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Abstract We prove existence and smoothness of the density of the solution to a
nonlinear stochastic heat equation on L?(0) (evaluated at fixed points in time
and space), where O is an open bounded domain in R? with smooth boundary.
The equation is driven by an additive Wiener noise and the nonlinear drift term
is the superposition operator associated to a real function which is assumed to be
(maximal) monotone, continuously differentiable, and growing not faster than a
polynomial. The proof uses tools of the Malliavin calculus combined with methods
coming from the theory of maximal monotone operators.

Keywords Stochastic partial differential equation - Existence and regularity
of densities - Malliavin Calculus

Mathematics Subject Classifications (2010) 60H07 - 60H15

C. Marinelli
Department of Mathematics, University College London,
Gower Street, London WCIE 6BT, United Kingdom

C. Marinelli
Libera Universita di Bolzano, 39100 Bolzano, Italy

E. Nualart

Department of Economics and Business, University Pompeu Fabra and Graduate School
of Economics, Ramén Trias Fargas 25-27, 08005 Barcelona, Spain

e-mail: eulalia@nualart.es

URL.: http://nualart.es

L. Quer-Sardanyons ()

Departament de Matematiques, Universitat Autonoma de Barcelona,
08193 Bellaterra, Barcelona, Spain

e-mail: quer@mat.uab.cat

URL: http://mat.uab.cat/~quer

@ Springer


http://nualart.es
http://mat.uab.cat/~quer

288 C. Marinelli et al.

1 Introduction

Let O c R be an open bounded domain, and consider the stochastic semilinear
parabolic evolution equation on L2(Q0)

du(t) — Au@) dt + f(u(t)) dt = nu@)dt + BdW (1), u(0) = uo, (1.1)

where A is the Dirichlet Laplacian on L?(0), W is a standard cylindrical Wiener
process on L2(0), f: R — R is continuous, increasing and of polynomial growth, n
is a positive number, B is a deterministic bounded linear operator on L?(0), and uy is
an L*(0)-valued random variable (precise assumptions are given in the next section).
As will be explained in Remark 2.1 below, the above equation covers the case where
f —nisreplaced by f + g, where f is as above and g is a globally Lipschitz function.

Under regularity assumptions on the initial datum and on the coefficients, one
can prove, using monotonicity methods, that (1.1) admits a unique mild solution with
continuous paths (see e.g. [4] and references therein). The purpose of this paper is to
study the existence and regularity of the density (with respect to Lebesgue measure)
of the random variable u(t, x), with (¢, x) €]0, T] x O. In particular, we show that
a sufficient condition for the existence of the density is that f is of class C' with
polynomially bounded derivative. We do not claim that this condition is sharp, but
we do hope that our methods could be the starting point for further developments.
The proof relies on techniques of the Malliavin calculus and on a priori estimates for
solutions of approximating equations, obtained replacing the nonlinear drift term
by its Yosida regularization. Furthermore, we show that if f is of class C”* with
polynomially bounded derivatives, the density becomes smoother, as it is natural
to expect. The proof of this still relies on a priori estimates, and requires a further
regularization of the drift, as the Yosida approximation does not necessarily have
bounded derivatives.

There is a large literature on problems of existence and regularity of the density
for solutions to parabolic (as well as hyperbolic) SPDEs with Lipschitz non-linearities
by means of the Malliavin calculus (see e.g. [16, 20, 22, 25, 26, 28, 30] and references
therein). These properties of (densities of) solutions are essential tools in the study
of certain potential theoretic properties of random fields, such as hitting probabilities
in terms of capacity (see e.g. [9, 10]), and can also be used to derive concentration
inequalities for rather large classes of Gaussian functionals (see e.g. [23]).

On the other hand, much less attention has been dedicated to SPDEs with
non-Lipschitz coefficients: the first article (relying on Malliavin calculus) we are
aware of is [27], where a nonlinear one-dimensional stochastic heat equation on
[0, 1] with polynomially growing drift and diffusion coefficients is considered. Us-
ing techniques of the Malliavin calculus, the authors prove, under quite general
conditions, including a very weak non-degeneracy assumption on the diffusion
coefficient, the absolute continuity of the law of the solution evaluated at fixed
points in time and space. In this regard, we recall that existence and uniqueness
of solution for the stochastic heat equation on [0, 1] driven by an additive noise
with a measurable drift having polynomial growth has been proved in [13]. In
[11], the absolute continuity for the law of the solution to a one-dimensional
stochastic heat equation with Holder continuous diffusion coefficient and lin-
early growing drift is proved with completely different methods. In particular,
the proofs involve the Euler approximation and techniques of harmonic analy-
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sis. Furthermore, existence of the density of the solution to a class of stochastic
Cahn-Hilliard equations with locally Lipschitz coefficients has been considered
in [3].

A drawback of (some of) the techniques developed in this paper is that it seems
difficult to extend them to equations with multiplicative noise. We refer to Remark
5.8 below for details.

The paper is organized as follows. In Section 2 we provide the definition of
mild solution to equation (1.1), we state a corresponding well-posedness result, and
obtain some properties of a regularized version of (1.1) in terms of the Yosida
approximations. Section 3 is devoted to establishing the random field counterpart
(i.e. a la Walsh [29]) of equation (1.1). In Section 4 we collect some auxiliary results
needed for the proof of the main theorem. These correspond to a version of the
chain rule for Malliavin derivatives, some properties of time-dependent evolution
operators, and estimates for some regularizations of the drift coefficient. In Section
5, we state and prove the main result of the paper, Theorem 5.1. To this purpose, we
first establish the Malliavin differentiability of the solution to equation (1.1), then we
study the invertibility of the corresponding Malliavin matrix.

Notation. We shall write a < b to mean that there exists a constant N such that
a < Nb. To emphasize that the constant N depends on the parameters p;, ..., pu,
we shall also write a S, ., b. We shall write sup to denote both the supremum and
the essential supremum. For a Banach space E, we shall denote by IL”(E) the space

of E-valued random variables & such that E||& |} < oo.

2 Well-Posedness and Approximation

Let O be an open bounded domain in RY. L spaces over the domain O will be
denoted without explicitly mentioning the domain, e.g. L? stands for L2(0). The
norm in L? will be denoted by || - || ,, and the inner product of L? by (-, )a.

