘. 3.9
nesg neSkg

This is not difficult. Indeed, we have that both f and & are decreasing, and for all u € [r, 5],
@) —h )] = (7767 =) g

< (e—nZ(s—u) _ e—n2(s—r)> |hm’x’x| =|f@—f].

Hence, exploiting the fact that all the terms in the products defining the /4 3 as well as I~4,3 + 143
have constant signs, we can write

- - § § K
-+ s = [0 [ auina - oG
0 r du

4 0K
/ du(g(v) — g(r)) ‘%(v,n

! 9K
/ dv(g(v) — g(r)) 'E(v’ r)

s 0K
5/ dr/ dulf(u)—f(r)l‘a—(u,r)
0 r u

= L3,
and similarly we get ‘f4,4 + 1_4’4’ < ‘14,4|. Since the lower bound on fl +1;in (3.6) is as large as
the lower bound (2.16) on I1, the proof of the lower bound in the previous section implies both
(3.8) and (3.9), which finishes the proof of (3.5) when A, , , < 0.

Case hgyx,y > 0. Here we cannot rely on previous calculations. Indeed, in this case,
I~4,3 + 1_4,3 > 0 and I~4,4 + 1_4,4 > 0, while I~4,1 + 1_4,1 and 1~4,2 + 1_4,2 are negative, and we
must therefore control their absolute values. As in the previous case, we only need to prove that
for K large enough,

Y g +1)>2Y qu|lan+Iaa. (3.10)
nESK nGSK
Z gn(li +11) > 4 Z an |Is2 +1_4,2‘- (3.11)
nGSK nESK

Unlike the last section where the full sum had to be invoked to obtain the required lower
bounds, here it is possible to prove that the above two inequalities hold without the sums, i.e. for
any fixed n € Sk. These fact are established in Appendix A.4.

This proves (3.5) when H < % The proof of the lemma is thus complete. [
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Proposition 3.2. Assume hypothesis (1.3). Then forall ty, T, M > 0, there exists a finite constant
cy > 0such that forall s, t € [ty, T), x,y € Stand 71,70 € [-M, M4,

. 2
Proxisy(@1, 22) < e (A((t, x); (5, )~ exp (—CH A”(Z(lt x)z.zys y))) :

Proof. Let pf s y(', -) denote the bivariate density of the random vector (u; (¢, x), u; (s, y)).

Note that pi o y(-, -) does not depend on i.
We follow [3,4]. As in [3, (3.8)] and [4, (4.10)], we have that

2
pi (Zl Z2) < 1 exp _u
Lx;s,y R0 T 270yt 472

221211 — m|? |22]?
X exp I exp\—5>5 |- (3.12)
T 203y
where
2. 2 2 O1.x:s.y 2 2
T =0 (1 - pz,x;s,y) > Pr,x;s,y = 01 205y Oy = E[(u; (t, x))"]
x0s,y
Ot.x:5.y
mi= 5 Orxss,y = Cov (u; (1, x), u;i (s, y)) .
s,y

We now show the analogues of (4.12) and Lemma 4.3 in [4] in the case of the fractional heat
equation. Fix s, ¢t € [tp, T], x,y € S 1 We claim that the following estimates hold:

|o7x — 05| < cnlt —s*. (3.13)
e A, X); (5, 9) 0700, — 0l < cn A x); (s, ), (3.14)
|07 = 01yl < ca [AQ(, x); (s, y)]V2. (3.15)

Indeed, in the proof of Proposition 2.3 we have proved that

t 2
E |:</ e—nz(t—S)IB’f] (dS)) :| <cplt — s|2a‘
0

Therefore, using [4, (4.31)], we have
2 2 2
|Ut,x - Us,y| <CH |O},x - GS,y| <cHlt —s| *

where cy does not depend on ¢ € [fy, T]. This proves (3.13).
We now prove (3.14). Let szx-s y = E[(u; (¢, x) — u; (s, y))z]. Then using [4, (4.42)],

1
070ty = sy = 7 (Faey = O = 00)?) (Oua + 00 = V2rsy) - Gi16)

By Lemma 3.1, yt%My y = cA((t, x); (s, y)). Therefore, the second factor of (3.16) is bounded
below by a positive constant when (¢, x) is near (s, y). Furthermore, Lemma 3.1 and (3.13) yield

Vicsy — @rx — 05)% = cuA((t, X): (5. ¥)).

