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Abstract

In this paper we study the short-time behavior of the at-the-money implied
volatility for arithmetic Asian options with fixed strike price. The asset price is
assumed to follow the Black-Scholes model with a general stochastic volatility pro-
cess. Using techniques of the Malliavin calculus such as the anticipating It6’s formula
we first compute the level of the implied volatility of the option when the maturity
converges to zero. Then, we find and short maturity asymptotic formula for the skew
of the implied volatility that depends on the roughness of the volatility model. We
apply our general results to the SABR model and the rough Bergomi model, and
provide some numerical simulations that confirm the accurateness of the asymptotic
formula for the skew.
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1 Introduction

This paper is devoted to the study of the implied volatility of arithmetic Asian options
with a payoff of the form

(Ar — K)4, (1)

where Ap is the average asset price in a time interval [0, 7] and K denotes the strike price.
The behavior of the implied volatility for vanilla options has been the object of several
works (see for example Alos and Garcia-Lorite [6] and the references therein). However,
the case of exotic options is less studied. In particular, the asymptotic of Asian implied
volatilities has been studied by Pirjol and Zhu [13] in the case of local volatility. In this
paper, the authors make use of large deviations techniques to get accurate approximation
formulas for the implied volatility. Nevertheless, up to our knowledge, there are no similar
results in the case of stochastic volatilities.

The main problem in the study of arithmetic Asian options is that the average asset
price A7 does not have a lognormal behaviour. One way to overcome this difficulty is to
write Ay = My, where M is the forward price defined as My = E;(Ar), being Fi(A) the
conditional expectation at time ¢t. Under some conditions, we can write the stochastic
differential equation satisfied by M; as dM; = ¢:M;dW;, were W is a standard Brownian
motion and ¢ is a stochastic process depending also on the maturity 7. Then, the
problem reduces to study European options where the underlying is given by a stochastic
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volatility model, with a volatility ¢ depending on T'. This methodology allows to adapt
the results on vanilla options to options on a non lognormal-type distribution and it can
also be applied to other European-type options. See for example Alos, Garcia-Lorite and
Muguruza [7] for an application of this technique to the analysis of the VIX skew.

This approach will allow to study the short-end behavior of the at-the-money im-
plied volatility (ATMI) of Asian options for local, stochastic, and rough volatilities. In
particular, we will see that

e The short-end limit of the ATMI is equal to %, where o¢ denotes the short-end
limit of the spot volatility.

e If prices and volatilities are uncorrelated, the short-end skew slope of the ATMI
is equal to ‘[‘70 In the correlated case, this short-end skew slope depends on the
correlation parameter and on the roughness of the volatility process. In particular,
it is of the order H — 5 When time to maturity tends to zero, where H € (0,1)
denotes the Hurst parameter That is, for rough volatilities, we observe a blow-up
that is of the same order as the one we observe in vanilla options. In the case of
local volatilities, our results fit the asymptotic analysis in Pirjol and Zhu [13].

Our main tool for the proof of these results will be the Anticipating It6’s formula
form the Malliavin calculus (see Theorem 1 below). This formula was also used in Alos
and Ledn [4] to compute the short-time level and skew of the implied volatility of floating
strike Asian options under Black-Scholes model with constant volatility.

The paper is organized as follows: in Section 2 we introduce the main elements of
the Malliavin calculus needed through the paper, and the main problem and notations
are given in Section 3. A Malliavin decomposition of the Asian option price is studied in
Section 4. Section 5 is devoted to obtain adequate representations of the at-the-money
volatility skew. In Section 6 we derive the main results of the paper, that is, the short-
end asymptotics of the level and the skew of the implied volatility. Finally, Section 7 is
devoted to the application of the main results to the constant volatility case, the SABR
model and the rough Bergomi model, together with some numerical simulations. The
Appendix contains some Malliavin derivatives computations needed through the paper.

2 A primer on Malliavin Calculus

We introduce the elementary notions of the Malliavin calculus used in this paper (see for
instance in Alos and Garcia-Lorite [6] and Nualart and Nualart [12]). Let us consider
a standard Brownian motion Z = (Z)ic[o,r] defined on a complete probability space
(Q, F,P) and we done by F; the filtration generated by Z;. Let S be the set of random
variables of the form

F=f(Z(h),...,Z(hn)), (2)
with hi,...,h, € L%([0,T]), Z(h;) denotes the Wiener integral of the function h;, for

i=1,.,n,and f € C;°(R") (i.e., f and all its partial derivatives are bounded). Then
the Malliavin derivative of F, DZF, is defined as the stochastic process given by

DZF = Zaxj v, W(hn))hi(s), s€[0,T].

This operator is closable from LP(€2) to LP(£2; L?([0,T]), for all p > 1, and we denote by
Dgp the closure of SZ with respect to the norm

1/p
1Fllp = (EIFP +EIDZFI o0 0) -
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We also consider the iterated derivatives D" for all integers n > 1 whose domains will
be denoted by D”, for all p > 1. We will use the notation L* := LP([0, T]; D).

Our main tool will be the following change-of-variable formula, see for e.g. Theorem
1 in Alos [1].