On a given stochastic basis (2, F,F = (F)o<<7, P), with T a fixed positive
number, let us consider the following semilinear SPDE on L?:

du(t) — Autydt + Fu(0)dt = qu(tydt + BAW(©),  u(0) = uo, (2.1)

where A is the Dirichlet Laplacian on L?, f:R — R is continuous, increasing,
and such that | f(x)| < 1+ |x|? for some p > 0 (we denote the evaluation operator
associated to the function f by the same symbol), 5 is a positive number, W is a
cylindrical Wiener process on L? generating the filtration IF, B : L?> — L? is a linear
and bounded operator, and 1 is an Fy-measurable L?-valued random variable such
that Efug |3 < co. All expressions involving random quantities are meant to hold P-
a.s. if not otherwise specified.

Remark 2.1 Instead of (2.1) one may equivalently consider an SPDE of the type

du(t) — Au() dt + f(u(t))dt = BdW (1), u(0) = uy,
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where f is quasi-monotone, i.e. such that f + 5 is monotone for some 7 > 0. In fact,
we may write f = (f+n) —n = f —n, with f monotone, thus obtaining (2.1) with
f replacing f. Furthermore, note that equations of the type

du(t) — Au(t) dt + f(u()) dt + g(u(®)) dt = BdW (1), u(0) = uy,

with f monotone (or quasi-monotone) and g (globally) Lipschitz are just particular
cases of (2.1). In fact, one has

(FO) +8) — f() —g) (x — ) > (g(x) — g(») (x — ¥) = —lIgllcon|x — yI*,

ie. f+ gis quasi-monotone, since f + g+ n is monotone, with n = gl .. (Here
| - | co1 stands for the Lipschitz norm).

We shall work with the so-called mild solution, whose definition we recall. In the
following we shall denote by A the realization of the Dirichlet Laplacian on different
function spaces. The same convention we are going to use for the semigroup S(¢) :=
e'®, t > 0, generated by —A.

Definition 2.2 An L2-valued adapted process u is a mild solution to equation (2.1) if
f(u) e L'([0, T] — L?) and it satisfies the integral equation

u(t) + / S(t — 9)(f(u(s)) — nu(s)) ds = S(tyug + / S(t—s)BdW(s) (2.2)
0 0
forallz € [0, T].

As is well-known, in order for the stochastic integral in (2.2) to be a well-defined
(Gaussian) L?-valued random variable it is necessary (and sufficient) to assume that

t
/ Tr (S(s) BB*S(s)*) ds <00 Vi €0, T]. (2.3)
0

Let us also recall that this condition is weaker than requiring Q := BB* to be
trace-class (cf. e.g. [6, Chapter 2]). We shall actually work under the following
stronger standing assumption, which guarantees, as we are going to recall, that (2.1)
admits a unique mild solution with paths in a space of continuous functions.

Hypothesis 2.3 It holds

E sup H ftS(t—s)BdW(s)“z(é) <0 Vg > 1.
0

t<T

Conditions on B and O implying that this hypothesis is fulfilled are extensively
discussed in the literature (cf. e.g. [4, Chapter 6] and [6, Chapter 2]).
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In order to state the well-posedness and approximation results we need, let us fix
some further notation: we denote by C,, 1 < g < oo, the space of adapted processes

u with values in C(O) such that

1/q
lulle, = (E sup ||u(z)||‘g@> < o0,

The following global well-posedness result holds true (see e.g. [7, Theorem 7.13 and
Remark 11.23], as well as [4, Proposition 6.2.2], for a proof).

Theorem 2.4 Let g > 1 and assume that ug € 1L9(C (O)). Then equation (2.1) admits a
unique mild solution u € C,.

Let us now introduce the regularized SPDE
du; () — Aw, (1) dt + fo.(us (1)) dt = nu, () dt + BdAW (1), u(0) = uy, (2.4)

where fi, A > 0, stands for the Yosida approximation of f,i.e.

1
fi@) =@ =5), @)=+ AN ().

Recall that f; is increasing, Lipschitz continuous with Lipschitz constant bounded by
1/A, and f, — f pointwise as A — 0. Moreover, J; is a contraction and f;, = fo J,
(see e.g. [2] for a detailed discussion of the Yosida approximation). It is then clear
that Theorem 2.4 applies also to (2.4), yielding the existence and uniqueness of a
mild solution u;, € C,. Furthermore, the following convergence result holds true (see
[4, Proposition 6.2.5]).

Proposition 2.5 Let g > 1 and assume that u, € LI(C (O)). Then there exists a con-
stant N, independent of X, such that

a
Esup 01 5, < N.

Moreover, one has

. _ 4 — =
A11_r>r}]IE?;l}%>||ux(f) u(t)”C(O) 0,

where u € C, denotes the (unique) mild solution to equation (2.1). In particular, one
has, for any (t, x) € [0, T] x 0O,

lim Bju (¢, x) — u(t, )|” = 0.

3 An Alternative Expression for the SPDE (2.1)
The pathwise continuity in ¢ and x of the solution to equation (2.2), which is

guaranteed by Theorem 2.4, allows us to pass to the random field formulation of
(2.2),1i.e. as in [29], in a sense made precise in Proposition 3.1 below.
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It is classical that S(¢) is a kernel operator for all # > 0, i.e. there exists a function
10, T]x O x O3 (t,x,y) = Gix,y), with G,(-,+) € L>(O x O) for all ¢ €]0, T,
such that, forany0 <t < T,

S = fo G () dy
and

”S(t)”lﬁoo = ” Gt('» ')”L“C(Ox(’))v

where | - ||1- o stands for the L' — L* operator norm. Since the semigroup S is
contracting in L™ i.e. |S®) fllz~ < || fllz~ for all £ > 0, and it holds

Gi(x, 0)=/0Gz(x, ydy =[S(Hlolx),

one has

sup Gi(x,0) = [SW1ollL~ < 1. (3.1)
Xe€

We have the following result, where we use the terminology introduced in [29] for
stochastic integrals.