This proves the lower bound of (3.14) provided (z, x) is sufficiently near (s, y).
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In order to extend this inequality to all (¢, x) and (s, y) in [to, T] % S! note that by the

continuity of the function (¢, x, s, y) > a,z’xos% vy~ 012” e it suffices to show that

ool —o?. . >0 if(t,x)#(s, ).

t,x7s,y l,X;S,y

If this last function was equal to zero there would be A € R such that u; (¢, x) = Au; (s, y) a.s.,
which is a contradiction to the lower bound in (3.2) and the fact that A((z, x); (s, y)) is zero only
if (¢, x) = (s, y). This completes the proof of the lower bound of (3.14).

In order to prove the upper bound of (3.14), use Lemma 3.1 to see that the first factor in (3.16)
is bounded above by cy A((t, x); (s, y)). As the second factor in (3.16) is bounded above by a
constant ¢y, the desired upper bound follows.

It remains to prove (3.15). Use [4, (4.47)] to find

2 2
107« = Ot xss,yl = |V xis,y T COV (wi (2, X) — ui(s, y), ui(s, y)
2
=< yt,x;s,y + Vt,x;5,y0s,y

e [A((, x); (s, Y12,

where we have used Lemma 3.1 twice in the last inequality. This implies the desired bound.
Finally, introducing inequalities (3.14) and (3.15) into (3.12) and using the independence of
the components u1, .. ., ug, the proposition follows. [

IA

4. Proof of Theorem 1.1 and Corollary 1.3

In order to prove Theorem 1.1 we will follow the approach developed in [4] extended to
our situation. For this we shall state and prove the versions of Theorem 2.1(1), Lemma 2.2(1),
Theorem 3.1(1) and Lemma 4.5 in [4] needed in our situation.

The first result is an extension of [4, Lemma 2.2(1)] (take « = 1/2, H = 1/2 and d = B).

Lemma 4.1. Let I and J two intervals as in Theorem 1.1. Then for all N > 0, there exists a
finite and positive constant C = C (1, J, N) such that for all a € [0, N1,

/ e—a” /A (5.)
a [as [ ar [ oy <CKy 1y 2 (@), .0
o AR ) sy T )

where A((t, x); (s, y)) is the metric defined in (3.1).

Proof. Write o] := 2« and oy := o A (2H). Using the change of variables 1 = — s (¢ fixed),
v = x — y (x fixed) we have that the integral in (4.1) is bounded above by

7] 11 o wor—d)2 a2
41)|J du do (u®" + v%?)~ - ). 4.2
1] |/0 ”/o B + 5% exp( ua1+vaz> “2)

2

A change of variables [ii%' = a’u, 7*2 = a?v] implies that this is equal to

L1 L

242, (HIMa iea? e ys T 1
Ca®1 = du dv exp| — . 4.3)
0 0 (u + v)4/2 u+v

Observe that the last integral is bounded above by

[“1a=2 |71%2a™2 141 54 1
/ d”/ dv (u+v)@ = ze"p<_ )
0 0 u-+v
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Pass to polar coordinates to deduce that the preceding is bounded above by I + I>(a), where
KN~ 141 qd
I :=/ dp por " = 2 exp(—c/p),
0

Ka~ 1 77177
L(a) :=f dpp“‘l e ,
KN—2

where K = |I|%! v |J|*2. Clearly, I} < C < o0, and if d # o% + %, then

2 2 2 2
7+7_,ad wm o NTTa e
L(a) = K T, 1 _d
= + = _ &«
o] (6%} 2
(22
Ifd > o% + 0%2 then I»(a) < C foralla € [0, N]. If d < 0%1 + 0%2 then I (a) < Ca® @ ta),

Finally, if d = - + -, then

La) =2 [m ( ) + ln(N)}

Hence, we deduce that for all a € [0, N], the expression in (4.3) is bounded above by

CK d—(24+2) (a), provided that Ny in (1.4) is sufficiently large. This proves the lemma. [
U] (Xz

The next result uses the proof of [4, Theorem 2.1(1)] applied to our situation and establishes
the lower bound of Theorem 1.1.

Theorem 4.2. Assume hypothesis (1.3). Let I C (0, T]and J C [0, 21) be two fixed non-trivial
compact intervals. Then for all T > 0 and M > 0, there exists a finite constant cy > 0 such
that for all compact sets A C [—M, M]d,

cu Capy_g(A) <Plu(I x J)NA # 7},
where B = é + (% \% %).