Theorem 1 (Anticipating It6’s Formula). Consider a process of the form

t t
X =Xo+ / usdZ +/ vds,
0 0

where Xg is an Fo-measurable random variable and u and v are Fi-adapted processes in
L%([0,T] x Q).

Consider also a process Y; = ftT Osds, for some 0 € L;Q. Let F:[0,T] x R2 = R be
a CH2([0,T] x R?) function such that there exists a positive constant C' such that, for all
t €[0,T], F and its derivatives evaluated in (t, X¢,Y:) are bounded by C. Then it follows
that for all t € [0,T],

t t
F(t, X, Yy) = F(0, X0, Yp) + / OsF (s, Xs, Ya)ds + / Do F (s, Xs, Ys)dX,
0 0
t t
+/ 6yF(s,XS,YS)dY;+/ 92, F (s, Xs,Ys)us D™ Yids
0 0
1 ! 2 2
+ 3 05, F (s, Xs, Ys)uzds,
0
where D™Y, = fST DSZHTdr .

3 Statement of the problem and notation

In this paper we study fixed strike arithmetic Asian call options under stochastic volatility
models. We denote by (V});c(o,r) the value of such options where T is the maturity. Then,
the payoff can be written as

1 T
Vi = (Ar — K)4, Ar = / Sydt,
T Jy

where (St).e(0,77 is the price of the underlying asset and K is the fixed strike price.
We assume without lost of generality that the interest rate is equal to zero and we
consider the following general stochastic volatility model for the underlying asset price

dSt = O'tStth, Wt = th/ + v (1 — p2)Bt, (3)

where Sy > 0 is fixed, W;, W/, and B; are three standard Brownian motions on [0, 7]
defined on the same complete probability space (Q,G,P). We assume that W/ and B
are independent and p € [—1,1] is the correlation coefficient between W; and W/.

We consider the following assumption on the stochastic volatility of the asset price.

Hypothesis 1. The process o = (0¢)icjo,1) s adapted to the filtration generated by w’,
a.s. positive and continuous, and satisfies that for allt € [0,T],

C1 So—tSCQa

for some positive constants c1 and cs.



It is important to observe that the results of Sections 3 and 4 hold in the general case
of European call options with value V; at time ¢ and payoff of the form Vr = (Ar — K) 4,
where Ap is a random variable which is positive and square-integrable and is adapted to
the filtration of W on [0, 7], as in Alos, Garcia-Lorite and Muguruza [7]. In this general
setting, we define the forward price as the martingale My = E;(Ar) and we consider the
log-forward price X; = log(M;).

In the particular case of model (3), applying the stochastic Fubini’s theorem we get
the following expressions for Apr and M;

1 T 1 T t
Ap = T/O Sidt = T/O (So -l—/o O'uSuqu> dt =
1 T T
:So+/ 0u5u</ dt)qu:
T 0 u

1 T
S+t / (T — u)ou SudW,,
T Jy

which implies that

Si(T —t
dM; = (’”(T)dwt = G Md W, (4)
where ¢; := %ﬁ;t) We observe that My = Sy > 0. Furthermore, the log-forward
price satisfies
1
X, = ¢dW; — S it (5)

Remark 1. The process ¢y corresponds to the stochastic volatility in Alos, Garcia-Lorite
and Muguruza [7] which depends also on T. One can easily check that Hypothesis 1
implies that ¢y is positive a.s. and belongs to LP([0,T] x Q), for all p > 2. In fact,
Hypothesis 1 implies that for all p > 2, Sy belongs to LP([0,T] x Q), Ar belongs to
LP(Q), and M; ! belongs to LP([0,T] x Q). This latter fact corresponds to (H2) in Alos,
Garcia-Lorite and Muguruza [7].

The goal of this paper is to study the implied volatility of the call option V; which
is defined as follows. We denote by BS(t,x,k,o0) the classical Black-Scholes price of
a European call with time to maturity 7" — ¢, log-stock price x, log-strike price k£ and
volatility o. That is,

BS(t,x,k,0) = e*N(dy(k,0)) — e*N(d_(k,0)),

dy (k,0) = ——— koo %\/T—t,

ovT —t

where N is the cumulative distribution function of the standard normal random variable.
It is well-known, that the Black-Scholes price satisfies the following PDE

O BS(t,x, k,0) — %UZazBS(t, z,k,0) + %azaixBS(t, z,k,0) = 0. (6)

Next, we observe that, as BS(T,z,k,0) = (e® — e¥), for every o > 0, the price of
our call option can be written as

1 T
Vi = B(BS(T, X7, k,vr)), v = ,/Tt/ $2ds. (7)
- t



In particular, Vo = BS(T, X7, k,vr). Then, we define the implied volatility of the
option as I(t,k) = BS™!(t, Xy, k,V;), and we denote by I(t,k*) the corresponding at-
the-money (ATM) implied volatility which, in the case of zero interest rates, takes the
form BS~L(t, Xy, Xy, V4).