Proposition 3.1 For g > 1, let uy € LY(C(O)) and denote the unique mild solution in

C, to equation (2.2) by u. Setting u(t, x) := [u(t)1(x), one has, for any (t, x) €10, T x
0,

t
u(t, x) =/0Gt(x, y)uo(y)dy+/0/0 Gi—s(x, y) (qu(s, y) — f(u(s, y))) dy, ds

t
+// G,_s(x, y) W(ds, dy),
0Jo

where W stands for a martingale measure with covariance operator Q = BB*.
Moreover,

E sup |u(t, x)|? < oo, (32)
(t,x)eOr

where O := 1[0, T] x O.
Proof 1t is readily seen that we only have to prove that, for any ¢ €]0, 71,
t t
/ S(t — $)BdW(s) = / / Gis(-, y) W(ds, dy) (3.3)
0 0Jo

as L2-valued random variables. Let us assume (without loss of generality) that,
formally,

W) = e w0, (3.4)

keN
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where {ef}cn is a basis of L? and {wy ke is a family of independent standard one-
dimensional Brownian motions. Then we have, by the integral representation of S(-),

/ St —s)BdW(s) = Z / S(t — s) Be* dwy(s)

keN

—Z/f GisC ) [ Be] () dy dus),

keN

where the series of ordinary Ito integrals are no longer formal by virtue of (2.3).

As far as the stochastic integral on the right-hand side of (3.3) is concerned, we
notice (see e.g. [8]) that it may be understood as a stochastic integral with respect to a
cylindrical Q-Wiener process (W, (1), & € L?, t > 0} in the sense of e.g. [21]. Namely,
by definition, the latter is a centered Gaussian family of random variables such
that, for any & € L?, the process {W),(t), t > 0} is a Brownian motion with variance
t(Qh, h) and, for all s, > O and h, g € L?,

E(Wi(s)W,(t) = (s A )(Qh, g)». (3.5)

By an innocuous abuse of notation, this cylindrical Q-Wiener process will be also
denoted by W. Let us introduce the Hilbert space L%, which we define as the

completion of L? with respect to (&, g) 1 = (Qh, g)>. Then one can define the (real-
valued) stochastic integral with respect to W of any L2 -valued square integrable

process as follows: let {€*}ken be a basis of L2 and X € LZ(Q x [0, T] —» L2 ) (see
e.g. [8, Section 2]), and set

/ / XG0 Wids,dy) = Y [ (X005, s 0.

keN

Moreover, the L-valued cylindrical Wiener process W of (3.4) determines a cylin-
drical Q-Wiener process W, with Q = BB*, as follows: for any t > 0 and h € L?, set

Wi = / (Be*, h)y dwi(s).

keN

It is immediate that W, () is a centered Gaussian random variable and

(2/ (Bé*, dwk(s)> —rZ . B*h)2 = t| B*h|>=t(BB*h, h), = t(Qh, h),.

In a completely similar way one verifies the covariance condition (3.5).
In order to prove (3.3), one just needs to take & := Q~'/%¢k, where Q~'/? denotes
the pseudo-inverse of Q!/2, whence one easily verifies that W (s) = wy(s) and

fo Gios (-, y) [BeF] () dy = fo Gios (-, y) [0&"] (») dy.
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294 C. Marinelli et al.

We have thus proved the identities

t t t ~
[ se=9pawe =3 [ [ oA m dne=[ [ Gy Wis.ay.
0 k 0J0 0JO

Finally, the estimate (3.2) is an immediate consequence of Theorem 2.4. m]

4 Auxiliary Results

We collect here some tools that we shall need in the next section. In particular, we
give a version of the chain rule for the Malliavin derivative, where a (Malliavin)
differentiable random variable is composed with an increasing function of polyno-
mial growth. The result, also without the monotonicity assumption, is certainly well-
known to experts (cf. e.g. [17, page 36]), but we include a proof for completeness
and because most standard references contain only a proof for functions of class C,
(cf. e.g. [24, Proposition 1.2.3]). Moreover, we prove some estimates for evolution
operators generated by time-dependent bounded perturbations of the Laplacian and
for regularizations via Yosida approximations as well as via mollification.

As usual, a function ¢ : R — R is said to be of polynomial growth if there exists
p € Nsuch that |¢(x)| < 1+ |x|? for all x € R. We shall denote by Cgol(R) the space

of functions ¢ € CK(R) such that ¢, ¢/, ..., * are of polynomial growth. It is not
difficult to see that, by the fundamental theorem of calculus, one can equivalently
say that C’gol(R) is the space of functions ¢ € CK(R) such that ¢® is of polynomial

growth, and also that it is the space of functions ¢ € Ck(R) for which there exists
p € Nsuch that

6O+ 16" O] + -+ + 160 )] S 1+ |x]”.

4.1 Malliavin Calculus

We shall repeatedly use the following strong-weak closability property of the Malli-
avin derivative (cf. e.g. [25, p. 78]). We use standard notation and terminology (see

e.g. [24]).

Lemmad.l Let ke N, pel]l,ool. Assume that lim, .. X, = X in LP(Q) and
sup,.cy || Xullper < 00. Then X € D*P and X, — X weakly in DF-P.

We shall denote the Gaussian Hilbert space “supporting” the Malliavin calculus
by H. Moreover, we shall say that X € D** if X € D*? forall p > 1.

Lemmad.2 Let X e D'®, fe CPI)OI(R) and increasing. Then f(X) e D'>® and
Df(X)= f(X)DX.

Proof Assume, without loss of generality, that | f(x)| + | f/(x)| S 1+ |x|?, with p €
N. Let fi, 2 > 0, denote the Yosida approximation of f. Since f; — f pointwise and
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f is continuous, one has f;,(X) — f(X) P-as. as A — 0. Moreover, recalling that
| ful <1f], hence that, for any g > 1,

/() = fOIT <291 f(OlT S 1+ x|,
and E| X% < oo, the dominated convergence theorem yields

lim E[ f,(X) = f(X)|7 =0 Vq= 1. (4.1)

Appealing to the inverse function theorem, it is easy to show that f € C! implies
fi € Cp,and

1 [ (x(x)

R Y LT AC M BV I IATY

In particular, since f; is Lipschitz continuous, one has f; € C ,ﬁ, so that the “classical”
chain rule (see e.g. [24, Proposition 1.2.3]) implies that f,(X) € D"® and Df,(X) =
fi(X)DX. Let us check now that, for any g > 1, it holds

supE||D (X)), < oo. (4.2)
A>0

By the above expression for f] and f’ > 0 it immediately follows that
A= 1 (LIS T+ L1 <14+ [x]7,

hence, by Cauchy-Schwarz’ inequality,

1/2 172
EIDAOIY < (EIfOP)" (BIDXIF) ™ S (1+E1XP)” (E1DX|)

