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ABSTRACT. In this paper, we consider a multidimensional ergodic diffusion with jumps
driven by a Brownian motion and a Poisson random measure associated with a pure-jump
Lévy process with finite Lévy measure, whose drift coefficient depends on an unknown pa-
rameter. Considering the process discretely observed at high frequency, we derive the local
asymptotic normality (LAN) property.

1. INTRODUCTION

On a complete probability space (2, F,P), we consider the d-dimensional process X 0 =
(X{)i>0 solution to the following stochastic differential equation (SDE) with jumps

dX? =00, X)dt + o(X?)dB; + /d o(X?_,2) (N(dt,dz) — v(dz)dt), (1.1)
RO

where X§ = g € RY, RE := R?\ {0}, B = (B;);>0 is a d-dimensional Brownian motion, and

N(dt,dz) is a Poisson random measure in (R, x R¢, B(R, x R%)) independent of B, with in-

tensity measure v(dz)dt satisfying [z (1A |2|*)v(dz) < co and X := [, v(dz) < co. The com-

pensated Poisson random measure is denoted by N(dt,dz) := N(dt,dz) — v(dz)dt. Let Z =

(Z)¢=0 be a pure-jump Lévy process associated with N(dt,dz), i.e., Zy = fg ng 2N (ds, dz),

for t > 0. Let {]?t}tZO denote the natural filtration generated by B and N. The unknown
parameter 6 belongs to ©, a closed interval of R. The coefficients b : © x R? — R9,
o: R -5 R @ R4 and ¢ : R? x ]Rg — RY are measurable functions satisf ying condition

(A1) below under which equation (1.1)) has a unique {]?t}tzo—adapted cadlag solution X?.
We denote by P? the probability law induced by X%, and by E? the expectation with respect

o L£(P?
to P?. Let 2= and (—>) denote the convergence in probability and in law under P?, respec-
tively. For € R? |z| denotes the Euclidean norm. |A| denotes the Frobenius norm of the
square matrix A, and tr(A) denotes the trace. * denotes the transpose.

For fixed 6y € © and n > 1, we consider a discrete observation scheme at equidistant
times t, = kA,, k € {0,...,n} of the jump diffusion process X%, which is denoted by
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X" = (X4, Xtyy -y X4, ), where A, < 1 for all n > 1. We assume that the sequence of
time-step sizes A,, satisfies the high-frequency and infinite horizon conditions: A, — 0 and
nl\, — 0o as n — oo.

The aim of this paper is to prove the local asymptotic normality (LAN) property based
on the observation X™. As is well known, the LAN property is a fundamental concept
in asymptotic theory of statistics, which was introduced by Le Cam [22] and extended by
Jeganathan [14] to the local asymptotic mixed normality (LAMN) property. Initiated by
Gobet [§], some techniques of Malliavin calculus have recently been proved to be a powerful
tool for the stochastic analysis of the log-likelihood ratio of diffusions. Concretely, Gobet [§]
obtained the LAMN property from discrete observations at high frequency on the interval [0, 1]
for multidimensional elliptic diffusion processes. For this purpose, the integration by parts
formula of the Malliavin calculus is applied in order to obtain an explicit expression of the
logarithm derivative of the transition density in terms of a conditional expectation involving
the Skorohod integral. To treat the negligible terms, upper and lower Gaussian type bounds
of the transition density are employed to show the convergence in probability to zero of sums
of conditional expectations. In the same direction, the LAN property was established by
Gobet [9] for multidimensional ergodic diffusions on the basis of discrete observations at high
frequency on an increasing interval. Later on, Gobet and Gloter [I0] obtained the LAMN
property for integrated diffusions.

In the presence of jumps, several special cases have been studied. Precisely, the LAN
property is established for some Lévy processes whose transition density can be expressed in
an explicit form. For instance, stable processes and normal inverse Gaussian Lévy processes
(see [32, [16]). Ait-Sahalia and Jacod [2] established the LAN property for a class of Lévy
processes involving a symmetric stable process, using a quasi-explicit representation of the
density. Recently, Kawai [15] deals with the Ornstein-Uhlenbeck process with jumps whose
solution and transition density are semi-explicit. This implies that a Taylor expansion of the
log-density with respect to the parameters can be obtained, which reduces the LAN property
to a classical central limit theorem with independent increments and a residual term. This
residual term depends strongly on estimates of the first and second derivatives of the logarithm
of the density of the process, which can be tr eated using the integration by parts formula of
Malliavin calculus.

More recently, using a similar approach as in [§], Clément et al. [5] establish the LAMN
property for a stochastic process with jumps whose unknown parameters determine the jump
structure. The number of jumps on the observation time interval is supposed to be deter-
ministic and the corresponding jump times are given. As a consequence, upper and lower
Gaussian type bounds for the transition density can be obtained and then used to treat the
negligible terms.

Later, Clément and Gloter [6] prove the LAMN property for an SDE driven by a cen-
tered pure jump Lévy process whose Lévy measure is an a-stable Lévy measure near zero
with o € (1,2). For this, the authors verify the general sufficient conditions established by
Jeganathan [14], which are essentially based on the L2-regularity property of the transition
density. Therefore, the upper and lower bounds for the density are not required for treating
the negligible terms. The crucial point of the proof is the fact that using the time rescaling
property of stable processes, the asymptotic behaviour of the transition density and the de-
rivative of its logarithm are completely determined by the density of a centered a-stable Lévy
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process and its derivative. In fact, as in [§] these quantities can be represented in terms of
an expectation and a conditional expectation using the Malliavin calculus for jump processes
developed by Bichte ler, Gravereaux and Jacod [4].

However, it seems that the validity of the LAN property for SDEs having a Brownian
driver and a general jump structure has never been addressed in the literature. The first
problem comes from the fact that the density function of the solution is not explicit in general.
Secondly, the asymptotic behaviour of the transition density and its logarithm derivative
cannot be easily determined as in the cases of [6] and [I5]. As a consequence, the general
sufficient conditions in [I4] cannot be used to show the LAN property for these general SDEs
with jumps. Another problem is that the behaviour of the transition density changes strongly
due to the presence of jumps. In fact, one expects that the lower bound for the density of such
SDEs with jumps will be controlled by the exponential behaviour of the jump process, and
that the upper bound will be controlled by the Gaussian behaviour of the Wiener process.
For instance, we consider the one-dimensional Lévy proc ess (X[);>o starting from z € R
defined by

Ny

i=1
where B = (By)¢>0 is a standard Brownian motion, N = (N¢):>0 is a Poisson process with
intensity A > 0 independent of B, and (Y;);>¢ are i.i.d. random variables independent of B
and N with probability density . Here, ¢(z) is the Lévy density of the Lévy process. It
can be shown that when ¢ is Gaussian, there exist constants C1,c;,C,c > 0 such that for
0 <t <1 and |y — z| sufficiently large, the transition density p(t,z,y) of X}’ satisfies

)

ly — x|
t

In

Cre Mexp (—cl|y — x|

ln‘y;xD <p(t,z,y) < \%eXp (—Cly — x|

and When SO iS eXpOnentia].,
Ce )\te Cll ‘ <p(t7$7y)< C C‘y‘:‘.
\/i

This shows that the upper and lower bounds of the density are of different characteristics
making impossible to implement the argument in Gobet [§], [9].

Our strategy is that in order to present the methodology used to prove the LAN property
in the non-linear case , it is essential to first well understand how the Malliavin calculus
approach works in the presence of jumps, and how the Gaussian type estimates for the
transition density conditioned on the jump structure can be derived and employed for a
simple Lévy process defined by

XPON = 20 4+ 6t + 0B, + Ny — A,

where N and B are as above, and the parameters 0, o, and A are unknown. In [18], we show
the LAN property for this simple Lévy process.

In this paper, our result uses the Malliavin calculus with respect to the Brownian motion
initiated by Gobet [§], in order to obtain an explicit expression of the logarithm derivative
of the transition density. To deal with the expansion of the log-likelihood, one difficulty
is the fact that the conditional expectations are computed under the probability measure
P?® coming from the Malliavin calculus, whereas the convergence is considered under the
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probability measure P% £ P?®) | To solve this problem, we use Girsanov’s theorem in order to
change the measures (see Lemma[3.5)). The technical Lemma[3.6]is given in order to measure
the deviations of the Girsanov change of measure when the drift parameter changes.