Proof. The proof of this result follows exactly the same lines as the proof of [4, Theorem 2.1(1)],
therefore we will only sketch the steps that differ. It suffices to replace their § — 6 by ourd — 8
with 8 = é + (% \% %). Moreover, if p; x(y) denotes the density of u(¢, x) solution of (1.1),
then we have that forall y € [—M, M]d and (r,x) e I x J,

_ w2 2
pt,x(y) — (2]_[0_[2’)‘) d/Ze Iyl /(ZU[.X) > CH, (44)

which proves hypothesis A1 of [4, Theorem 2.1(1)]. On the other hand, our Proposition 3.2
proves hypothesis A2 with A((t, x) ; (s, y)) defined as in (3.1).

We then follow the proof of [4, Theorem 2.1(1)]. Define, for all z € R? and € > 0,
B(z,€) :={y e R?: |y — z| < €}, where |z| := maxj <<y |z;], and

Je(2) = e )d/dt/dxlB( 6)(u(t x)).

In the case d < B, following as in [4, (2.30)] and using Proposition 3.2, we find that for all
z€ AC[-M,M|%and € > 0,

E[(Je(z))z] chfdt/ds/dx/dy A2, x); (s, ¥)).
1 1 J J
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Then instead of [4, (2.31)], we get following as in (4.2) and using [4, Lemma 2.3], that for all
z€ AC[-M,M]%and € > 0,

] |J]
E [(Je (z))2] CH/ du / dv (2 + v? N2y =d/2
0 0

IA

IA

1]
CH/(; du W44 ) @)

IA

]
d
CH/O du Kl—(%v%)/d(” 9.
We will then consider the different cases: d < %\/ %, %\/ % <d < é—i— (% \Y %) andd = % \Y
This will prove the case d < .
The case d > B is proved exactly along the same lines as the proof of [4, Theorem 2.1(1)],
appealing to (4.4), Proposition 3.2 and Lemma 4.1. [J

L
-

The following result is an extension of [4, Lemma 4.5].

Lemma 4.3. Assume hypothesis (1.3). For all p > 1, there exists C, g > 0 such that for all
€ > 0and all (¢, x) fixed,

[A((t.x) (s, y)]/?<e
where A((t, x); (s, y)) is defined as in (3.1).

E [ sup llu(t, x) — u(s, y)ll”} < Cpne”, (4.5)

Proof. It suffices to prove (4.5) for each coordinate u;,i = 1, ..., d. We proceed as in [4, Lemma
4.5], that is, we will use [4, Proposition A.1] with S := S, = {(s, y) : [A((t, x); (5, y)]/? < €},
p((t, %), (5, ) == [A((t, x); (s, yDI'/2, p(drdx) := dedx, ¥(x) := el — 1, p(x) := x, and
f =u;.

Moreover, by (3.2), the random variable ¥ defined in [4, Proposition A.1] satisfies

E[¢] <E [ / dr dx / dsdy exp (EZ"(((Z’ i))_(:’g)]yll)} <cpyeb,

where 8 = % + (g \% %).
The rest of the proof follows exactly as in [4, (4.51)] and is therefore omitted. [

The next result uses the proof of [4, Theorem 3.1(1)] applied to our situation and establishes
the upper bound of Theorem 1.1.

Theorem 4.4. Assume hypothesis (1.3). Let [ C (0, T] and J C [0, 21) be two fixed non-trivial
compact intervals. Then for all T > 0 and M > 0, there exists a finite constant cy > 0 such
that for all Borel sets A C [—M, M]d,

Plul x J) N A # B} < cu Ha_p(A),
where 8 == é + (% \Y, %).

Proof. When d < g, there is nothing to prove, so we assume that d > B. For all positive integers
n,sett) = k2—n/e x) = 2~ @nje)v(n/H) and

n__rno.n n__r.n .n n _ gn n
Iy = [t iy, Jy = lxg. xpp]; R, =1I! x J}.
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Then for all R,’(” ¢ C I x J, there exists a constant cg > 0 such that the following estimate for
hitting a small ball holds for all z € RY and € > 0,

P{u(R} ) N B(z,€) # @} < cye’. (4.6)

Indeed, as {u; (¢, x)}i=1,. 4 are independent, centered, Gaussian random variables, with variance
bounded above and below by positive constants, and such that the upper bound in (3.2) and
Lemma 4.3 hold, the proof of (4.6) follows exactly along the same lines as the proof of [4,
Proposition 4.4]. Note also that because {u;(¢, x), u,(t,?, ”)} is a two-dimensional centered
Gaussian vector, the random variables Y, k" . and Z ¢ defined in [4, (4.58)] are independent.