The right-hand side is finite and independent of A, thus (4.2) is proved. In particular,
(4.1) and (4.2) imply that f(X) € D> and Df,(X) converges to Df(X) weakly in
L9(H) as . — 0, for all g > 1. Since the weak limit is unique, in order to prove that
Df(X) = f(X)DX, it suffices to show that

lim B|| D, (X) — f'(X)DX|} = 0.
Observe that
EIDfi(X) = f(X)DX|% =E(1£(X) = fXOIIDXI|)
< (B1£0 — FooP)” (BIDxiE)

and that, by the expression of f], one has f; — f’, hence f](X) — f'(X) P-as. as
A — 0. Moreover, taking into account that

(%)

£00 = PO =757 o

— PO S PG+ 1S 1+ 7,
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one also has
| [(X) = f(XOPT S 1+ X1,

hence, by the dominated convergence theorem, f;(X) — f'(X)in L*(Q)asr — 0,
and the proof is finished. O

4.2 Time-Dependent Evolution Operators

Using the notation introduced in Section 2, let F: [0, T] — L%, and consider the
following linear evolution equation on L?:

dy(t) — Ay(t) + F(t)y(t) =0, y(s) = yo € L?, 0<s<t<T. (4.3)

Here Lﬁ, p € [1, 00], denotes the set of (equivalence classes of) functions ¢ € L”
such that ¢ >0 a.e.. The evolution operator U(t,s) is then defined by y(¢) =:
U(t, s)yo.

Proposition 4.3 Forany 0 <s <t < T, the following properties hold true:

(i) U, s) is positivity preserving, i.e. yo > 0 implies U(t, s)yo > 0;
(i) U, s) < SE—ys), e yo=>0implies U(t,s)yo < St — ) yo,
(i) U(t, s) is ultracontractive, i.e. its L' — L* norm is finite.
(iv) U(,s) is a kernel operator, i.e. there exists a function k : [0, T]* x O* — R,
such that

(U, 5)¢]x) = /O k(t, s; x, )¢ (y) dy.

Proof (i) Let yo > 0 and y(-) be a strong solution (without loss of generality) of
(4.3), where we assume, for simplicity, s = 0. Taking the scalar product with y~ and
integrating with respect to time, we obtain, denoting the L? norm by | - |,

1 t t
5||y*(r>||2+ /0 IVy~()lI* dr + A (Fry (), y~ () dr = llyy I

hence |y~ @)|I> <2y, I> =0, i.e. y(t) > 0 forall z € [0, T]. (ii) Let z be the solution
toz — Az =0, z(0) = yo. Then one has

d
E(Y—Z)(f) — Ay -0+ FOy@® =0, (y—2)(0) =0,
hence, taking the scalar product with (y — z)* and integrating,
t t
|00 =200+ [ 1900 =200 Pdr+ [ (oo, o) = z007) ds = o
0 0

which yields, recalling that, by (i), y(r) > O for all r, y(¢) < z(¢) for all . (iii) Note that,
by (i), one has

U, $)yol = U )ys — U, )y | < (U@ )yg|+ U@, 9)yg ]
=U@, )y, + U, s)y, = U, 9)yol,
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therefore
U, s)yol < U, 9)|yol < St —9)|yol € L™,
which immediately implies U (¢, s) yo € L*°. (iv) is a direct consequence of (iii), thanks

to a classical criterion of Dunford and Pettis (see e.g. [14, Chapter XI, Section 1]). O

4.3 Regularizations
In the next Lemma we use the notation introduced immediately after Theorem 2.4.

Lemmad4.4 Let f € Cpmol(R) be an increasing function such that | f® (x)| <1+ |x|?
foralln =0,1, ..., m. Then the following properties hold:

(1) fi and J; belong to C"™(R),
(ii) for » <1, there exists q € N, independent of 1, such that |f,\(”) @] <1+ |x|? for
alln=0,1,...,m.
(i) f™ converges pointwise to f™ as i — 0 foralln =0,1,...,m.

Proof Since J,, = (I +Af)~', and f’ > 0, the inverse function theorem implies that,
if fis of class C", then also J; is of class C". Moreover, the identity Af; = I — J;,
implies that also f; is of class C", hence (i) is proved.

(ii) The polynomial growth of f; is obvious by the inequality | fi| < | f|. Moreover,
recalling that f;, = f o J;, that J; is of class C"* and is a contraction, we have

|1 =1 (L)L < T (L) S T+ L1 < 1+ [x]P.
Taking into account that A f;’ = J; and that
L= LD+ DT
one gets (1 + Af'(J,)) f{ = f"(J,)(J;)?, which implies
A< 1L S T+ L@ < 14 |x|P. (4.4)

Unfortunately it does not seem possible to extend such elementary arguments to
obtain the polynomial growth of f,\(”) . We can nonetheless argue as follows: by

Arbogast’s formula' (see e.g. [12]) one has

7\ b1 n\ b2 )\ bn
n _ n! (k) U LY (]
. _Zbl!bzl---bn!f AT 2! n! ’

where the sum is taken over all possible combinations of {b, b,,...,b,} C NU {0}
such that

b1+2b2+~~-+nbn=n and b1+b2+~~~+bn=k.

IThis formula is better known as Faa di Bruno’s formula. The latter attribution, however, seems to
be historically incorrect.
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In particular, note that there is only one possible term of the series containing
f'(Jx), precisely the one corresponding tob, =b, =---=b,_; =0,b, = 1, thatis
F/(J)J. Similarly, there is only one possible term containing f*(J,), precisely the
one correspondingto b = n,by = b3 =--- = b, = 0, thatis ™ (J,)(J;)". Recalling
that 1" = —J", we have

(L4 1f (D)) 7 = ™ (I)U)" + S, (4.5)
hence

A1 = [ F 0]+ 1801l

where S,_; is a finite sum of terms involving only F®(J,) and powers of J;k) , for

k=1,...,n—1. Using once again that )Lfk(k) = —Jik), we conclude that S,_; is a
finite sum of terms involving only f* (J,) and powers of )Lfk(k), fork=1,...,n—1.