Let us mention that the goal of this paper is to define situations where the jump process will
not ”deform” the Gaussian nature of the statistical experiment. As commented before, this
cannot be achieved by simply obtaining upper and lower bounds for the transition density.
Instead, we condition on the jump structure (number of jumps and amplitudes of jumps) and
use large deviation type results which guarantee that the Gaussian nature of the statistical
experiment will remain unchanged. Clearly, this is just a first effort towards a much more
general problem where the Lévy nature of the statistical experiment remains unchanged by
the Wiener noise. Even more difficult is to determine the boundary situations. We leave as
future research the study of these open problems. Here, to show the large deviation type
estimates (see Lemma , lower and upper bounds for the transition density conditioned on
the jump structure are strongly used.

This paper is organized as follows. In Section 2, we formulate the assumptions on equation
(1.1) and state our main result in Theorem Furthermore, some examples are given.
Section 3 is devoted to give preliminary results needed for the proof of Theorem such as
an explicit expression for the logarithm derivative of the transition density using the Malliavin
calculus. We prove our main result in Section 4. The proofs of some technical propositions
and lemmas are presented in Section 5, where the upper bounds for the transition densities
and the large deviation type estimates are obtained. Finally, we discuss in Section 6 the case
where the drift is bounded.

2. ASSUMPTIONS AND MAIN RESULT

We consider the following hypotheses on equation (|1.1]).

(A1) For any 6 € O, there exist a constant L > 0 and a function ¢ : R¢ — R, of polynomial
growth in z with degree m > 1, i.e., ((2) < C(1 + |2|™) for some constant C' > 0,
satisfying that ng ¢?(2)v(dz) < oo, such that for all 7,y € RY, z € RY,

6(0,2) = b(0,y)| + |o(x) —o(y)| < Lz —y[, [b(0,2)] < L(1+[x]),
le(, 2) — ey, 2)| < C(2)|lz —yl, ez, 2)| < (=) (1 + [x]).

(A2) The diffusion matrix o satisfies an uniform ellipticity condition, that is, there exists a
constant ¢ > 1 such that for all z, ¢ € RY,

“Jel? < lo(@)el? < cleP.

(A3) For all (v,2) € R x R¢ and i € {1,...,d}, ¢;(z,2) # 0, and ¢;(x,0) = 0. Moreover,
there exists a constant C' > 0 such that for all z € Rg,

inf |e(z,z)| > C|z|.
zeR?
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(A4) The functions b, o and c are of class C! w.r.t. 6 and x. Each partial derivative 9yb,
Oz;b, Op,0 and Oy, c is of class Ct w.r.t. z. Moreover, there exist positive constants
C, q, ¢, independent of (0,601,604, 2,y,u,v,z) € O3 x (R))* x RZ such that

(a) 02,6(0,2)| + |0z, 0(x)] < C, and |9y, ¢(x, 2)| < ((2);

(b) |h( z)] < C(1+|z|?) for h(-,z) = 0sb(0, x), 02, , ,0(0, x),82 ob(0,z) or 832,’1],0(37);
() 103, 2;c(x, 2)| < CC(2) (1 + |a]);

(d) |8pb(01, ) — Bpb(02, )| < C|01 — Oa| (1 + []7);

(€) [0pb(0, ) — Dpb(0, y)| < Clz —yl;

(1) [det Vi (v)| > 1(2), and [V~ (0)u] > 5

B(2)’
where $(0) = J{ -+ el s 2) =t el i 2) for o] < Lo < 1
and ¢! is the inversion function of v. Here, f(y) = L for y € RY, n(z) =

Vit
L1y + Clyz<ry, and B(2) = ClePlqys1y + Cly<yy.

(A5) For any p > 1, ng |z|Pr(dz) < oo

(A6) The process X% is ergodic, that is, there exists a unique invariant probability measure
T, (dx) such that as T — oo,

1 (T P%
- / g(X{*)dt — | g(x)mg,(dx),
0 R4

for any my,-integrable function g : R — R¥. Moreover, fRd |z|Pmg, (dz) < o0, for any
p = 0.

(AT) There exist constants p; > 0 and v € (0, 3) such that f{|z‘<p Av) v(dz) — 0 as n — oo.

(A8) The matrix V fo satisfies an ellipticity assumption in RY. That is, for all 2 € RY,

i 2
5€RldI:1\£|:1 IV f(z)o(z)¢]” > 0.

In order to explain why we need the conditions (A4)(f) and (A8), note that in the classical
Malliavin calculus one usually considers bounded smooth coefficients in order to prove that
the density of Xf has Gaussian upper bounds. In the present case, the drift coefficient has
linear growth and therefore classical techniques do not apply. In [9], a Girsanov’s theorem
approach is used but this argument does not work here due to the presence of jumps. Instead,
we perform a change of variables V/ = f(X?) so that the random variable VY has bounded
drift. Then Gaussian like estimates for X can be obtained at the expense of these two
conditions. Additionally, we do not require a squared exponential moment condition like in
[9] which is difficult to verify in our case. We show in the next example that these conditions
may be easily verified in some cases.
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Example 2.1. 1) Assume d = 1 and ¢(z,z) = z. Changing variables u := \/111?’ it is easy
to check that
3
8 (\/22+4+\z|)
5 <Y'(v) < ;
8
(\/,22 +4+ \z|)
for all |v] < 1. Then, the inverse function theorem implies that (1) (v) = m

Therefore, condition (A4)(f) holds.

3
2

2) Assume d = 1. Then f'(x) = (1 + 2?)”
holds.

> 0, for all x € R. Thus, condition (A8)

3) Assume v(dz) has a support on {|z| > C} for some constant C > 0. Then condition
(A7) holds for any p1,v > 0 since f{|2\<plA“} v(dz) =0, for n sufficiently large.

4) Assume d =1 and v(dz) = pﬁ%lﬂzlél}’ where o < 0. Condition (AB5) holds since for
any p =1,

z|Pv(dz) =
[ otz = 2

< 0.

Condition (AT) holds for any p1 > 0, v > 0 since for n sufficiently large,
1AL 2
[ a2
—p1AY [0
which tends to zero as n — co.

5) Assume d = 1 and v(dz) = C1p(2)1y.j>13dz + Ca|2|"1y),<1ydz for some constants
Cy,Cy > 0, where ¢ is the standard Gaussian density and k > —1. Condition (A5) holds
since for any p > 1,

Cq 1212
|z[Pr(dz) = — |z|Pe” 2 dz + 02/ \z|p+”dz
Ro V2T J{|z|>1} {lzI<1}
2C5
-+ —=
< Ci(p ) +p—}—li—|—1<oo

Condition (A7) holds for any p1 > 0, v > 0 since for n sufficiently large,

A'L}
/m " o(dz) = 205 p,f+1Av(n+1)
—pPAY £+1 "

)

which tends to zero as n — oco.

6) Assume d = 1 and v(dz) = C1p(2)1f.s13dz + Ca|2]" 1y, 1<1ydz for some constants
C1,Cy > 0, where k > —1 and @ is the Lévy measure of a symmetric gamma process, that is,
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©(2) = ae P |2|71 for some a > 0 and B > 0. Condition (A5) holds since for any p > 1,

/ |z|Pv(d=) zcla/ |z]p_1e_6|zdz+6’2/ |z[PTrdz
Ro {l=1>1} {lzI<1}

Cia / 1 (p+1)!
< |z|P d2+02/ Eliant”
AP Sz i {l21<1}

2C 1! 2
< 1a(p+1) Co < oo,
prti p+r+1

where we have used the inequality e % < 5—,!,, valid for any x > 0 and p > 1.

Proceeding similarly as in example 4), condition (A7) holds for any p1 > 0, v > 0.

Lipschitz continuity and linear growth conditions (A1) on the coefficients b, o and ¢ ensure
the existence of a unique cadlag and adapted process X? = (Xf )t>0 solution to equation
on the filtered probability space (2, F, {ft}tzo,P) (see [13| Theorem II1.2.32]). The
drift coefficient is assumed to be unbounded, which will lead to a technical proof of upper
bounds of the transition density conditioned on the jump structure by using a transformation
of equation (L.1)) via the function f defined in (A4)(f) (see Lemmal5.2). The case of bounded
drift coefficient will be discussed in Section [6] Moreover, conditions on the jump coefficient
(A1) and (A3) are needed in order to control the upper and lower bounds of the jump
amplitudes of the Lévy process (see the proof of Lemma [5.4)).

To be able to apply the Malliavin calculus, uniform ellipticity condition (A2) and regularity
conditions (A4)(a)-(e) on the coefficients are required. Condition (A5) related to the finite
moments of any order of the Lévy measure is used to estimate the jump components.