Following Alos et al. [7], we will apply Malliavin calculus techniques introduced in
Section 2 in order to obtain formulas for

lim 7(0, k* d  lim 9 I(0, k"
750 (0.£7) an 750 %% (0,%°)
under the general stochastic volatility model (3).

In our setting, since we have three Brownian motions W, W’ and B, if h is a a random
variable in L?([0,7]), then we have in view of relation (3) that

W(h) = pW'(h) + /(1 = p*)B(h).

Then, a random variable in ]D)‘l,[’/z, N ]D)}Ef is also in ]D)‘l,[’,2 . In fact, it is easy to see that if X
is a random variable in SV, then

DVX =pDV'X + /1 - p2DPX. (8)
Thus, we deduce that for all X € ID)Il/{,Q, N D}B’Q,
DYX = pDV' X +/1 - p>DPX. (9)

We will need the following additional assumption on the Malliavin differentiability of
the stochastic volatility process.

Hypothesis 2. Forp>2, o € L*?,.

Remark 2. Hypotheses 1 and 2 imply that ¢, belongs to ]L%{f and At belong to }D)IQ/I’}?
for all p > 2. This hypothesis on Ap corresponds to (H1) in Alos, Garcia-Lorite and
Muguruza [7).

Finally, in order to give the asymptotic skew of the implied volatility as a function of
the roughness of the stochastic volatility process we consider the following assumption.

Hypothesis 3. There exists H € (0,1) such that for all0 <r <t <T
DV'o, ~ c(t — T)H_%,

where ¢ is a constant. The notation =~ means that the difference contains terms of higher
order in LP(Q)-norm for all p > 1. We will use this notation throughout all the paper.

4 Decomposition of the option price

In this section we provide a closed form formula for the price of the call option V; under
the stochastic volatility model (3). The main result is the following theorem, which is an
extension of Theorem 3 in Alos [1].

Theorem 2. Consider the model (5) and the process vy defined in (7), where ¢¢ is
positive a.s. and belongs to L‘l,(,p, for all p > 2. Then, the following relation holds for all
te[0,7],

T T
V;ﬁ - Et (BS(t')Xtu ]C,’Ut)) +Et </ H(S7X87kavs)¢s (/ D?/(bzdr) dS) I
t s

where H (s, Xs, k,vs) = £(82

— 9 \Vgazx

BS(s, Xs, k,vs) — @%xBS(s, Xs, k,vs)).



Proof. The proof follows similar ideas as in Alos [1]. Applying Theorem 1 to the
function BS(t, Xy, k,v;), we obtain, after an approximation argument, that

T
BS(T, Xp,k,vr) = BS(t, X¢, k,vt) +/ 0sBS(s, Xs, k,vs)ds
t

T
+ / 0:BS(s, X, k,v) (;ﬁds + qbdes)
t

T v2 ¢
_|_/ 0sBS(s, X, k,vs) <2(T — 5)Us B 2(T — S)Us> o

T
2. BS(s, X, Dot / DY ¢?
/ 05,BS(s, ’k’v>2(T—s)v5 i o ordr ) ds

/ 02,.BS(s, Xs, k,vs)¢2ds.

By adding and subtracting 3 ft 2(02,BS(s, X5, k,vs) — 0:BS(s, X5, k,vs))ds to the ex-
pression above we get that

BS(T> XT7 k? UT) = BS(t7 Xt7 k) ’Ut)

T 1
+/ <8SBS(3,XS,k,vs) - §v§8xBS(s,Xs,k:,vs) + 1,202 BS(s, Xs,k,vs)) ds
t

2S$$

2 2
(bs — Ug

—= 35 4
2(T — s)vs §

T T
+/ BwBS(s,XS,k,US)(ﬁSdWS—/ 0,BS(s, X, k,vs)
t

T
/ d%,BS(s Xs,k,vs)ﬁ%} (/ D§V¢$dr> ds

+ 2/ (92,BS(s, Xs, k,vs) — 0:BS(s, X, k,v5)) (62 — v2)ds
t

The first integral in the above expression is equal to zero due to formula (6). Finally, tak-
ing the conditional expectation and using the classical relationship between the Gamma,
the Vega and the Delta,

0-BS(t,z,k,0)
o(T —1t)

= (8gmBS(t,:E, k,o) — 0, BS(t,x,k,0)), (10)
we conclude that
Et (BS(T XT, k UT)) == ]Et (BS(t, Xt, k, ’Ut))

T
+E @/ (93 BS (s, X, k,v,) = 02, BS (5, X, i, v3)) (/ DSW@%dT) ds) ’
\ S

which completed the proof. N

5 ATM implied volatility skew

In this section we derive an expression for the ATM implied volatility skew of the call
option V; under the stochastic volatility model (5). Our first result is an adaptation of
Theorem 4.2 in Alos, Leén and Vives [2].



Theorem 3. Consider the model (5) and the process v¢ where ¢y is positive a.s. and
belongs to Lll,[’/p, for all p > 2. Then, for every t € [0,T] the following holds

[T (OH (5, X o, k¥, v5) — LH (s, X, k*,vs))Asds)
8, BS(t, Xy, k*, 1(t, k*)) ’
BS(s, X, k,vs) — 02,BS(s, Xs, k,vs)) and

E, (
ORI (t, k*) =

where H(s, Xs, k,vs) = %(83:1730
As = o, [, DY ¢ldr.