Finally, the result follows directly from [4, Theorem 3.1(1)] replacing their 8 by d and the 6
byour 8. U

Proof of Theorem 1.1. Theorems 4.2 and 4.4 prove the lower and upper bounds of Theorem 1.1,
respectively. [

Proof of Corollary 1.3. (a) This is an immediate consequence of Theorem 1.1.

(b) Let z € R Ifd < B, then Capd_ﬂ({z}) = 1. Hence, the lower bound of Theorem 1.1
implies that {z} is not polar. On the other hand, if d > B, then ;_g({z}) = 0 and the upper
bound of Theorem 1.1 implies that {z} is polar.

(c) Theorem 1.1 implies that for d > 1: codim(u(Ry x S')) = (d — B)T; where codim(E) with
E arandom set is defined in [4, (5.12)]. Then, when d > B, [4, (5.13)] implies the desired
result.

The case d = f follows using exactly the same argument that led to the result in [4, Corollary
5.3(a)] for d = 6, and is therefore omitted. [
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Appendix
A.l. Riesz-kernel example

We consider the example of the Riesz kernel. There, we assume that Q (x) = |x|™" for some
y € (0, 1). We then first need to show that this is a bonafide homogeneous spatial covariance
function on the circle (that this is such a function in Euclidean space is well-known, but here we
are restricted to the circle). In other words, we need to show that

o0
0x)= an cosnx,
n=0

where {g,},cN 1S a sequence of non-negative real numbers. Since Q is integrable, we simply
calculate the values g, by (inverse) Fourier transform: using the symmetry of Q, and some
scaling, we obtain

T T
qn = f e x|V dx = 2/ cos (nx) xVdx
0

—7T

nim
= 2ny_1/ cos (x) xVdx
0
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n—1
="y r o,
k=0

where r (k) = 2 fk(frl)” cos (x) x“Vdx. We can calculate this r (k) a bit further: using an

integration by parts, we get

(k+1)m
rk) = 2yf x 77 Lsin (x) dx
k

g

(k+1)m
=2y (—1)’</ x 777V sin (x)] dx.
km

Hence we do indeed have, as announced in the Riesz-kernel example, that ¢, = n¥ !¢ (n) where
¢ (n) is the partial sum of the alternating sequence with general term 2r (k). Also as announced,
we clearly see that » (0) > 0, and it is trivial to prove that |r (k + 1)| < |r (k)|, by simply using
the change of variable x’ = x — 7, and the fact that sin (x’ + ) = — sin (x’). The partial sums
of such an alternating series are always positive since the first term is positive. All the claims in
the Riesz-kernel example are justified.

A.2. Fractional Brownian example

In the fractional Brownian noise class of examples, with H < 1/2 and where g, = ¢(n)n'=2#
for some function ¢ which is bounded above and below by positive constants, the Fourier series
representation Q (x) = Z:io c(n)n' =21 cos (nx) is only formal because this series diverges
even as an alternating series. Yet we can interpret B as the spatial derivative of a process
similar to a space—time fractional Brownian sheet. Indeed, consider the centered Gaussian field
Y (¢, x) which is fractional Brownian in time with parameter H, and has spatial covariance equal
toR(x,y) = R0O) — |x — y|2H . This field, which is spatially homogeneous on the circle for
fixed ¢, is not the usual fractional Brownian sheet on the circle since the latter is not spatially
homogeneous. However, the reader will immediately check that BY and the standard fractional
Brownian sheet share the same canonical metric (standard deviation of their increments), which
means that their increments have the same regularity and scaling properties. Using exactly the
same calculations as in the Riesz-kernel case above, but this time with y = —2H, we can still
invoke the fact that x~7 ! is decreasing, since 2H — 1 < 0, and thus R (x, y) can be written as
R (0) + Zf;] ¢ (n)n~2H=1 cos (nx) where, as in the previous example, ¢ (n) is the partial sum
of a positive alternating series. It is then easy to see that ¥ can be represented as

Y (t,x) = VRO Bo.u (t) + Y _ /e mn™ 72 cos (nx) By, (1)
n=1

+ Z Ve mn 12 sin (nx) By g (1),
n=1

where {B, b },eN and {Ig’n, H IneN are independent sequences of IID standard fractional Brownian
motions. If one then defines the noise in the heat equation formally (i.e. in the sense of
distributions) by

a
By (t,x) = aY (, x),
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a factor n comes out in the Fourier representation, and one gets that By can be written, in the
sense of distributions, as

By (t,x) = Za/c (myn~H+12 cos (nx) By g (1)

n=1

+ > Ve mn ™ 2 sin (nx) By g (1)
n=1

from which the formula g, = c(n)n'"2# follows, i.e. the formal expansion Q (x) =
Zz‘;o ¢ (n)n~2H+1 cos (nx) follows immediately. This justifies using the scale nl=2H a5 the
covariance’s Fourier coefficient in order to construct a space—time fractional Brownian noise.
Note that this justification also works when H > 1/2.