Recall that ergodicity in the sense of (A6) was shown by Masuda in [24], Theorem 2.1]
for a class of jump diffusion processes. Several examples of ergodic diffusion processes with
jumps are given in [24] 25 [3T]. Moreover, results on ergodicity and exponential ergodicity
for diffusion processes with jumps have been established by Masuda [24, 25]. In addition,
Kulik [I9] provides a set of sufficient conditions for the exponential ergodicity of diffusion
processes with jumps without Gaussian part and gives some examples. More recently, Qiao
[29] addresses the exponential ergodicity for SDEs with jumps with non-Lipschitz coefficients.
However, ergodicity and exponentially ergodicity in these papers are understood in the sense
of [26], which are both stronger than in the sense of (A6).

Condition (A7) controls the behaviour of small jumps of the Lévy process, which is deter-
mined by the mass of the Lévy measure or jump size distribution around the origin. Indeed,
this condition expresses the fact that the small jumps do not interfere with the Gaussian
behaviour of the transition density. This can be interpreted that the jump component is
”dominated” over by the Gaussian component in a small time interval. Finally, condition

(A8) concerns the ellipticity assumption of the matrix V fo.

Conditions (A1)-(A2) imply that the law of the discrete observation (X{, X{,..., X! )
of the process (X{)i>0 has a density in (R?)"*! that we denote by p,(-;6). In particular,
Pn(+;6p) denotes the density of the random vector X™.

The main result of this paper is the following LAN property.

Theorem 2.2. Assume conditions (A1)-(A8). Then, the LAN property holds for the like-
lihood at 6y with rate of convergence /nA, and asymptotic Fisher information T'(6y). That
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18, for allu € R, as n — oo,

(X7 0,) £(P%) u?

— L uN (0,T(6y)) — =T (6
Pn(X”;go) ( ) ( 0)) 9 ( 0)7

where 0,, 1= 6y + \/%, and N'(0,T'(6p)) is a centered Gaussian random variable with variance

log

(00) = [ @l60.2))" (00) ™ @)00b(60. ) ()

Remark 2.3. To simplify the exposition, our result is established for the scalar parameter
case. The multidimensional parameter case can be treated using a decomposition on the com-
ponents of parameters and the same computations as the scalar parameter case.

Remark 2.4. In [18] we estimate the drift and diffusion parameters, and the jump intensity
of a simple Lévy process. Therefore, Theorem [2.9 is a non-linear extension of the result in
[18] when the unknown parameter appears only in the drift coefficient.

Remark 2.5. We recover the same formula for the asymptotic Fisher information T'(6y) of
ergodic diffusion processes without jumps obtained by Gobet in [9, Theorem 4.1]. This comes
from the fact that the jump component is dominated over by the Gaussian component in a
small time interval, which will be seen in Section [{].

Remark 2.6. When the LAN property holds at 6y, convolution and minimax theorems can be
applied (see [I1], [23]). On one hand, the asymptotically efficient estimators of the parameter
0o are defined in terms of the optimal asymptotic variance I'(6g)~! and the optimal rate of
convergence Vnl,. On the other hand, one can derive the lower bound for the asymptotic
variance of estimators given by T'(6y) 1.

Example 2.7. 1) Consider the one-dimensional Ornstein-Uhlenbeck process with jumps de-
fined as

t t _
X0 =2 — 9/ X%s + oB; +/ / 2N (ds, dz),
0 0 JRo

where > 0, 0 € Rg. Assume that the Lévy measure satisfies condition (A5). Then X? is
ergodic in the sense of (A6). Furthermore, the invariant probability measure mo(dx) can be
computed explicitly (see [30, Theorem 17.5 and Corollary 17.9] and [24, Theorem 2.6]), and
satisfies [p |x[Pmg(dx) < oo, for any p > 0. In particular,

INQ) :/Rjiwa(dx) = 2—10 <1+ ;Q/RO z2y(dz)).

Notice that conditions (A1l)-(A4) and (A8) hold. Assume further condition (AT7). As
a consequence of Theorem the LAN property holds with rate of convergence /nA, and
asymptotic Fisher information T'(0p).

2) Consider the one-dimensional process
t ~
X! =xg+ 0t + 0B, +/ / zN(ds,dz),
0 JRg

where § € R and o € Ry. Assume that the Lévy measure satisfies conditions (A5) and (AT).
Notice that conditions (A1)-(A4) and (A8) hold. Then the LAN property holds with rate
of convergence /nA,, and asymptotic Fisher information I'(0y) = U% In this case, condition
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(A6) is not needed since I'(6y) can be obtained without using the ergodicity assumption, but
thanks to the simple structure of the drift and diffusion coefficients (see (4.5)) below).

As usual, constants will be denoted by C' or ¢ and they will always be independent of time
and A, but may depend on bounds for the set ©. They may change of value from one line
to the next.

3. PRELIMINARIES

In this section, we introduce some preliminary results needed for the proof of Theorem
2:2] In order to deal with the log-likelihood ratio in Theorem [2.2] we will use the Markov
property to rewrite the global likelihood function in terms of a product of transition densities
and then apply a mean value theorem. We start as in Gobet [8] by applying the integration
by parts formula of the Malliavin calculus on each interval [t,tr11] to obtain an explicit
expression for the logarithm derivative of the transition density. In order to avoid confusion
with the observed process X?, we introduce an extra probabilistic representation of X for
which the Malliavin calculus will be applied. That is, we consider on the same probability
space (€2, F,P) the flow Y9(s,2) = (Y(s,2),t > s), * € R? on the time interval [s,oc) and
with initial condition Y?(s,z) = x satisfying

Y (s,x) =z + /t b0, Y (s, x))du + /t o(Y(s,x))dW,
i ’ (3.1)
+ / /Rd (Y0 (s,2),2) (M(du,dz) — v(dz)du),

where W = (W});>0 is a Brownian motion, M(dt,dz) is a Poisson random measure with
intensity measure v(dz)dt associated with a pure-jump Lévy process 7 = (Zt)tzm ie., Z, =
fot ng 2M(ds, dz). Here, Z is an independent copy of Z, and M (dt, dz) := M (dt,dz)—v(dz)dt
denotes the compensated Poisson random measure. The processes (B, N, W, M) are mutually
independent. In particular, we write Y,? = Y;(0, 2¢), for all £ > 0. That is,

vy :x0+/0t b(6, Y9)du+/ Ndw, +/ /Rd M (du, dz). (3.2)

We will apply the Malliavin calculus on the Wiener space induced by W. Let D and ¢
denote the Malliavin derivative and the Skorohod integral w.r.t. W on each interval [t, tg11],
respectively. We denote by D2 the space of random variables differentiable in the sense of
Malliavin, and by Dom ¢ the domain of §. Notice that the Malliavin calculus adapted to
our framework is introduced, for instance, in [28]. Recall that for a differentiable random
variable F' € D12 its Malliavin derivative is denoted by DF = (D'F, ..., D4F), where D is
the Malliavin derivative in the ith direction W* of the Brownian motion W = (W1!,.. ., Wd),
fori € {1,...,d}. For a R%valued process U = (U',...,U%) € Dom §, the Skorohod integral

of U is defined as §(U) = Zgzl §'(U"), where §' denotes the Skorohod integral w.r.t. W<

For any k € {0,...,n — 1}, under conditions (A1), (A2) and (A4)(a)-(c), the process
(Y2 (tg,x),t € [ty,try1]) is differentiable w.r.t. = and 6, and we denote by (VY7 (ty,2),t €
[tr, tre1]) and (9pY (ty,x),t € [tr,trs1]) the Jacobian matrix and vector, respectively (see
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Kunita [20]). These processes are the solutions to the linear equations

t
VoYl (tr,x) =Tg+ | Vb8, Y (ty, 2))V. Y (ty, x)ds (3.3)

g

+Z v s (Y (b, 2)) Vi Y2 (b, 2) AW + / VoY (ty, 2), 2)Va Y (t4, ) M (ds, d2),
Tk Rd

t
00! (tr,2) = [ (00b(0. Y (b)) + Vb0, Y (0, 2)00Y (0, ) s (34)

tg

+ Z V i (VY (tr ) 06Y (b, ) AW + / VoYY (ty, ), 2)0Y? (ty,, x) M (ds, dz),
tr Rd
where o1, ...,04 : R* — R% denote the columns of the matrix o.