Proof. This proof follows the same ideas as in the proof of Theorem 4.2 in Alos, Ledn
and Vives [2]. Since V; = BS(t, Xy, k, I(t,k)), the following equation holds

ak“/t == 8kBS(t7 Xt7 ka [(t7 k)) + 8UBS(t7 Xt7 ka I(tv k))akl(ta k)

On the other hand, using Theorem 2, we get that
T
OkVi = OkEy (BS(tv X, k, Ut)) + E; </ 8kH(5y X, k, Us)Asd3> .
¢

Combining both equations, we obtain that that the volatility skew O I(t, k) is equal to

E, <ftT Ok H (s, X5, k, vs)Asds> + B (0o BS(t, Xi, b, v0)) — 0p BS(8, Xe, b, I(2, )
05 BS(t, Xu, k, I(t,k)) |

Finally, using the fact that
1
OBS(t,x, k", 0) = —5(65’3 — BS(t,z,k*,0))

and Theorem 2 we conclude that

]Et (akBS(t, Xt, k*, ’Ut)) — 8kBS(t, Xt, ]{3*, I(t, k*))
1
= 5 (B (BS(t, X0, k™, 0p)) = BS(t, X0, K I(1, k7))

1 1 r
=5 (E¢(BS(t, Xy, k™, v)) — Vi) = _iEt (/ H(s, X5, k*,vS)ASds) ,
t
which completes the proof. O

The result of Theorem 3 is the first step in the computation of the short time limit of
the ATM skew of our call option. The second step consists in applying the Anticipating
1t6’s Formula in order to get a decomposition for the term that appears in the right hand
side of the skew in Theorem 3.

Proposition 1. Consider the model (5) and the process vy defined in (7), where ¢ is
positive a.s. and belongs to L2’p, for allp > 2. Then, for allt <T,

(/ Gls, Xo, kb, vg) A ds) E, (G(t, Xo, b v0) 1)
a3 . )G(S,Xs,k,vS)JSASd3> (11)

( (s, Xs, k,v5)0s D™ J, ds) ,

where G(t, Xy, k,vy) = (O H(t, Xy, k,vp) — % (t, Xy, k,vp)), Jp = ftT Agds, and D™ Js =
fST DY A,dr.



Proof. Applying Theorem 1 to the function (O H (t, Xy, k, vy)— H(t X, k,vy)) ftT Agds,
we obtain that

T
/ G(s, X, k,v5)Agds = G(t, Xy, k,vi)Jy
t

U2

T
S 7X87ka s — [ 7Xsak7 S S
+/t <3G(s U)+2(T—s)vsaG(S v))st
T 1
+/ 0:G (s, X4, k, v5)Jg <—2¢§ds+¢des>
t

T ¢2 T ) 1
- 8’UG 7X57k7 S Jsisd 8va 7Xs;k77 s JsAsid
/t (s Vs) 3T —3) s+/ (s Vs) ST — o s

T 1
+/ 6xG(s,Xs,k,vs)¢sD_Jsds+2/ $202,G (s, Xs, k,vs)Jsds.
t

By adding and subtracting the term 5 tT v2(02,G(s, X5, k,v5) — 0.G(s, Xs, k,vs))ds to
the expression above we get that

T
/ G(s, X, k,v5)Asds = G(t, Xy, k,ve)Jy
t

T
1
+/ (0sG(s, X, k,vs) + 51}?(892333(}(5, Xs, k,vs) — 0:G(s, Xs, k,vs)))Jsds
t
1
+/ §(a£xG(SvXSa ]6,1]5) - &BG(Sa XS7 ]{,’US))(¢ - )J ds
t
J =

T
0, X
vG(S, S,k‘,’US)Q( )

st+/ 0.G (s, Xs, k,vs) JspsdW

T
2 G(s, Xs, k,vs)JsAs ds+/ 0:G(8, Xs, k,v5)0s D™ Jgds.

2(T — s)v

Next, equations (6) and (10) imply that

1
0sG (8, Xs, k,vg) — 5vgagcc;(s,xs,k,us) + v282 G(s, X, k,v5) =0 and

2 ST
o0,G S, X ,k’, v
02:G (5, X, k,05) — 0G5, X, by v5) = = 'U(S(T j s) 8).
Finally, taking conditional expectations, we complete the desired proof. O

6 Asymptotics for the ATM implied volatility

In this section we proceed to the key results of this paper. We start showing some
approximations for ¢ and the Malliavin derivatives that will be used throughout this
section.

We will need the following additional assumption on the continuity of the paths of
the volatility process.

Hypothesis 4. There exits v > 0 such that, for allp>1 and 0 < s<r < T,

(Elo, — osP)7 < c(r — s)7.