It is instructive to note that one can also formally write

0 0
Q(x—y) = E[a—m,x) —Y(Ly)}
X dy
= (8%/0xdy) |x — yI* =2H QH — 1) |x — y|* 2,

which is not integrable at the origin (x = y) when H < 1/2, which explains why one cannot use
the pointwise Fourier and/or the Riesz-kernel representation in this case.

A.3. Estimates of the kernel K"

We have the following estimates on the kernel K 7.

Lemma A.1. Let ty, T > 0 be fixed. Then for any H < % and s,t € [tg, T] with s < t, there
exist positive constants c(ty, T, H) and C(ty, T, H) such that
clto, T, H) 't —)"~2 < K" (1,5) < c(to, T, H)(t — )" 2572,

1 1 g3 O0Kf 1 3
Clao, T, H) " (H =5 ) (¢ =972 = ——(t.9) = Clto, T. H) [ H = 5 ) (t = )" 2.

Proof. Theses estimates follow immediately from (2.1), (2.2) and [6, Theorem 3.2]. [

The following is a two real variable technical result that is used several times in this paper.

Lemma A.2. Let ty > 0 be fixed. Then for any s > ty, there exists a positive constant c(to, H)
such that

2n%s 2H-1

v

/ (s— —2) vH=1e™v qy < (1, H).
0 2n

Proof. We write, following [16, eq. (25)],

2n%s 2H-1
v
/ (s — —2) p2H=1ev qy
0 2n
2n2s

2H—1 [ 2H-1
< (%) / p2H=1e=v gy 4 (n2s)2H -1 / (s - 2—v2> e dv
0 n2 n

N
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n2s o' 2H-1 ,
< CHI()2H_1 + (HZS)ZH—I/ - e—(2n s—v)dv/
0 2n
1 2
< C(to, H) + cptg® e ™ (n?s)*"
< C(to. H) + C(to. H) sup [e™*x"|

xX=>s
<C(to, H). O
A.4. Further covariance calculations

Proof of 3.10. With the notations of the proof of Lemma 3.1, we will show that for K large
enough and for all n such that n? (t—s)>K,whenh; 4y >0,

L+1 > 2‘i4,1 +1_4,1)- (A.D)

This will prove (3.10).
Using Lemma A.1, and the trivial bound 4, 5  y < 2 applied to (3.7), we have

- _ s 19K
)I4,1+14,1‘ =/0 drK (s, r)h(r) (/

m (u,r)
=< /s dr (s = =112 g7 (k=20 ((S — 12— r)H*l/2)
0

du> g(r)

s
— cHe*”Z(f*S)/ dr pH-1/2 (erl/Z — 41— S)H—I/Z) 672n2r.
0

We evaluate the integral above by splitting it up according to whether r exceeds n~2. We also
assume that n2 (t —s) > 1,1.e. werestrict K > 1. Hence
-2

f" dr rH-1/2 (rH—l/Z 41— S)H—1/2> o207
0

)

< /" dr rH-1/2 <rH—1/2 Q- ZS)H—I/Z)
0
n=2
= / dr (rzH_l —pH=12 2r — ZS)H_I/Z)
0
< cHn_4H.

The other piece is

S

_ _ _ _9,2

/ dr rH-1/2 (rH V2 _ (gt —s)H 1/2)e 2n%r
n—2

S 5 Ky 2

< CH/ dr P12 (¢ — ) PH=32e720 = o (1 — s)/ dr P?H=2e=20°r
n—2 n—2
n2S
= cpn 24 (1 — S)/ dy x2H-2¢—2x
1

o0
<cpgn % — ) / dx x2H—2¢=2x
1

= CHn_A'Hn2 (t—ys).
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In conclusion, we get
~ — 2
‘14,1 + 14,1‘ < c},n*‘m (1 +n%(— s)) g =),