Moreover, the random variables Y (¢, ), VoY (tx,2), (VoY (ty, )" and 9pY? (ty, )
belong to D2 for any ¢ € [ty, tr11] (see [28, Theorem 3]). On the other hand, the Malliavin
derivative DY (ty, x) satisfies the following linear equation

DY (t, ) = o (Y2 (b / Vob(0, YO (b, 2)) DY (b4, 2)du

d .t t N
+Z / Vo0 (Y (ty, 2)) DY (ty,, 2)dW, + / Rdv (Y0 (tg, ), 2) DY (tg, )M (du, dz),

for s <t a.e., and DY (t1,x) = 0 for s >t a.e. By [28, Proposition 7], it holds that
DY (th, w) = VY (b, 2) (VoY (b, 2) 7 0 (V] (b, 7)) 11, 01 (5)-

We consider the canonical filtered probability spaces (Q?, F¢, {F} }+>0, P?), i € {1,...,4}, as-
sociated to each of the four processes B, N(dt,dz), W and M (dt,dz) . Then, (Q, F,{F}+>0,P)
is the product filtered probability space of the four canonical spaces.

Weset Q= Q! x Q2 F=FloF2 P = Pl@P?, Fi=F} ®FfF, Q=0x04 F= FiaF4,
P=P@P! and F, = F} @ FL. Then, Q=0 xQ, F=FoF, P=Pwb, F=FoF,
and E=E® E where E, E E denote the expectation w.r.t. P, P and P respectively. For all
Ae Fand z € RY we set Pf;(A) = [1A|Ytk = z]. We denote by E? the expectation w.r.t.

PY. That is, for all F-measurable random variable V, we have that E[V] = E[V!Yi = xl.

Under conditions (A1), (A2) and (A4)(a), for any ¢t > s the law of Y;? conditioned on
YSG = x admits a positive transition density pe(t — 8, x,y), which is differentiable w.r.t. 6.
As a consequence of [§, Proposition 4.1], we have the following explicit expression for the
logarithm derivative of the transition density w.r.t. 8 in terms of a conditional expectation.

Proposition 3.1. Under conditions (A1), (A2) and (A4)(a)-(c), for all k € {0,...,n — 1},
0 €0, and z,y € R?,

o (M) = 3B [5 (070 2d0¥E ) 12, =],

where U (ty, ) = (DtY;iH(tk,x))*l, t € [tr, thti]-
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We have the following decomposition of the Skorohod integral appearing in the conditional
expectation of Proposition

Lemma 3.2. Under conditions (A1), (A2) and (A4)(a)-(c), for allk € {0,...,n—1},0 € O,
and x € R?,

6 (UP(t, 2)00YE,, (b, ) ) = An(@9b(0, Y)Y (00" () (ViL,, = Y = b(6,Y)A)
— R* + RO* + RYF — RYF — REF _ ROF

where

0,k febt [hess 1 0 16 9
R / / tr (D (Y (t5,2)) " 0gb(0. Y (11 2))") 0 (V2 (14, 2)) VY (14, 2)) duds,
tr s

RY* = / (V2 (11 2)) " Bb(0, Y2 (b1 )" ds

tg

y /tk+1 ((vxysg(tk’I))*(U—l(yf(tk’ x)))* — (nyti (tk,x))*(gil(yti (tk’x)))*> AW,

tg

RO* — / (VY2 (b1 ) 0016, Y (b1 )" = (VaYil (1))~ 00b(60, Y, (b1, 2)))" ) s

tg

x / VY (b 1)) (0 (Y (b)) WV,

(22

R = 8@, 7)) (00107 [ (b00.0) 000,10 as,
R = A (99b(6, Y1) (00") (V) / RNCIR o<Y9>) aw..
RO = A, (0b(6, Y0))* (00™) (¥ / o / M (ds, d=).

We will use the following estimates for the solution to (3.1)).
Lemma 3.3. Assume conditions (A1) and (A5).

(i) For any p > 1 and 8 € O, there exists a constant C, > 0 such that for all k €
{0,...,n—1} and t € [ty, txy1],

p D
B[yt 0) = Y o] Y2 (1) = 2] < Gyt — el B (14 [a ).

(ii) For any function g defined on © x R? with polynomial growth in x uniformly in 6 € ©,
there exist constants C,q > 0 such that for all k € {0,....,n — 1} and t € [tx, tit1],

B |96, Y (b 2))| [V () = 2] < € (14 Jal?).
Moreover, all these statements remain valid for X°.

Assuming conditions (A1), (A2), (A4)(a)-(c) and (A5), and using Gronwall’s inequality,
one can easily check that for any 6 € © and p > 2, there exist constants C),, ¢ > 0 such that
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for all k € {0,...,n — 1} and ¢ € [tg, tg41],

r p P
B Vthg(tk,a:)‘ n ’(v Y (ty, ) 1) ‘Y;i (th ) = ]

4+ sup E tk, H (tg, x x}SCp, and
Se[tk,tk+1] -

E [ 8‘91@9(15]6, $)

. ‘Yfi (t, ) = x} (3.5)

+ sup EI|D, (Vthe(tk,x)))p ‘Yti(tk,x) - x} < Cp(1+|2]9),

Se[tk,tk+1]

where the constant C), is uniform in 6. As a consequence, we have the following estimates,
which follow easily from (5.2)), Lemma and properties of the moments of the Brownian
motion.

Lemma 3.4. Under conditions (A1), (A2), (Ad)(a)-(e) and (A5), for any 6 € © and
p > 2, there exist constants Cp,q > 0 such that for all k € {0,...,n — 1},
E [—R‘f”“ + RYF + ROV (1, 2) = a:] —0, (3.6)

3p+1

EH—Rf’kJng’kJng’k‘ Y (th, @ x}gcpA,ﬁ (1+|z]). (3.7)

We next recall Girsanov’s theorem on each interval [ty, tx11].
Lemma 3.5. Assume conditions (A1)-(A2). For all 0,0, € ©, and k € {0,...,n—1}, define
the measure

@Zl,e_ﬁ[lAe i (B0, X0)=b(01,X0)) 0~ (X0)dBit § [ |60, X0) 001, X0)* 0 (X0t |

61,0

for all A € F. Then @Z“G s a probability measure and under @k the process (BQ’“ =
B, + ft’““ o1 Xy)(b(0, Xy) — b(61, Xy))dt, t € [tg,trs1]) is a Bmwman motion.

Lemma 3. 6 Assume conditions (A1), (A2), (A4)(b) and (A5). Let 0,6, € © such that
|0 — 6] < \/T’ for some constant C > 0. Then there exist constants C,qy > 0 such that for

any random variable V, p > 1, and k € {0,...,n — 1},

()b ot [ o o]

a € [0,1], denotes the expectation under the probability measure pe defined as

Eézl,e

where Eg,,

Do t 2t
AP o (b0, X0)~b(01,X0)) 0 (Xe)dBe— 5 [, (6(0.X0)=b(601,X0)) 0L (x0)*at
61,0 :
d 1,
k

Next, we recall a discrete ergodic theorem.

Lemma 3.7. [I7, Lemma 8] Assume conditions (A1) and (A6). Consider a differentiable
function g : R — RY | whose derivatives have polynomial growth in x. Then, as n — o0,
n—1

1 6
=N g(X) | g(@)me, (dx).
n =0 Rd
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We finally recall two convergence in probability results and a central limit theorem for
triangular arrays of random variables. For each n € N, let (Zy)r>1 and (Cppn)r>1 be two
sequences of random variables defined on the filtered probability space (2, F, {F;}+>0, P), and
assume that they are F3, -measurable, for all k.

Lemma 3.8. [7, Lemma 9] Assume that as n — oo,

n—1 n—1
) Y EZealFo] 220, and (i) Y E[Z2,|F,] 0.
k=0 k=0

Then as n — oo, Zz;é Zkn oo

Lemma 3.9. [12| Lemma 4.1] Assume that as n — oo,
n—1
SB[ ZknllF] =0
k=0

Then as n — oo, Zz;é Zim, N

Lemma 3.10. [12, Lemma 4.3] Assume that there exist real numbers M and V > 0 such that

n—1 n—1
P P
ElGalFil M, 3 (B[RalFu] = (BlGenlFi))?) >V, and
k=0 k=0
n—1 P
E [C;el,n‘]:tk] — 0,
k=0
asn — 0o. Then asn — o0, > j_ Ck n ./\/+M where N is a centered Gaussian random

variable with variance V.