Lemma 1. Under Hypotheses 1,2 and 4 the following holds for all0 < s <r < T,

6~ 2ZT) (12)
s n DT (13)
D;/VST ~ S0y,
DEVMT R UOSO(II: — 8),
Diroy = LD o0 | (T~ r)oct "
DV 2~ oop(T —17:2)2DZV/0T n (T —;{32308’ (15)

where we recall that the notation ~ means that the difference contains terms of higher
order in LP(Q)-norm for all p > 1.

Proof. The decomposition for ¢, follows by applying [t6’s lemma to the function

UoSs(T — 7“)

F(Ss, My) = ™ ,

0<s<r.

Observe that
Sp(T —r)

r:F rer r
¢ (S )+ (or — 00) T,

Then, we get

F(S’F7 Mr) =

oo(T—r) (T—r) " oo " 00Ss " o3 S3 (T — s)?
—dSs — dM o ——ds .
T T Y R A v R A 7 B R
Then, using Hypothesis 4, we conclude (12). Similarly, applying 1t6’s formula to the
function F2(Ss, M) and using Hypothesis 4, we obtain (13).
The other expressions follow from the Malliavin derivatives (24) and (25) computed
in the Appendix. 0O

6.1 ATM implied volatility level

In this subsection we compute the at-the-money level of the implied volatility of an Asian
call option under the stochastic volatility model (3) when the maturity converges to zero.
The main tool in our analysis is the following result (Theorem 6 in Alos et al. [7]) which
uses the general framework detailed in Section 2.

Theorem 4. Assume that for allp > 1, Ap € ]D?/{f’, M e LP([0,T] x Q), and

T A
i 8 ds = 1
%IE})E/O v2(T — s) as =0, (16)
1 4 4 W .2 ’
li E D = 1
T500T? /0 (/5 ° ¢Tdr> Ao =0, (17)

where As = ¢ fST DY ¢2dr. Then,

1 T
li I ) —Ey = 2 =0.
Jim (0,k") T/o p2ds 0



We next present the main result of this subsection.

Theorem 5. Under Hypotheses 1, 2, 3, and 4, the ATM implied volatility of an Asian
call option under the stochastic volatility model (3) satisfies that

0o

ﬁ'

Proof. It is easy to check that Hypotheses 1 and 2 imply the first two hypotheses

of Theorem 4 (see Remarks 1 and 2). Moreover, using Lemma 1 one can show that
hypotheses (16) and (17) are also satisfied. In fact,

/T Ag dSN/T 3T /T Uop(T—T)QDZV/UT+(T—T)2SO'8 drds
o BT -5 " Jy ooT - )2, T> Ts .

The second term converges to 0 as T — 0. Using Hypothesis 3, the first term can be
approximated by
T T 2 H-1
3 T— —
I [,
0 (T - 8>2 s T

which converges to 0 as T — 0 for all H € (0,1). This shows (16).
Moreover,

lim 1(0,k*) =
T—0

2

T T
DY 2d> d
fy ([ o)
N T T oop(T—r)2c(r—s)H_% (T —r)%sod ?
N/O (/S< T2 + 73 dr | ds,

and (17) holds for all H € (0,1).
Using the convexity correction given in (4.1.22) of Alos and Garcia-Lorite [6] together
with Theorem 4, we obtain that

3
T pW 42
. e 0o . 1 T (ET fr Dy ¢sd5>
lim Ey [ — ¢2ds = —= — lim E 5dr.
T—0 T Jo V3 T=08VT Jo T
E, [, o2ds

Finally, using Lemma 1 it is easy to check that the second term is equal to 0, which
concludes the desired result. 0O

6.2 ATM implied volatility skew

The next result will allow us to find the limiting behaviour of the at-the-money skew of
an Asian option under the stochastic volatility.

Lemma 2. Under Hypotheses 1, 2, and 4, the following holds for all0 < s < T,

o(T — 5)° (6p2T2 ((D,YV '00)? + (DV' DW ’au)2) + 6p200T2DW' DW /au>

T
/ DV A,.dr ~

45T
po®(s = T)° (3D (95 + (20 = 1) T) + DIV DIV 0, (115 + 7))
B 45T
N o®(s = T)° (p*T(T — s) + p*T(s — T) + 2s(T — 10s))

457 ’
where A, = ¢y fTT DY ¢2du.

10



Proof. By the definition of A;, we have
T T T
/ DY A,.dr = / DV <¢7~ / DYV ¢§du> dr
’ ST ' T T
= / ((DZV ¢r) / DY ¢2du + ¢, / DYDY ¢idu) dr

DY DY 4% = 2(DY $,DY ¢, + 6. DY DY ¢,,).

where

We next find an approximation for D DIV ¢,,. Using the Malliavin derivatives computed
n (26) and (27), we obtain the following approximations for 0 < s <r <u < T,

DEDWV'S, ~ p\/1— p2Syo2,

DXV,DZV/SU ~ p2SOUg + pS()DZV o

DXV,D,{BSU ~4/1— p2SODgV,aT +pV1— pZSgcr(%,
p(T —r)(a3pSo + SoDY ' 0,)
T Y

1— p2(T — r)Spo}

T 9y
DY DEM, ~ V1—p3(T - T)(;%pso + So DY ar)’
— P*)(T —1)03Sy

T )