Taking A < 1, since | f®(J;(x))| <1+ |x|? for all k=1,...,n, recalling that f’
satisfies (4.4), we obtain that there exists g3 € N such that | ff) )| <1+ |x]%. By

iteration one ends up with |fk(k) )| <1+ |x|9 for each k=0, 1, ..., m. Since m is

finite, this implies the claim. (iii) It is known that f; — f pointwise as A — 0. That
fi — f pointwise as A — 0 has been proved in Lemma 4.2. Passing to the limit
(pointwise) as . — 0in (4.5) we obtain

lim £ = f® + lim S,
Alj}}) fA f +)L1i% n—1
where we have used that J, — I and

1
lim J/ =lim-— =1
m S = I P )

The claim is proved if we show that S,,_; — 0 pointwise as A — 0. For n = 2 one has
S1 = 0, hence the claim holds. For n > 3, we observe that each term in S,,_; is of the
form

hn

O ()" ()" (1)

where c is a positive number, 1 <i, h <n—1,and hy, hs, ..., h,_; are nonnegative
integers with at least one of them, say /;, greater than 1. Let 2 < o := h,. Recall that

Y

therefore the generic term of S,,_, hence S,,_, itself, converges to zeroas A — 0. O

Let us introduce mollifiers in the following (standard) way: for ¢ € C*°(R) pos-
itive, with support contained in [—1, 1] and fR;“ =1, set, for any B > 0, {g(x) =
B¢ (x/B).

Lemma4.5 Let f:R — R be such that | f(x)| S 1+ |x|?, and fz = fxp B <1
Then one has

[l = NI+ x|")  VxeR,

where the constant N does not depend on B.
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Proof Assume that | f(x)| < N;(1 + |x|?). By the triangle inequality and the proper-
ties of ¢ one has

| fo)] sfR|f(x—y)|;,s(y>dysNI[R(1+|x—y|P);ﬁ<y)dy
< N1<1+|x|P>+N1fR|y|”<ﬂ(y>dy

— N+ P+ NlﬁP/RWz(y) dy

< N2+ [x]).

5 Existence and Smoothness of the Density

In this section, we provide sufficient conditions on the data of the problem implying
that the law of u(t, x) is absolutely continuous with respect to the Lebesgue measure
and that the corresponding density is a differentiable function. More precisely, we
will prove the following result.

Theorem 5.1 Assume that uy € C(O) and let u € ﬂqu C, be the mild solution to
(2.1). Furthermore, assume that there exists y € (0, 2) such that, for all x € O, there
exists a constant ¢, > 0 such that, for any t € (0, 1),

t
g(x, 1) ;=/ G (x, .)||2LZQ ds > ¢, 1. (5.1)
0

(a) Iffe Céol(R) is increasing, then, for any (t, x) €10, T] x O, the random variable
u(t, x) is absolutely continuous with respect to the Lebesgue measure.

(b) Moreover, if, for some integer m > 2, f € ngl(R), then the density of u(t, x)
belongs to C"2(R).

As we shall see below, assumption 5.1 is not needed to prove Malliavin regularity
of u(t, x). It is instead needed to prove finiteness of negative moments of the
Malliavin matrix (which reduces to a real random variable in the present setting).
Moreover, as explained in Remark 5.10, in order to prove the existence of a density,
condition 5.1 can be slightly weakened. Nevertheless, for the sake of conciseness and
clarity, we have decided to state only one condition of the term g(x, ).

Remark 5.2 The hypothesis on the initial datum in the previous theorem may be
relaxed to ug € LI(C(O)) for all g > 1, and uy € L>®(O — D'*°). However, it does

not seem natural to assume the initial datum to have such regularity.

Let us give some examples of domains O and covariance operators Q = BB*
satisfying condition 5.1 above.

Example 5.3 Letd=1,0 =(0,1) and B = [. Then (5.1) holds with y = % (see e.g.
[1, (A3)]).
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Example 5.4 Let O = (0, 7). Define, for any k = (ki, ..., kg) € N9,
d

ex(x) := (%) ’ sin(k1xy) - - - sin(kgxy), xeO.

It is readily checked that the family {ei}zene is an orthonormal basis of L%(O)
such that

—Aei = kI ey,
where |k|? :=kj+ -+ k3. Set B= (I — A)™ for m > 0. Then, since Q= (I —

A)~2" _one has

t
gx, ) = / f Gy (x. )LOGs (x, )1(y) dy. ds

/ D (LH1KP) " (Go(x, ), ex) o ds

keNd

/ (14 k)" e 2 M e (x) ] ds

keNd

Y (k) (1 e o

keNd

Using the fact that |ex(x)| is uniformly bounded with respect to k and x, one easily

verifies that m > % — 1 implies that the last series is finite. Moreover, we have that

| ke o 2K 2k
ST 2kE = T+ 2TkE
Hence
g,y =t > (L+ k)™ (1+2T1kP) " lex())?

keNd

and this series can be bounded from below by any of its summands, such as the one
correspondingto k= (1,...,1) € N4, Therefore g(x, 1) > c,t, with

e i=(1+d™A+2Td)"! (%) ’ sin(x;) - - - sin(xg).

Since x € (0, w)%, it is clear that ¢, > 0, which implies that condition 5.1 is fulfilled
with y = 1.

Before turning to the study of the Malliavin differentiability of the solution to
(2.1), let us recall that the underlying Gaussian space on which to perform Malliavin
calculus is given by the isonormal Gaussian process on the Hilbert space H :=
L*([0, T] — LQQ), which can be naturally associated to the cylindrical Wiener process
W with covariance Q. With a slight (but harmless) abuse of notation we shall write
W instead of W for notational convenience.
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5.1 Malliavin Differentiability

The purpose of this subsection is to prove regularity of the collection of random
variables {u(t, x)};.veo, in the sense of Malliavin. Proposition 5.5 concerns the
Malliavin differentiability of order one, while Proposition 5.7 treats higher-order
Malliavin derivatives.

Proposition 5.5 Assume that

(i) uo e CO);
(ii)  f is increasing and belongs to C;l)ol R);
(iii)  Q is positivity preserving.

Let u € (=, Cy be the mild solution to (2.1). Then, for any (t,x) € Or, one has
u(t, x) € D*. Moreover, the Malliavin derivative Du(t, x) satisfies the following
linear equation in H:

Du(t, x) = vo(t, x) + f /O Goy (. )1 — f'(uls, ) Duts, y)ydy.ds  (52)
0

where vy(t, x) 1= (1, 2) = G (x, 2) 1{0,4(7). Furthermore, one has, forall g > 1,

sup E|Du(t, x)||% < oco. (5.3)
(t,x)eO7

Proof Since f; is Lipschitz continuous and of class C', slight modifications of the
“classical” results (cf. e.g. [25]) imply that, for any (¢, x) € Or, u, (¢, x) belongs to
D> and satisfies the following linear deterministic integral equation with random
coefficients:

t
Dus(t, %) = vo(t, x) + / /O Goos(x, ) — f.(us (s, ¥))) D (s, y) dy, d.
0

Recall that, by Proposition 5.5, one has, for any g > 1,
Elu;. (¢, x) — u(t, 0| — 0

as A — 0, for all (¢, x) € Or. Therefore, by Lemma 4.1, in order to conclude that
u(t, x) belongs to D> for all (¢, x) € Or, it suffices to show that for all ¢ > 1 and
(t, x) € Or, one has

sup E|| Du; (¢, x)||%, < ooc. (5.4)
>0

Let {/*},cny be an orthonormal basis of H, and set
of(t. x) == (Dup (t, %), ')y, (t,x) € Or.