4. PROOF OF THEOREM

In this section, the proof of Theorem [2.2] will be divided into three steps. We begin deriving
a stochastic expansion of the log-likelihood ratio using Proposition and Lemma The
second step deals with the main contributions by applying the central limit theorem for
triangular arrays to show the LAN property. Finally, the last step is devoted to treat the
negligible contributions of the expansion.

4.1. Expansion of the log-likelihood ratio.
Lemma 4.1. Assume conditions (A1), (A2) and (A4)(a)-(c). Then
Pa(X™0,) =

1 Z4,€ Z5,€ ZG,E
ngn X 00 ngn \/T%Z/ { k,n+ k,n+ k.n

B[RO 1 RO% O ok oy e, ] e

tet1

where 0(0) := 0, (L, u) := 0y +

\/L, and

Eom = / (@0b(0(0), X1,))" (00%) "1 (X1,

m
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X (O-(th) (Bthrl - Btk) + (b(GO) th) - b(9(€), th)) An) dg)

7254 = A (D400 ooy (x) [ o)
= 0 (@000, X3,))" (00 () [ (b6 XE) (60, X)) s,

) tk

2= B @00, X)) (07") 7 (Xu) [ (o60) - a<th>) aB,.

6,0 Pt 0

Z) = Ny, (0pb(0(0), X1,)) (00™) 1 (Xy,) / / (X2, N(ds,dz).
0

Proof. By the Markov property and Proposition

Pa(X™60,) o= pfn

10gm Zlog 0 (An,th,th+1)

a@pe(e
/ G(Z nath7th+1)d€

Sa\v
}—‘O

1
u =0(¢
B [5 (070 . X )00¥ ) 0 X)) [YE) = o,

=0 V nA% 0

We next apply Lemma and use equation (1.1)) for the term Xy, — X

e

, coming from

the term YG(Z) Yti(é) in Lemma to obtain the expansion of the log-likehood ratio (4.1J).
Thus, the result follows. 0

In the next two subsections, we will show that ¢ ,, is the only term that contributes to the
limit and all the others terms are negligible. Therefore, the main behaviour in the asymptotics
is given by the Gaussian and drift components of equation (|1.1)).

In all what follows, hypothesis (A6) and Lemmawill be used repeatedly without being
quoted.

4.2. Main contributions: LAN property.
Lemma 4.2. Assume conditions (A1), (A2), (A4)(a)-(d), (A5) and (A6). Then asn —
CXJ7

n—1 2

£(P%
> e T aN (0,1 (600) - 5T (60),
k=0
where T'(6y) is defined in Theorem [2.4

Proof. Applying Lemma to &k n, we need to consider Ef% [££n|]?tk] for r € {1,2,4}. This
conditional expectation equals E[£], n\]?tk] Therefore, it suffices to show that as n — oo,

1

Sk [€nl P P, —U;F(eo), (4.2)
k=0
> (E [gg7n|ﬁtk} - (E [gk,n|ﬁt,€})2> P2 W27 (), (4.3)
k=0
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n—1 0
4 ¢ | PO
> E [ﬁk,nlﬂk] — 0. (4.4)
k=0

Proof of (4.2). Using the fact that E[B;, , — By, |-7?tk] = 0 and the mean value theorem for
vector-valued functions, we get that

n—1 2 n—1 1
ZE[ = Z/ (Dpb(0 th))*(o'a*)_l(th)/ deb(0(4, ), Xy, )daudl
0
U2 n—1
= 2n (896(007 th)) ( )71<th)89b(007 th) — Hy — Ho,
k=0
where 0(¢, o) := 6y + jﬂ "4 Hy.n, and

1
_u / 0 (9pb(8(£), X¢,))" (00™)~H(Xy,) /0 (0ab(0(4, ), X1, ) — Opb(6o, X4,)) dadl,
/ £(9b(0(€), X1,) — Dab(0o, Xt,))" (Uo*)*l(th)aeb(e()?th)dg_

Using hypotheses (A2) and (A4)(b), (d), we get that for some constants C,q > 0,

n—1 R C’|u|6 42 n—1
D E |HkallFu] < ¢ S CEAPADE
k=0 Vi) " =0

6
which, by Lemma implies that H; P2 0asn — oo Thus, so does Hy by using the same
argument. On the other hand, applying Lemma we obtain that as n — oo,

n—1

S @bl X)) (00" (X, )b, o) T T 00), (45)
k=0

which gives (4.2)).

Proof of (4.3). First, from the previous computations, we have that

(E [fkn‘]?tkD 2 Z (/ (Ogb(6(£), X)) (Jo’*)—l(th) /01 Bab{6E a)’th)dade)z

Cu?
n2 Z (L +[Xe %),

k=0

n—1

k=0

for some constants C, ¢ > 0, which converges to zero in P%-probability as n — co.

Next, using properties of the moments of the Brownian motion, we can write

. e )
Y E [si,n|ftk] = Z (Dpb(B0, X1,))" (00™) (X4, )99b(00, X1,) + Hs + Hy + Hs,
— k=0
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where, setting 0(¢') := 0, (¢ ,u) := 6 +

\/7

n—1
v / (O6b(6(0), Xuy) — Opb(60, X)) (00" (Xu0)Opb(6, Xoy L,
in
/ / (B0b(0(0), X,,))" (90") " (Xe,) (80b(00), X1,) — gb(6, Xo,))

0), X1,))" (00") 1 (Xe,) (b(6o, Xe,) — b(0(0), Xy,))

% (b0, X1,) = b(0(0), th>>* (00™) "1 (Xe, )0pb(O(F), X, )bl .

As for the term H1, using hypotheses (A2) and (A4)(b), (d), we get that Hs, Hy, H5 converge
to zero in P%-probability as n — co. Moreover, using again (4.5)), we conclude ([&.3)).

Proof of (4.4). Basic computations yield

n—1 Y- CU4 n—1
S oBelF] < =5 D a+1x,
k=0

for some constants C', ¢ > 0. The proof of Lemma is completed. O

4.3. Negligible contributions.

Lemma 4.3. Under conditions (A1)-(A8), as n — oo,

4.0 5,0 6,0
\/mZ/ {an+an Zk:n
Pl

+ B [-RIOF 4+ ROF ¢ RO - RO - REO - g ‘Yf“ X, | }d€ Lo

k+1

Proof. The proof is completed by combining the four Lemmas below. O

Consequently, from Lemmas and the proof of Theorem [2.2]is now completed.

Lemma 4.4. Under conditions (A1), (A2), (A4)(a)-(e), (A5) and (A6), as n — oo,

Xi,.] de P .

n—1

B0 | _ i)k 0(£),k
Z;) I3 / Xt, [ R+ R, +R3 ‘Y;s,m
Proof. Tt suffices to show that conditions (i) and (ii) of Lemma hold under the measure
P%. We start showing (i). Applying Girsanov’s theorem, Lemma 3.6} ., and ( with



LAN PROPERTY FOR AN ERGODIC DIFFUSION WITH JUMPS 17

p =2, we get that

n—1 1
- 00) [ polOLk | p0k _
kZO \/m 0 . [ X [ h 1 + R3 ‘ tk+1 th+1i| ’]:tk} dl
n—1 1 R
i / 0(0),k 9(5) e(z) dp
kZ:O Va3 Jo Qo (=R, ) dQZ(Z),eo th
1
7 n—1
ClulAy
< PRLN™ (14 13,09,

for some Constants C,q > 0. Observe that (| - ) remains valid under the measure P defined

in Lemma This shows Lemma ( ). Similarly, applying Jensen’s inequality, Girsanov’s
theorem, Lemma and ([3.7)) Wlth p € {2,4}, we obtain that

n—1 2 1
~9 0(¢ 9
</(; X(t) [ Rl( )k + RQ( )k + R3( )k ‘ tk( 3 .th 1} dﬁ) ‘]—"tk

—~ o’ ! 00k | 0 (0),k
SZnAff/O {E@zm,eo [(—Rl( Wk REOF 4 RO ) ‘th]

E

00k | 00k  e@\2 [ dP
+ E@z(e),ao (—R1 + Ry + Ry ) (dQW -1 ‘th ¢
CuA; L
U~ An
S n Z(1+ |th|q)7
k=0
which concludes the desired result. 0