! !
DY DV M, ~

DBDW' M, ~

1
DEDB M, ~ (
and

(T — u) <p00T (2r+s+ (p*-1)7) DV'o, + p*T2DV' DV'5,

DYV DW ¢, ~ 7

op (p4T(s —7) + p?T(r — s) + s(2r — T)) )

+ T3

This, together with (14) gives

2(T — u)? ((DXV/UU)%QT? + po?T (3r + 25 + (p2 — 1) T) DXV’UU)
W AW .2
DY DW 2 ~

T4
2(T — u)? (pZO'TzD;/V,D,,W/O'u + ot (p*T(s— 1)+ p*T(r —s) + s(3r — T)))
+ T .
Finally, using also (15), we conclude the proof. N

The next lemma analyses the limiting behaviour of the last two terms on the right
hand side of the equation (11).

Lemma 3. Under Hypotheses 1,2, 3, and 4 the following holds

1 3 2 _
Jl“lg%)\/» ( /(&Em 3m)G(5,Xs,k,vs)J5Asds)—O
and

T
71}310 TEt </t 0:G (s, Xs, k,vs)0sD Jsds) =0.

11



Proof. Direct differentiation gives the following approximations for s < T

1

3 (0’%(5 -T) - 36) 2195 (s=T)+Xo

3 92 - 27
(arzmz a;rx)G(‘S’XS?k?vS) ~ 8gd ( _3)5/2 ’
3 / 6240'0(8 )+Xo
81’G(87X87k US ~ (T—8)3/2 )
where we have used that for small s and z, X, =~ X, vs ~ vg ~ f’ and e™® ~ (1 — x).
Moreover,
2p0 (T -s) [T / 204s(T — s)*
W 424 0 2 W
A ¢5/ D ¢> CZ_vg/s (T—T') DS UTdT—FST,
and
T T 2 T 4 5
2p05(T —r) / 9 W o (T —s)°(bs +T)
= Adr PO Z 1 [ —w)2DW g, .
J, /S dr /8 < T3 i ( w)*D;" oydu | dr + 5T

(18)
Using Lemma 2 and substituting all the approximations to the last two terms on the
right hand side of the equation (11) yields to

i 1 3 2 ~ 2
ﬁEt <2 /t (Orae — 022G (s, X, kaUS)JsAst) ~O(T) +O(T7),
1 T _
ﬁEt (/t 8$G(S,Xs, k, US)¢5D J5d3> ~ O(T) + O(T2)7

from which the desired result follows. 0O

We finally provide the main result of this paper, which is the value of the skew for
the at-the-money Asian call option under stochastic volatility.

Theorem 6. Under Hypotheses 1, 2, 3, and 4 the following holds

\/g"o if H>1%
: *\ \fpc fo- . _ 1
%1%8k1(0,k ) = ToES 4 Yoo if H=3%
+00 if H< %

Proof. Straightforward differentiation gives that

02T
T Xo——9—
8,B5(0, Xo, k*,0) = VI
V2T
and
3\/
G(0, Xo, k,vp) 3T3/2

Therefore, together with (18), allows us to conclude that

1 T
li E X A
750 0, BS(0, Xo, k*, 1(0, k*)) <G(0’ O’k"’”“)/o ds)

T T
= lim 3\/55/ ((T - r)/ (T — u)2D,W/Judu) dr + \/jgo.
0 r

12



Applying Theorem 3, Proposition 1, and Hypothesis 3, we finally conclude that

Hm 91(0, k") = lim 33 /T ((T —) /TT(T — u)’c(u — T)H_édu) dr + \/35507

750 oo1®

from which the desired result follows.

7 Numerical analysis

In this section we present numerical evidence of the adequacy of Theorems 5 and 6 in
different settings.

7.1 The Black-Scholes model under constant volatility

We consider the Black-Scholes model (3) under constant volatility o > 0, that is,

52
dSt = O'Stth, St = S()€JWt_7t

Appealing to Theorems 5 and 6 we conclude that the level and the skew of the at-the-
money implied volatility satisfy that

lim 1(0, k) = % and  lim 91(0, k") = ”{f
Notice that these results coincide with the ones obtained in Pirjol and Zhu [13], see
Section 7.2 below.

We next proceed with numerical simulations that will confirm the presented re-
sults. The parameters of the simulation are the following Sy = 10, T = ﬁ and
o €10.1,0.2,...,1.4].

We use Control Variates method in order to get estimates of an Asian call option
price. As a control variate we use geometric Asian call option which price is calculated
as follows

BSasian = €~ 1767 SN (dy) — KN(dy),

g log + }LUGT
= — K LG

oaVT (19)
d2 = d1 — O'G\/T,

g
oG = —=.
“T 3

Finally, Asian call option price estimator has the following form

asmn - E VT N § gaszan - Sgasian)7

\ Zi:m = > 1A’T><Bs;asian — BSgasian) (20)

c = N

Zz 1 (Bsgaszan - BSgasz’an)z

BS, usian = max(y/SiSi ... Si, — K, 0),

where N = 2000000, m = 50, Vi = max(A% — K,0) and sub index i indicates quantity
estimated on a realisation of a path from Monte Carlo simulation.