Then wi‘(t) = gof(t, ), 0 <t < T, satisfies the deterministic evolution equation with
random coefficients

d
Ewi‘(l) — Ak () + Bk = @%@, 90 =0, (55)
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where F; (t) := fl(u(t,-)) — n and ®X(r) := Qh¥(¢). In fact, one has

t t
.08 =[Gt 6 ds = [ [ Gexp TR ©] 0 ay.ds
t
= [ / S(t — 5) Oh*(s) ds] (x).
0

From now we assume, without loss of generality, that n = 0 (if not, it is enough
to write the corresponding equation for ¢ — e "¢, (), multiplying by e the term
K (r)).

Fixw € Q, and let (s, t) — U, (¢, s), s < t, denote the family of evolution operators
generated by the time-dependent linear operator —A + F; (). Then we can write

ok (t) = / U, (t, $)BX(s) ds,
0

thus also, denoting the integral kernel of U, (t, s) (that exists by Proposition 4.3 (iv)),
by k)\.(t7 AN ')1

t
(pf(t, X) = // k. (,s; x, y)de(s, y)dy, ds.
0Jo

This yields

! 2
1D 08y = S0k 0F = S| [ kott.six ok, dy.ds
0

keN keN

2
= Z |<kk(f7 5 X, ) 10,90, hk)LZ([o_T]ﬁLi))|
keN

t
= [ lku(t.s: x93, ds.
0 Q

Note that Proposition 4.3 (ii) implies k; (¢, s) < G, pointwise for all0 <s <t < T.
Using that Q is positivity preserving, we are left with

t
| Dus (¢, x)||3; < / |Gy (x, ->||2ng ds = [lvo(t, X) 1|3 (5.6)
0

Let us now show that [Jvy(t, x)||%; is uniformly bounded over 7 and x. In fact, one has

t t
lvo(t, )17 = f IGie (x, I, dT = / | B* G (x, )|I3 dr
0 0

t t 2
— [ TG Bt ar = | Z( / Gt7r<x,y>[Be’<](y>dy) dr
0 keN o

0 k>1

t
= Z/ [S(t — 7) Be*](x)* dr

keN Y0
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where {eX}cn is an orthonormal basis of L2. The identities

t t
EIW(t, 0 =E| Z/O [S(t — 5)Be¥](x) dwk(s)‘z = Zfo [S(t — 5)Be¥](x)* ds
keN

keN

yield [luo(t, x) |13, = E|W4(t, x)|? for all (¢, x) € Or. Thanks to Hypothesis 2.3 we infer
that there exists a constant N = N(q), independent of A, such that

sup E|Du; (¢, x)||%, < N.
(t,x)eOr

We have thus proved that u(z, x) € D' for all (¢, x) € Or. It is therefore lawful to
apply the Malliavin derivative to the equation satisfied by u, obtaining

t
Dut, x) = volt, x) — / / Goy(x, y) Df (u(s, y) dy, ds.
0JO

Then, appealing to the chain rule proved in Lemma 4.2, we obtain that the Malliavin
derivative Du(t, x) satisfies equation (5.2).

In order to conclude, we only have to show that estimate (5.3) holds true. The
argument is essentially the same as above, hence it is only sketched. Still assuming
n = 0 without loss of generality, setting F (¢, x) := f’(u(t, x)), one has that ok, x) =
(Du(t, x), h¥) i satisfies the linear deterministic evolution equation with random
coefficients

d
Ewkm — AQF(D) + Fgk(n) = (1), ¢*(0) =0.

Let Q' ¢ Qwith P(Q') = 1 such that (7, x) — u(t, x, w) € C(0, T] x O) forallw € .
Fix w € Q. Then (¢, x) — F(t, x) is positive and continuous, hence bounded on the
compact set [0, 7] x O. One can then construct the evolution operator associated to
—A + F, and proceeding exactly as above one arrives at

sup E| Du(t, x)||%), < oo,
(t,x)eOr

so that the proof is complete. O

Remark 5.6 Condition (iii) in Proposition 5.5 above does not have to be considered
an important restriction. Indeed, this condition is satisfied in the spatially homoge-
neous counterpart when dealing with existence and smoothness of the density for
stochastic heat and wave equations in R? (see e.g. [26]).

Proposition 5.7 Let m € N, m > 2. Assume that
() wuy e CO);

(ii)  f is increasing and belongs to Cro®);
(iii)  Q is positivity preserving.
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Let u € NgenCy be the unique mild solution to (2.1). Then, for any (t, x) € Or, one
has u(t, x) € D™ and

sup ||u(t, x)||pme < 00 Vg > 1.
(t,x)eOr

Proof Let p € N be such that | f(x) + | f/()| +--+ | f )] S 1+ |x|? forall r €
R. By Proposition 5.5, we have that u(t, x) € D" for all (¢, x) € O7. Let us consider
the regularized equation (2.4): since f; needs not have bounded derivatives of order
two and higher, we cannot apply “classical” results (cf. e.g. [25]) to deduce that, for
any (¢, x) € Or, u;(t, x) belongs to D™, For this reason, we introduce a further
regularization: let {¢g}s be a family of mollifiers as in Lemma 4.5 above. Note that
fk(g) = f] * {é”_l) foralln > 1, hence fi4 has bounded derivatives of every order. Let
u;p be the unique mild solution in NyenC, to the equation

dusp(t) — Auzp(0) dt + fop(up(0) dt = nuz (1) dt + BAW (1), w5(0) = uo. (5.7)

We split the rest of the proof in three steps: first we show that, for any (z, x) € Or,
one has u;4(t, x) — u(t, x) in L? as § — 0. Then we obtain the uniform bound

sup E|D"upp(t, )| yon < N, (5.8)
(t,x)eOr

where N is a constant independent of A and . Finally we pass to the limit as 8 — 0
and A — 0.