Lemma 4.5. Under conditions (Al) (A2), (A4)(b), (A5) and (A6), as n — oo,
1

3

~9 e) z) by } P
Proof. We proceed similarly as in the proof of Lemma [4.4] O

Lemma 4.6. Under conditions (A1), (A2), (A4)(b), (A5) and (A6), as n — oo,

U 5,0 Pfo
z_(:) N, /0 Zydl — 0

Proof. Clearly, for all n > 1,

‘M‘

nA3 / [ngl‘ﬁtk] dt =0,

and by Lemma [3.3]i),
n—1 2 1 2 2 n—1
U 5.0 ~ CuA
> ( / Zk,ndf) 7| < CEEEST O X,
k=0 Tm 0 k=0
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for some constants C, ¢ > 0. Thus, Lemma concludes the desired result. O
Lemma 4.7. Assume conditions (A1), (A2), (A4)(b), (e), (A5) and (A6). Then as
n — oo,

N RO = X)) ae P .

tk+1

\/nA:)’ /
Proof. By the mean value theorem for vector-valued functions,
28 =B [REOH YY) = X, | = A (00b(0(0), X0,))" (00") (X)) (M1 + Min2)

where
alu aﬁ

fu tet1 1
My =———— Dpb (6 , X %) — 9yb(6 X)) | dads,

Mina= [ (o000, X) 00, %)) s

tk

trt1
~0(¢ 0(¢)
- E)é : |:/t (b(9(£)7}/30(£)) - 6(9(5), K& © ) ‘Y;flwl th+1:| :
k

g

Using (A2), (A4)(b), (e) and Lemma [3.3|(i), we get that

~ C'uQ\/
J—“tk] < Z (14X, |9,

1
@6b(0(0). X1,))" <aa*>1<th>Mk,n,1d4

el

for some constants C, ¢ > 0. Therefore, by Lemma we conclude that as n — oo,

1 %
;) \/:Tn /0 (Dob(0(0), X1,))* (00%) 1 (Xp, )My madl 25 0,

We next show that as n — oo,

n—1 1

u / * *\—1 P
S [ (96b(8(0), X0))* (00™) M (Xey ) M2l 7 0,
=0 vVnly, Jo

Using Girsanov’s theorem, the Lipschitz condition on b, (A2), (A4)(b), and Lemmas
and (3 -(i we obtain that

*(oo*) (X, n Atk
kZOM/ (@9D(00) X,,))* (00°) ™ (X0, ) [ Mol ]

(9b(0(0), Xi1,))" (00™) (X4,
kzox/nA / v

K dP
(¢ 0(f)

/t (b(0(0), YO = b(0(0), V")) ds (d@zﬁ) 1> ’th] }CM‘

— E 600,00
k
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n—1
ClulA
< Clldn 5= 4, p0),

k=0
for some constants C', ¢ > 0, which shows Lemma (1)

Finally, we proceed as in the proof of Lemma to show that condition (ii) of Lemma
holds true. Thus, the result follows. ]

Lemma 4.8. Assume conditions (A1)-(A8). Then as n — oo,

pf
A XtHlD de 2% 0.

Z” —BX [ReO*

\/nA3

Proof. First, by Girsanov’s theorem,

E [Z,f:fl o (e) {RG(@ k’Y 0 _ th“} )}—tk} = ~Bgua RO

ter1

—Xt =0,
ol

00k o1d d@T together with the fact that

where we have used the independence between R

E@e(e 60 [RG(K) k] 0 and E@Z(a,eo [%|th] = 1. This shows that the term (i) of Lemma
k

is actually equal to 0 for all n > 1.
We next show that condition (ii) of Lemma holds. Cauchy-Schwarz inequality gives
n—1 9

e ([ (-0 ot - ) [
k=0 n

3u?
< D D D3) df
nAn;J/O' ( 1+ Do + 3) )

where, setting e4(6(0)) = (99b(9(0). X,,))" (00) 7} (Xs,).

tet1 0 ~ 2
Dy =E / / (X2, 2) —c(Xy,, z)) N(ds,dz) ’th ,

Dy—F E" ( / . / v/ 2) (v, 2)) M(ds,dz)>2
Dy = E[(ek(ﬁ(é))< /ttk+ ; o(Xy,, 2) N (ds, d2)
i [/tk“ /Rd Y)Y )M (ds, d2) |V, = thHD)Q’th].

Using Burkhélder’s inequality, the Lipschitz property of ¢ and Lemma [3.3(i), together with
hypotheses (A2), (A4)(b) and (A5), we get that for some constants C,q > 0,

2 n—1 2 n—1
CuA,
/ Dyt < = k}g:(1+yxtk| ).

o1

YO = x| X,

)
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Using Girsanov’s theorem, Burkholder’s inequality, Lemmas and (i), together with
hypotheses (A1), (A2), (A4)(b) and (A5), we obtain that for some constants C,q > 0,

2
tet+1 __
D2 < Egpinn <ek(0(e)) / / (92— ev ) M(ds,dz)) X,
ti RO
2 ~
th . Bz
0(¢) A¢4
+ E@ZM),GO (6 / / 5_( ) 2 c(Y;k(),z)) M(ds,dz)) (dQW 1) ‘th

Ay
<C <A3 + ﬁ> (1+ X, |9) .

This implies that

2n1

9 n—1
u
/ng£<0( )nkzolﬂxtk

Again, Girsanov’s theorem yields D3 = D31 + D3 2, where

Diy =B goo K ( / . / Xy, 2) N (ds, dz)

[ Lottt x| )Y (s 1) )
k

D3 = E@ZWQO K </tk+1 / c(Xy,,2)N(ds,dz)

/tk+1/ ’ M (ds, dz) tkiz th+1] ))2‘th]

Observe that |D3’1| < 2(D37171 + D37172), where

tet ? dP
D371’1 = Eéz(z),go / / th, dS dZ) 7d@2(£)790 -1 )th s
2
lkt1
9 £) 9 /4
D3q2 = E@ZM),HO [( X(tk / / ),z M (ds, dz) t,ff th+1]>
dP
(s ) |

Using the same arguments as for the term Do, we get that for some constants C,q > 0,

040
th

_po
th

9 n—1 1

3u 1 C u? '«
D al < — (1 X,
ni\,, ,;)/0 $L1E% = nA, n poard (L4 [ X |
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Applying Lemma [3.6] Jensen’s inequality and (A1), (A2), (A4)(b) and (A5), we obtain
that for some constants C, g > 0,

3u? n_l/l
D dl < 1 + | X,
nAnkZ:O 0 312 nAan X[

. . 4 1/2
~ k+1

[ (e (B8 | (e [ [ et it ) v x| | )
C ugn 1

< — ) (14X [T).

\/nAnnkZO

Finally, it remains to treat D3 >. Multiplying the random variable inside the expectation
by 1fo .t ljl .t IjQ o applying Lemma and using the inequality e™" < 1;,, valid for

any x > 0 and p > 1, we get that for n large enough, for any a € (v + 3m~y + 37, %)
a0€(4,2 37), € € (0, 040—3m7 qg>1,and p>1,

/ Diadt = = 3“
1
<C | AiAgL + A% 4 / v(dz)
{lzI<p1 AL}

M 4 Mg @) ae

Q=

U2 n—1
N (1)
k=0

+C£Z(1+|th|‘h) A;2mv—1 <1+\Xt \2>3 + A, 2 “1 1<1+‘th‘2>3
n
k=0
) 1 % U2 n—1
<o [riag+ax 4 / v(dz)| | S 30+ X"
{1z1<p1A3} " =0
2 n—1
2my— 2 —1+(1-200—6 3
—I—Cp' <A 2my—14+(1— 204)p+A my ( a0 —67) > Z + |th|q1 1+ |th|2) p7
k=0

for some constants C,Cy, C7 > 0, g1 > 1. Note that the events JO ks JLk, ngk, the constants
v, v and Mg (Z), Mf (Z), Mg () are defined in subsections and
Therefore, using hypothesis (A7) and choosing p > 1 such that —2m~y —14 (1 —2a)p >0

and —2m~y — g — 14 (1 =209 — 67)p > 0, we conclude that as n — oo,
3u2 n-l .1
u Dsodt 250
nAn =0 0

Thus, the desired proof is now completed.