13



For the skew estimation we use finite difference approximation of the following form

0. F(0. 5 = 10, k* log(1 + dk)) — 1(0, oiramy) 21)
R 2log(1 + dk) ’

where dk = 0.001.

In order to retrieve implied volatility we use algorithm presented in Jéckel [11]. Then,
the at-the-money level and the skew of the implied volatility are presented on Figures 1
and 2, respectively. We conclude that the results of the numerical simulation are in line
with the presented theoretical formulas.

0.8 1 —— Theoretical IV
@ Estimated IV

Implied volatility
(=] [=] = = (=] [=1
(%] (¥} £ (%] [=2] -l

(=1
=

0.2 0.4 0.6 0.8 10 12 14
o

Figure 1: At-the-money Level of the Implied under the Black-Scholes.

0108 1 —— Theoretical Skew
@ Estimated Skew

07
006

0as

skew

004

003

0.02

001

02 0.4 0.6 0.8 10 12 14
o

Figure 2: At-the-money Skew of the Implied Volatility under the Black-Scholes.

7.2 Local volatility model

In Pirjol and Zhu [13], the authors consider a local volatility of the form o, = o(S}),
where o(.) is a twice differentiable function. Then, in their Proposition 19, they show
that the small maturity asymptotic of the implied volatility for an Asian option has the
following expansion in z = log(sﬁo) around the ATM point

. « _ 0(So0) 1 30'(S0)
%1111)0](0,14:): \/:7? <1+<10+ 5U(S§)So>x+0(az2)>.

In particular,

li 1 ) =
Jim Ok1(0,k™)

— \}g (1100(50) + 2500/(50)> : (22)

14



On the other hand, we apply our Theorem 6 in the case of local volatility, that is, we
assume that p =1 and

dSt == O'(St)StCth,

where o0 € C3(R) (bounded with bounded derivatives) and o(z) > ¢ > 0, for all z € R.
In this case, for r < u, we have that

D, (Su) = Soo’(So)a(So),

so Hypothesis 3 is satisfied with ¢ = Syo’(So)o(So) and H = 1. Thus, applying Theorem
6, we obtain

V3
5

S()O'/(SO) + 7\/30(30),

lim 9,1(0, k*) =
A O I(0,7) 30

which is the same as in (22). This serves as one more evidence of the validity of Theorem
6.

7.3 The SABR model

In this section we consider the SABR stochastic volatility model with skewness parameter
1 which is the most common case from a practical point of view, see Section 2.3.2 in Alos
and Garcia-Lorite [6]. This corresponds to equation (3), where S; denotes the forward
price of the underlying asset and
2
doy = aocydWy, o = erawg—%t'

where o > 0 is the volatility of volatility.

Notice that this model does not satisfy Hypothesis 1, so a truncation argument as in
Alos and Shiraya [5] is needed in order to apply the results in the previous sections.

In this case for r < t, we have that DYV '04 = aoy which implies that Hypothesis 3
holds with ¢ = aog and H = % Moreover, Hypothesis 4 holds with v < 1/2. Therefore,
appealing to Theorem 6 we conclude that

\/§pa \/§UO
li I *) =
dimn Ok 1(0,K7) = ==+ =5

The parameters of a Monte Carlo simulation are the following

1 T
=10,T=—,dt=—, a=0. = —0. =(0.1,0.2,...,1.4).
SO Oa 252, 50,0& 05,[) 037 ] (0 aO 9 ) )
In order to get estimates of an Asian call option we use Antithetic Variates. The
estimate of the price is defined as follows

N 1 N 1A
Voo Nl Vit y i Vr (23)
sabr — 9 )

where N = 2000000, sub index A denotes the value of an Asian call option calculated on
the antithetic trajectory of Monte Carlo path.

We use equation (21) in order to get estimates of the skew.

In Figure 3 we present the results of a Monte Carlo simulation which aims to evaluate
numerically the level of the at-the-money Asian call option implied volatility under the
SABR model. In Figure 4 we present a Monte Carlo estimate of the implied volatility
skew of the at-the-money Asian call option.
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Figure 3: At-the-money Level of the Implied Volatility under the SABR.
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Figure 4: At-the-money Skew of the Implied Volatility under the SABR.

7.4 The rough Bergomi model

The rough Bergomi stochastic volatility model asssumes equation (3) with
t
1 1
oF = gle?VIZi—3 M Z, = / (t — s)H=3aW,
0

where H € (0,1) and v > 0, see Example 2.5.1 in Alos and Garcia-Lorite [6].

As for the SABR model, a truncation argument as in Alos and Shiraya [5] is needed
in order to apply the results in the previous sections, as Hypothesis 1 is not satisfied.
Moreover, for r < t, we have

/ 1
D7W Ot = 50{0\/ 2H(t — T)H_%.

Thus, Hypothesis 3 holds with ¢ = %U%U\/?H and Hypothesis 4 holds for any v < H.
The parameters of a Monte Carlo simulation are the following

T
Sp=10,T =0.001, dt = =, H=(04,0.7), v =05, p= ~0.3, 09 = (0.1,02,..., 1.4).