Since the function x — (1 + x) e~ decreases to 0 as x increases to co, we only need to choose
K sufficiently large such that for all n with n? (t—s) > K, ‘f4,1 + 1_4,1) < 2_10}{n_4H(1 —

e_”z(’_s))2 < I; + I,, where 0}1 is the constant in (3.6). This completes the proof of (A.1). O

Proof of 3.11. We now show that for K large enough and for all n such that n* (r —s) > K,
when h; 5 x> 0,

i1+1_1 >2‘i412+1_4,2‘. (A.2)

This will prove (3.11).
Again using Lemma A.1, and the bound 4, 5 , , < 2 applied to (3.7), we have

. - s 2 ! oK
faz+ Iaa| = higony f drK (s, r)e”" 07" f du(g(u)—g(r))’ﬁw,r)
0 s

Ky t
CH / dr(s — r)H_l/ze_"2(s+’_’) / du (e”z” - e"zr) (u—r)yi=32,
0 K

IA

We cut this integral into three pieces. First calculate the piece for u > s 4+ n~2:

* H—1/2_—n%(s ! b B H-3/2
/ dr(s —r) —1/2g=n (“”_r)/ du (e”“—e" r) (u—r) -3/
0 K

s+n—2
s t
< / dr(s — r)H—l/Ze—nz(s+t—2r)/ duenz(u—r)(u — =32
0 s+n—2

(t—r)n2

K )
— n72H+1 / dV(S _ r)Hfl/Zefn (s+t72r)/ exfo3/2dx
0 (s—r)n2+1
sn? 5 y+n2(t7s)
— I’l_4H/ dy yH—l/2e—ye—n (l—s)/ exxH—3/2dx.
0 y+1

Now, for any fixed constants yo (H) and y; (H) such that y; > yg + 1, the above term with the
y-integral restricted to y < yg can be written as follows:

i o, v y+n?(t—s)
n—4H/ dy yH—l/2e—ye—n (t—s) / exxH—3/2dx +/ exxH—3/2dx
0 y+1 n

Y0
<n / dy yH_l/2 (e_nz(t_s)C (H,y1) + ylHiS/zeyO) .
0

We now choose y; and K large enough such that for all n with n? (r — s) > K and for any choice

. . . 2
of yo, the above equation is smaller than cyn~* with cy < 2_1c;1(1 — e " (=92 \where c}{
is the constant in (3.6).

For the other part of the integral in y we get

sn? 5 y+n2(t—s)
n—4H/ dy yH—l/Ze—ye—n (t—s)/ exxH—3/2dx
Yo y+1
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sn? 5 y+n2(tfs)
I’l_4H/ dy yZH—Ze—ye—n (t—s)/ eXdx
)7

0 y+1
2

sn
< n—4Hf dy y2H—2
Yo

—4H 2H-1
Yo >

IA

= cHn

and it is sufficient to take yy large enough to ensure that this last expression is smaller than
can™4H with cp < 271l (1 — e (=92,

Now we calculate the piece for u € [s, s + n~2]and r € [s —n~2,s]. This yields a piece
bounded above by

5 L pen? . X
CHf dr(s —r)f=12e t/ du (e” AR S”) (u—r)f=32
s—n—2 s
s
< CHe*nz(Ifs)/ dV(S _ r)H71/2 ((S _ r)Hfl/Z _ (S —r4+ n72)H71/2>
s—n—2

1
_ CHe—n2(t—s)n—4H/ LH-172 (xH—l/2 —(x+ 1)H—1/2> dx
0

—n2(— _
=cpe n-(t s)n 4H

which can obviously be made smaller than 2_10;, (1 e =12 for all n such that n? (t—s)>
K, provided that K is large enough.
The last piece to deal with is

—2 s+ -2

CH \/‘an dr(S _ r)H—1/2e—n2(S+[—r)/ " du (enzu _ enzr) (I/l _ r)H—3/2
0

N
-2

o H=1/2 —n2(s+i—r) s+n n2u H=3/2
<cpy dr(s —r) e due" “(u—r)
0 K

-2 -2

s—n 2 s+n
< cHe/ dr(s — r)fl=1/2en (’_’)/ du (u — )32
0 s

——)
_ cHe—nz(t_S) /S n dr(s — =12 ((S — A2 ot n—Z)H—1/2>
0

IA

et~ /Oofol/Z (fol/Z . 1)H71/2) dx
!

IA

5 o0
cHe*" (tfs)n74H-/ xH73/2dx
1
—n%(t—s), —4H
= CHEC n s

and the conclusion is the same as before. This finishes the proof of (A.2). [
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