5. APPENDIX

5.1. Proof of Proposition
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Proof. Let f : RY — R be a continuously differentiable function with compact support.
Fix t E [tk tk+1]. The chain rule of the Malliavin calculus gives (Dt(f(YtZH(tk,J:))))* =

V (Y, tr, ) DY (t,x). Since the matrix D;Yy? (g, ) is invertible a.s., we have
tk+1 tr4+1 trp4+1
(VIYE, (th,2))* = (Dt(f(ﬂi+1(tk7$))))* UY (ty, x), where U{ (ty, @) = (DyYy] _ (ty, x)) ™"

Then, using the integration by parts formula of the Malliavin calculus on the interval
[tk, tkt1], we get that

OB [ (Y, (tr,2))| = B[(VF(VL,, (tes2)))" O0Yi0, (b1, )|
il

k
lk41
k

tot1

<Vf<Yt?;H<tk,x)))*aen‘,’;l(tk,x)dt}
(DUFYE (i 2))) UP (b1 ) Y (11 x)dt}

E[£(Y,, (tr )8 (U (b, 2)00Ys), (1, 2)) |

Observe that by 1D the family ((Vf(YtZH(tk, x)))* O tk+1(tk7 x),0 € ©) is uniformly inte-

grable. This justifies that we can interchange 9y and E. Note that here §(V) = SV, ()
for any V € Dom 4. On the other hand, using the stochastic flow property, we have that

O (105 ()] = [ )00 (B )i,

and
E [f 0 (tr2))s (U9 t, )Y, (tr, @ ))}
[f(YtkH)fs (Ue(tka 2)0pY,), (th, ) ‘Ytk = x}
[ TR [5 (U 2)0ni, (o)) [¥i =Y, = o] o (B )y
which finishes the desired proof. O

5.2. Proof of Lemma [3.2]

Proof. From (3.3 and Itd’s formula,

M&

ty

(VoY (tey )t =14 — / (VoY (t,2)) " <vxb< O(te,x Vooi (Y (ty, 2 >>>2> ds

1:1

d t ‘
= / (VoY (11 2)) " Vs (Y (1, )WV
i=1 7tk

+/tk RO(V’UYSHG’“ @) (Iﬁvw( " (tg, @), )) (Vaoe(YE (ty, @), 2))2v(dz)ds

t d -1 —~
[ ) (1o VeV (1), 2)) VeV (), N s, ),
tr RO
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which, together with (3.4 and Itd’s formula again, implies that

tkt1
(V20 (b)) 00, () = [ (VY ) 000,V (s, ()

173

Then, using the product rule [27, (1.48)] and (5.1), we obtain that
6 (U° (b )00V, ()
—5 (a_l(Y_e(tk, )V Y (b, 2) (VoY (th,2) 7 05Y, (1, ac))

= (Y1), (t, )" (VY (b)) / DY ) 0 (Y 1 2))) W,

tg

-/ (D2 (@Y ) (T, ) ) 020 )9 1)) s

) / (T2Y () 0pb(6., YO ()" / " Y b)) 0 O ()W
/ttkﬂ /tkﬂ tr ( Dy (V¥ (b, @) 70000, Y1 (b4, 2)))7) 07 (V2 (1, 2) VoYY (1, ) ) duds

We next add and substract the matrix ((nyti (te, )~ 10pb(0, Yt‘z (tg,x)))* in the first in-
tegral and the matrix (Vthz (ts x))*(a‘l()@z (tg,x)))* in the second integral. This, together
with the fact that Y} (t, z) = Y = z, yields

6 (U° (k)0 YE, (s 2)) = Do (V) 00b(0, YE)) (W, — Wa,) — R + RO + RYX,
(5.2)
On the other hand, by equation (3.2]) we have that

—1/y0 et o 0

tht1 tk+1
- / ( (¥9) — of Y9 AW, — / / (Y2, 2)M (ds dz))
tr v

This, together with ([5.2]), conclude the desired result. O
5.3. Proof of Lemma [3.6]

Proof. Observe that

e = [ e X vyt

) dp
(4B: = a0} (X) (b0, X0) = b(61, X)) dt) — =55
k

Consider the process W = (Wy,t € [tg, tx+1]) defined by

W, := By — a/tal(Xs) (b(6, X,) — b(61, X)) ds.

ty
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By Girsanov’s theorem, W is a Brownian motion under P¢.

Using Girsanov’s theorem, Holder’s and Burkholder-David-Gundy’s inequalities, the mean
value theorem, and hypotheses (A2), (A4)(b), together with Lemma (ii), we get that

(oo 1) ]

‘/ [ tkH (b(8, X¢) — b(gl,Xt))*G_I(Xt)th‘ka] da
S/o( ['V'p‘thD;<Eﬁa[
< (rente) [ (5 [vP]x2]) an

for some constants C, gy > 0, where p,q > 1 and % + é = 1. Thus, the result follows. [l

JDP

k

TIRIY
‘ka]> da

/ (6, X,) — b6y, X,)) o~ (X)W

5.4. Transition density estimates. For any ¢ > s and 7 > 0, we denote by q(‘gi) (t—s,z,9)

the transition density of X conditioned on X? = z and N;— N, = 4, where N; = N([0, ] xR%),
t > 0 is a Poisson process with intensity A = [, v(dz). That is,

o .
A—s) (At = 5))*

p (t—s,2,y) qu) —s,x,y)e ( S)T. (5.3)

For any ¢t > s and 7 > 1, we denote by q(ei) (t —s,z,y;21,...,2) the transition density of

X? conditioned on X¢ = 2, N; — N, = i and A/AX[M ={z1,...,2i}, where K[S,t] are the jump

amplitudes of 7 on the interval [s, ], i.e., K[S,t] = {Azu; s <wu <t}
We next show the upper bound estimates for the transition density q‘(go) (t — s,x,y) and

q?l) (A, z,y; z). For this, we transform equation (1.1)) by introducing a new R?-valued process

V9 = (V)50 defined by V¢ := f(X!) = \/% Notice that [V| < 1, for all t > 0. On
the other hand,

1
Vi) = ———= (la+ A(z)),
(14 [zf?)2
where the matrix A(x) = |z|2Iy — zz* is symmetric and non-negative definite, for all z € R?.
Moreover, it is easy to check that det V f(x) = (1 + \x|2)_%_1 > 0, for any x € R%.

By Ito’s formula, V9 satisfies the following SDE with jumps
1
avy = <Vf<xf>b<e,xf> +yu{vrraneteen ) - [ Vf<Xf>c<Xf_,z>u<dz>) dt
R§

+ VI(X])o(X])dB; + /Rd

(FOXE 4+ (Xl 2) = F(XE)) N(dtdz),  (5.4)
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where X! = \/%W and tr{V2f(X9)o?(X?)} = (tr{ngi(Xf)aQ(Xf)})ie{17_“7d}. Observe

that the drift and diffusion coefficients of equation are uniformly bounded and con-

tinuously differentiable with bounded partial derivatives. On the other hand, the diffu-

sion coeflicient does not satisfy an uniform ellipticity condition but satisfies, by hypothesis

(A8), an ellipticity assumption in all R%. The new jump coefficient is given by ¢(v,2) =

f(—=2— +c(—%—,2)) — v, where |v] < 1. Note that when X? has a jump at time 7 with
V-2 V-2

jump size c¢(X?_, AZ—), then V? has the jump size ¢(V_, AET) at the same time.

For any t > s, we denote by q%;/(t — s, x,y) the transition density of Vte conditioned on

V# = r and N;— N, = 0. Under conditions (A1), (A2), (A4)(a) and (A8), by [21, Corollary
3.25] and [3, Theorem 9 iii)], for any 6§ € ©, there exist constants ¢, C' > 1 such that for all
0<t<1,and z,y € RY,

C =
q(e’;/(t,x,y)gtd?e . (5.5)

For any ¢t > s, we denote by q(el’;/(t — s,x,y; 2) the transition density of Vt@ conditioned on
VY =2,N;— Ny =1 and /A\[syt] = {z}. Then, q(el’;/(An, x,y; z) satisfies the following estimate.
Lemma 5.1. Under conditions (A1), (A2), (Ad)(a), (f) and (A8), for all § € O, there
exist constants Cy,Co > 0 such that for all z,y € R?, and z € Rg,

d ly—z—a(z,2)|?
q(97§/(A7’L7$7y7 Z) S %(;:/)26 CzﬁQ(z)An ,
1(2)An
where n(z) and B(z) are defined in (A4)(f).