Step 1. We assume again, without loss of generality, that n = 0. It is easily seen that
it holds

t
(1) — u; () = /(; St =) (fr(u(5)) — frp(usp(s))) ds,

hence, recalling that S(7) is contracting in L°°(0) and denoting the norm of this space
by [ - I,

t
lwrg @ —w || < [ || f(ws(s) — fipusp(s))| ds.
0

This yields, by the triangle inequality,
t
Ji® = 0] < [ a6 = figtun(on | ds
t
+ /0 | fip () — fi(us(s))|| ds

1 t
< X/ ”uw(s) —ul(s)” ds + Ig,
0

where

T
Iy := /0 | fipr(9)) — f(u(9))]| ds.

@ Springer



Densities for Parabolic Semilinear SPDEs 305

By Gronwall’s inequality and some obvious manipulations, one arrives at
E sup [[us5(t) — u (1) |* < 1" EI.
t<T

Let us show that Elg — 0as B — O:since f; is continuous, f; converges uniformly

to fi as B — 0. Therefore, as u, (s) € C (O) P-a.s., we also have that the integrand in
the definition of /g converges to zero P-a.s. as  — 0. Taking into account that

| fis@n(s) = )" S 1+ llus )19,

and that E fOT It (5) |7 ds < oo, we get, by the dominated convergence theorem, that
EIf — 0, hence also

Esug |25 @) — w5, = O
=

as 8 — 0, for any g > 1.

Step 2. For n =1 it is easily seen that (5.8) holds true, simply by the previous
proposition, noting that fi, = f; * {g > 0. For the sake of clarity, let us explicitly
show, in the case n = 2, how estimate (5.8) is implied by the corresponding one
with n = 1. Then the general induction step will be clear. As before, we shall
assume, without loss of generality, that n = 0. Since, as already observed before, fz
has bounded derivatives of every order, we infer that u,z(t, x) € D%, the iterated
Malliavin derivative D?u;(t, x) takes values in H®? and satisfies

t
D’u,p(t, x) + /O fo Gis(x, y) [ (g (s, ) (D (s, y)** dy, ds

t
+ f [O Gy, ¥) £ W3 (5, y))) D21tz (s, y) dy, ds = 0.
0
Let {#*}rcn be an orthonormal basis of H®? and set
k 2 k
(p)\fi(t’ .X') = (D uw(t, x), h )H®2, k e N.

Then (p,’{ﬂ @) = (,o)’\‘)3 (, -) satisfies the following linear deterministic evolution equation
with random coefficients

d
E(pfﬁ () — Mgk, () + Fop(D9ly () = 95,0, ¢f4(0) =0, (5.9)

where

Fp() i= fiaup(t, ), g0 = flpup(t, ){((Dup(t, )=, h) oo

Then we have

t
Pl () = / Uss(t,5) 0%, s) ds,
0
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hence also, denoting the kernel of U,4(t, s) by kg (2, s; -, -),

t 2
kst 01> = ‘/O/Okw(t, 51, y)@i4(s. y) dy. ds’

! 2

< (A/(gkxﬂ(t,s; X, y)|d>’,{ﬂ(s, V)| dy, ds)
2
(// Gis(x, y)|<I> (s, v)| dy, ds)

S // Gi—s(x, y)| 54 (s, y)[* dy. ds,

IA

where we have used the estimate k;g < G in the first inequality, and Cauchy-
Schwarz’ inequality in the third inequality, recalling that S(¢) is contracting in L

(cf. (3.1)).

Summing over k, Tonelli’s theorem yields

1Dt )3y = Dl (6. 0P S f/ Gis(x, y) Y | @k, (s ) dy. ds

keN keN

t
= / f G5 (x, P Pis (s, Y)|362 dy, ds.
0JO
where

Dip(t, X) = [ (urp(t, X)) (Dzp(t, X)) 2.

Holder’s inequality and Tonelli’s theorem then imply

Ell D (t, ) |90 S // Gi—s(x, PE[ D45, )|9;e2 dy. ds,
that is,

2
sup B[ D*upp(t, )| Ger St sup Bl Dsp(t, 0|0
(t,x)eOr (t,x)eOr

Let us show that the right-hand side is finite: by Cauchy-Schwarz’ inequality, we have

12
Ell @30 0l fer S (Bl Fp @t ) )" (Bl Dusg . 0113 )

Assume, without loss of generality, A < 1, 8 < 1. Since fx/;g = f} % {g,and, by Lemma
4.4, there exists o € N such that | f}'(x)| <1+ [x|”, by Lemma 4.5 we also have
| fi5(0)| < 1+ |x|°. Therefore

12
Bl @350 040 S (14 Eluss . 01) (Bl Dusp 2, 0113 )

where both terms on the right hand side are uniformly bounded over ¢, x, A, and 8
by results already proved; in fact, as for u, itself, the boundedness of the first term
on the right-hand side above follows from Proposition 6.2.2 in [4], since fig is also
monotone. The claim is then verified for n = 2.
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The general case is proved by induction in a completely similar way. In particular,
assume that, given 3 < n < m, one has the uniform bound

sup  [lug(t, X)|Ipr-1a < N,
(t,x)eOr

with N independent of A and 8. Let {h*} ey be an orthonormal basis of H®", and set
Pkt X) = (D"usp(t, x), h*) yon.

Then ¢*(t, -) satisfies an equation of the form (5.9), where ® is a sum of finitely
many terms depending on u,4 and on its Malliavin derivatives of order not greater
than n — 1, whence

sup E[®;5, 0)[%6. < N,
(t,x)eOr

with N a constant that does not depend on A nor on 8. Moreover, by an argument
completely analogous to one already used before, one shows that

sup  EI[D"uwp(t, )| fen S sup  E[[@pp(t, X)) [ en < N,
(t,x)eOr (t,x)eOy

where N is the same constant of the previous inequality.