In order to get estimates of the price of an Asian call option under Rough Bergomi
model we use a combination of Antithetic and Control Variates presented in equations
(20) and (23).

The level of at-the-money implied volatility of an Asian call option is presented on
Figures 5. One can see that the result is independent of H.
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Figure 5: At-the-money Level of the Implied Volatility under the Rough Bergomi
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Figure 6: ATM Implied Volatility Skew as a function of 7" under Rough Bergomi

On the Figure 6 we present ATM implied volatility skew as a function of maturity of
an option for two different values of H.

Due to the blow up of the at-the-money implied volatility skew of an Asian call option
when H < 1 we present TéfHé)kIA(O, k*) for H = 0.4 and 0,,1(0, k*) for H = 0.7 on Figure
7.

—— Theoretical Skew L 0.08 { — Theoretical Skew °

@ Estimated Skew @ Estimated Skew

(a) H=0.4 (b) H=0.7

Figure 7: ATM Implied Volatility Skew as a function of o9 under Rough Bergomi

A Computation of Malliavin derivatives

In this section we provide the computations of the first and second Malliavin derivatives
of the processes Sy, M; and ¢; defined in Section 2.

Using the fact that o; is adapted to the filtration of W’ and the formula for the
derivative of a stochastic integral (see for example (3.6) in Nualart and Nualart [12]), we
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get that, for 0 < s <r < T,

! 1 r ! r !
DEV S, =5, (pas — 2/ DZV Jgdu +/ DZV O‘uqu> ,
S S

DfSr = S,05\/1 — p?,

- r _ w'
DZV,Mr _ posSs(T — s) +/ (T —u)D, (auSu)dm“
T ) T
— 2 _ i _ B
DEMT _ V1—0p U%SS(T s) +/ (T u)a;Ds (Su)qu‘

Moreover, appealing to (9), we find that

1 r ! r !
DY'S, = pS, <—2 / DY o2du + / DY auqu> + 8,05,
S S

.SL(T — " (T —u)DY' (5,5,
¥, = P [FEZ 0D (00 gy, (24
r o B
wvicg [[E “)1;8 (uSu) gy

Finally, from the definition of ¢, we conclude that

po(T —7)DV'(5,S,)  p(T —r)S,0, DV’ M,

DV, = _
s ¢ TM, TM?2 (25)
N V1-=pX T —r)D8(0,S;) /1= p*(T —1)S;0,DZ M,
TM, TM?2 '

We next compute the second Malliavin derivatives. Similarly as before, using the
fact that we can differentiate Lebesgue integrals of stochastic processes (see for example
Proposition 3.4.3 in Nualart and Nualart [12]), we get that, for 0 < s <r <u <T,

/7 1 w ! w !
DEDV'S, = Syo\/1 — p? (par — 2/ DIV agdv+/ DIV avde> ,
T T
/ ! 1 w ! u !
DV’ DV's, =8, (pas — 2/ DV o2dv + / DY avde>
S S

]. w / u !
X (por—Q/ DY agdv—i—/ DY avdWU>

! 1 u ’ ! w ! !/
+ S, <pDSW op — 2/ DYV DV 52du +/ DYV DV avdWU> ,
T T

DV'DBS, = \/1— 25,0 5, + \/1— p25,DV'8S,, -
DY DV M, — p(T —r)DY (0,5)) n /“ (T —v)DY' DIV’ (U”SU)dWU,
T g T
— B u _ BPW’
pEpY’ Mu:P(T r)o.DBS, N / (T —v)DED! ("”S”)de,
T . T
/ 1— pX(T —r)DY (0,5, “(T —v)DY (0,DES,
D;/VDrBMu: P r) S(US)+/( v)Dy" (o sS)de’
T g T
Do, = VIZ P NaD(S) [ DDy
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and

DYDY ¢, = p*(T — U)DZV/DW/(UUSu) _ p*(T — U)D?//(Uusu)DgwMu
s e T M, TM?
2 w’ w’ ’ ’
(T —u)Dy (UuSuDr Mu) \ 20A(T — w)ouS. DY MDY M,
TM? TM3

T pyV/1—p*(T — U)DZVIDF(UuSu) A2 p*(T — U)DF(UuSU)DZV/Mu

TM, TM?2
V1= p*(T — u)DY' (6,8, DEM,) N 20\/1 — p2(T — w)oySuDEM, DV’ M,

TM? TM3 (27)

+ pyv1—p*(T — “)DsBDXVI(UuSu) _pVI1- p*(T — U)DW/(UHSU)DEMH

TM, TM?2

B w’ ’
VI p*(T —u) Dy (UuSuDr Mu) N p\/1— pA(T — )0, S, DV M,DB M,
TM?2 TM3
T (1 = p*)(T — u)DF D (0uSu) _ (1 = p*)(T — u)DP (0uSu) DE M,
TM, TM?2

(1 =p)(T —u)D? (SuouDP M,) N 2(1 — p*)(T — u)Syo, DEM,DE M,

TM? TM3?
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