Step 3. Let ¢ > 1. By the previous steps and Lemma 4.1, passing to the limitas § — 0,
we obtain u, (¢, x) € D™4 for all (¢, x) € Or, and also, by lower semicontinuity of the
norm with respect to weak convergence,

E|D"u; (¢, %) || }gen < li/grgngllD”uxﬁ(t, 0o

which implies, together with the last inequality,

sup E[D"u; (t, x)[|%e. < N.
t,x)eOr

Recalling that, by Proposition 2.5, u, (f, x) — u(t, x) in LY as > — Ofor all (¢, x) € O,
appealing again to Lemma 4.1, we arrive at u(t, x) € D4 for all (¢, x). Since q is
arbitrary, we conclude that u(z, x) € D™ for all (¢, x). O

Remark 5.8 As briefly pointed out in the Introduction, trying to adapt the techniques
developed in the previous sections to the case of SPDEs with multiplicative noise
gives rise to major difficulties. In particular, while well-posedness and approximation
results analogous to those of Section 2 are available (cf. [5, 15, 18, 19]), the equation
satisfied (formally, at least) by the Malliavin derivative of the solution to an SPDE
with multiplicative noise is no longer a PDE with random coefficient, but a further
SPDE (with solutions taking values in a different Hilbert space) whose coefficients
depends on the solution of the original SPDE, and whose inital datum, which also
depends on the solution of the original SPDE, is very singular (a Dirac delta in the
time variable). Therefore, in order to adapt the proofs of Propositions 5.5 and 5.7,
one needs at least to establish a comparison principle for such “bad” SPDEs. It is
unfortunately far from clear, at least for us, how to address these problems, to which
we hope to return elsewhere.
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5.2 Analysis of the Malliavin Matrix

In this subsection, we shall use a standard method in order to prove that the inverse of
the Malliavin matrix (which reduces, in our case, to a random variable) has moments
of all orders (see e.g. [26, Theorem 6.2]).

Proposition 5.9 Assume that f € C;OI(R) is increasing and that there exists y € (0, 2)
such that, for all x € O, there exists a constant ¢, > 0 such that, for any t € (0, 1),

t
f) = (x, )%, d e
g(x, 1) fOIIG(x )IILQ s>c

Then, for any (t, x) €10, T] x O, one has

E||Du(t, x)||; < oo Vg > 1.

Proof By [24, Lemma 2.3.1], it suffices to prove that, for any g > 2, there exists
€0(q) > 0 such that, for all ¢ < g,

P (I Du(t, x)||3; <) < 4. (5.10)

Let (¢, x) €]0, T1 x O be fixed. Observe that we are assuming the same hypotheses
as in Proposition 5.5. Hence u(t, x) belongs to D> and the Malliavin derivative
Du(t, x) satisfies equation (5.2). Then, using the latter equation, we can infer that,
for § > 0 sufficiently small,

t t
1
I Du(t, x)|13; = / | Deut, )17 dr > / IDut, )7, dr = 580, 8) = 1(t,x,8),
0 -8

where g(x, §) is as in assumption 5.1 and

s
I(t,x,6) = /
0

Hence, using Chebyshev’s inequality, we have, for all ¢ > 0,

2
dr.

)
Ly

/ /@ Gi—s(x, y)(n — ['(u(s, y))) Di—cus, y) dy ds
-7

4
P (I Du(t, x)|% <€) < ]P’{I(t, X 8) > @ —e} < (@ —8) E|I(t, x, 8)|7.
(5.11)
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Let us now find an upper bound for the p-th moment of I(t, x, §). For this, we start
by applying Minkowski’s and Holder’s inequalities, the latter with respect to the
measure on [t — §, t] x O given by G,_s(x, y)dy ds, to obtain that

t 2p
E|1(tx,8)” <E </ /O Gis(x, Y — f'(uls, y)I Di—us, W zqosr ) 4y dS)
t—§

t 2p—1
< ( / / Gis(x, y)dy dS)
t—§ JO

t
x[_é/@GH(x, NE ((n+|f/(u(s, YOI Dyucs, y)”i[;([o,a];%)) dy ds

t
2p—1 / 2 2p
<8 fH /O Gos e E(r+ 1 @ DD I Dt Y 1)) Ay s
(5.12)

where we have also used the estimate (3.1). Thus, applying the Cauchy-Schwarz
inequality and appealing to the polynomial growth condition on f’ (say | f'(z)| <
1 + |z|" for all z € R), the right hand side of (5.12) can be estimated, up to a positive
constant, by

1/2
2p—1 4
01 sup  (EID- a0 502))

(5, y)€[t—8,(]xO b0

t
x / / G5 (x, y) (1 + Eluls, y)[*P)"/?) dy ds.
t—8 JO

We can now appeal to (5.3) to get

1/2
4p
swp  (BID s DI s2)) = CCD.
(5,y)€lt=8,1]1xO L2(0.88: L)

Taking into account again estimate (3.1), and the uniform bound (3.2), we get
E|I(t, x,8)|” <1 8%P.

This estimate and (5.11) imply that

-p
P (| Du(t. 01 <€) <r (g(); %) —s) 527,

On the other hand, (5.1) yields g(x,8) > ¢,8”. Thus, if we choose § = §(s, x)
sufficiently small in such a way that c,6” = 4e, we get
2 2 2-1)

P (I Dutt. x) 1y <€) St~y Ser 77,

where % — 1 > 0 by hypothesis. Therefore, going back to (5.10), it suffices to take

p= % and the proof is completed. a

Remark 5.10 We should point out that, in fact, in order to prove the existence of the
density (i.e. Theorem 5.1(a)), condition 5.1 may be slightly weakened. Precisely, one
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needs to prove that || Du(t, x)||z > 0 P-a.s.. First, by (5.6) and the lower semiconti-
nuity of the norm with respect to weak convergence, one gets that, for any § € (0, 1)
andg > 1,

EIDu ).y .12, < 806 )*.

Then, similarly as above (see also [26, Theorem 5.2]), one proves that

s
Ellt x,8) < 8/ / Gs(x, v)g(y, 8) dy, ds, (5.13)
0o Jo
and that, for anyn > 1 and § € (0, 1),

1
P <||Du<t, DI < 3) < (M - 1) E| 1. x. 8)].
n 2 n

Passing to the limit as # — oo and using (5.13), we end up with

B
B Dut 0l =0) S g 's [ [ Gutxng0r.0) dy. .
0o Jo
In conclusion, u(¢, x) has a density provided that the following two conditions are
satisfied:

(i) forany x € O, one has g(x, 8) > 0 for all § > 0;
(i) forany x € O, it holds

)
g(x, d)

)
/ / Gs(x7 y)g(ys 8) dya ds:O,
0o JO

lim
§—0
5.3 Proof of Theorem 5.1

It is now just a matter of putting pieces together. In particular, in view of Bouleau-
Hirsch’ criterion (see e.g. [24, Theorem 2.1.3]), (a) follows by Propositions 5.5 and
5.9. Similarly, (b) follows by Propositions 5.7 and 5.9, applying a general criterion of
the Malliavin calculus (see e.g. [24, Proposition 2.1.5] or [17, Theorem 4.1]).
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