Proof. Using the Chapman-Kolmogorov equation and the fact that the distribution of the
jump time conditioned on Ny, — Ny, = 1 is uniform on [ty, tx41], together with (5.5)), we get
that for some constants ¢,C > 1,

0,V Pt A% ~
Q(i) (An)x7y7 A / /]Rd Q(O) tkaxvv)Q(j) (tk—i-l —t,’U—i—C(U,Z),y)dUdt

tet1 |E:—ac|2) 1 _ly (Itl c(v,i;\Q d d
Teltety) T g1~ t.
/]Rd t— tk d/2 k (trtr — t)d/2e ‘
We next use the change of variables u := 9 (v) := v 4+ ¢(v,2) — x — ¢(z, z). Observe that
(x) = 0 and the gradient satisfies det Vi)(v) = det Vf(\/1 mE (\/1: |2,z)) > 0, for all

lv] < 1 and z € RY. Therefore, the mapping v — 1 (v) admits an inverse function ¥»~!. On
the other hand, det Vi(v) > n(z), and using the mean value theorem there exists o« € (0, 1)
such that

L) — = (O)2 = [ au]? = 14
Z 50

where we have used hypothesis (A4)(f). Therefore,

97
Q(1§/(Ana z,Y; Z)

te41 / |'¢’ 1(“) P 1(0)| 1 _ly u( T c(z,)z)\Q 1
=t e [ R —— /77
R (£ — ty,) 5 (thyr — )42 | det Vip(v)]|

&
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2
\

tri1 |u 1 _ |y7u7x75(ac,z)\2
— ¢ 652(z>(t*tk¢) _ ¢ c(tpq1—t) dudt
(t— tk d/2 t —t g
(tkt1 — 1)

1 _ ly—e—i@a)|?
e c(52(z)(t7tk)+tk+17t) dt.

_ Cﬁd(z) /
n(2)An Jy,  (c(B2(2)(t = ti) + tpyr — )42

Next, observe that
c(BAH2) A1) Ay < c(BA2)(t —t) +tey1 — t) < c(B%(2) V1) Ay,

from where we deduce that

o CB4(z) _li—e—tea)?
43y (Bn, 2,95 2) < e (FEV)an,
M 1(2)((B%(2) A1) Ay)4/2
for some constant C' > (. Therefore, the desired result follows. O

Lemma 5.2. Under conditions (A1), (A2), (Ad)(a), (f) and (A8), for all § € ©, there
exist constants ¢,C > 1 and C1,Cy > 0 such that for allt > s, x,y € R, and z € ]Rg,

0 C _ @ =f@)?
oyt = s,2,y) < (P @ det Vf(y), (5.6)
d _ @)= f@)—a(f(2),2)|?
(B z) < S EERSEAE dee v ). (57)
n(z)Axn

Proof. Since det V f(y) > 0, for all z,y € R? and ¢ > s, we have that

P(Xf edy}Xf =z, N; — N :o) =P<Vt€ € df (y)

V! = f@), Ny = Ny =0)

which, together with (5.5)), implies that

aloy(t = 5,2,) = gy} (=5, f(x), f(y)) det Vf(y) < (t_CWe—“iisz” det V £(y).

This concludes (5.6). Similarly,
P (Xtek+1 e dy‘thk = .'L‘? Ntk+1 - Ntk = 17Atk tk+1] {Z}>
=P (Vi € df )|V = F(2), Nooy = Nog = 1, Ry = £23)
which, together with Lemma implies that
0l (An,y:2) = 41) (An, f(@), [(y); 2) det V£ (y)

d Lf ()= f () =2(f () ,2)|?
L G (d/)2e GFZHan det Vf(y).
U(Z)A

Therefore, the desired result follows. O
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5.5. Expression of conditional expectations via transition densities. Consider the
events jk = {Ny,, — Ny, = i} and Jig = {My, ., — My, =i}, for k € {0,...,n — 1} and
i € {0,1}, where My = M([0,¢] x Rd) t > 0 is a Poisson process with intensity A. We denote
by A[s 4 the jump amplitudes of Z on the interval [s, ], i.e, Ast] = {AZu, s <u < t}, and

by u(dz) = % the jump size distribution of Z.

For each k € {0, ...,n — 1}, we consider the events

Akn—{
Akn—{

where pl, v are constants from hypothesm (A7), and pg, v are some positive constants with
~v € (0, ) We then denote by Ac and AC their corresponding complementary events.

Set I ={z€Rd: p1AY < |2| < paA, Y or I = {a € RI: pAY < |a| < paA,”}, and recall
that ex(0) = (99b(0, Xt,))" (00*)71(Xy,). As in [I8, Lemma 2.2], we have the following
expressions for the conditional expectations in terms of the transition densities.

Lemma 5.3. Under conditions (A1), (A2) and (A4)(a), for allk € {0,....,n—1} and € O,

th+1 2
E@Z’% I:ljo,k< (G)EX% 1J1k Akn/ /]Rd tk’ M (ds,dz)|Y, tk 1 thﬂ]) ’th:|

_ / €k (0) f[ Q(el) (Anv th )y Y5 a)c (tha a) :u(da)e_)\An A, qe (A X, y)e_)‘A" dy
R pe(A'ruthay) (O) " " ’
(5.8)

tet1

N(ds,dz)

[mAZ,pzAn”]} 7

tet1

M(ds,dz)

[mA’é,pzAn”]} ,

2
tet1 .
0 0
E@Z,OO 1{}1}]@ <€]€(9)1A\k’n/tv /Rd C(th,Z)N(dS,dZ)Eth |:1jo,k Ythrl = th+1:|> ‘th
k

0

q(o) Anthka ) ~AAn ? 0 _AA 2
/ /]Rd Xt y) Q(l) (ATM thu y7 a)e nAAn (ek (H)C(th7 a)) dyu(da)7
n7 k
(5.9)

and

th+1
0 _
EQZ 00 |:1f1k < < / . th, N(ds dZ)E |:1<71,k Y;fk-»-l = th+1:|

d
Tt 2

/ / ( (Xtm ) C(th’ a)) q(l) (Ana th » Y5 a),u(da)e_)‘An )\An ) 2
Rd

p9<ATl7 tha y)
q( )(Anthk7y7 ) AA”)\Andy/j,<dZ)
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Proof. Using Bayes’ formula, we get that

tht1
151 Akn/ /Rd tk’ M (ds,dz)|Y;

E?)(tk [C(Yti’A[t’“’t’““])l{lx[th,tkﬂ]IEI}I{YtiH:thH}
P’ (An, Xy, Xtpir)
B f[ q(el)(An, Xty Xtyoia)e (X, a) ,u(da)e_)‘A")\An
B Pg(Am thvth+1)
This, together with Bayes’ formula again, implies that

trt1
E@Z’GO |:1jo,k( (G)EX% 1J1k; Akn/ R }/;k’ M (ds, dz)
_ Qe (@,thk)

_ 2
o f[ An7th7th+1’ a)e (X, a) p(da)e 2 2mAA, 7 ox
X ~6,0¢ (An, th’ th+1) ‘ 0,ky Xty

Eth

tk+1 th+1]

e %, (1)

2
1/tk+1 th+1] > ‘th:|

which implies (5.8]). Similarly,

tet+1
E@Z’OO 1:7\1, Akn/ / c(Xy,,z)N(ds dZ)EXt |:1jo,k
0 An7th7th+1)ei

< 2 (d Ay
:EQZ’GO ljl’k <ek(0)1{|7\‘[%7%+1]|61}c(th’A[tk’tk+1])> < pe(Anath7th+l) ) th

qO (AnaXt 7Xt ) ~Aln o~ -~
_ / Bgn <()p"(A ) [ B = {0 X | (exl0)e(Xs.0)°
7y X k41

2
)/tZJrl = th+1:|> ‘th

oo I R
% Q0" (R € da, Tip|Xe,)

q(O) A”’th’ ye A 0 ZAA 2
/ /R d ) (e XK a)e S AN (e (0)e( Xy ) dyp( ),
n7 ko

which shows 5.9. The proof of (5.10|) follows along the same lines and is therefore omitted.
O

5.6. Large deviation type estimates. By abuse of notation, we consider the events jgk =
{Nty., — Ny, > 2} and Jop = {My,,, — My, > 2}. For i € {0,1,2}, set

lkt+1
Mie = E@Z,QO[ Az‘, ( </ / th, dS dZ)
tkt+1 2
th / / tk’ dS dZ) tk+1 th+1 )) ‘th:|
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In all what follows, to deal with the estimation of |ex ()|, hypotheses (A2) and (A4)(b)
will be used repeatedly without being quoted.

Recall that for the simple Lévy process in [I§], we used a large deviation principle by
conditioning on the number of jumps inside and outside the conditional expectation in order
to obtain the large deviation type estimates (see [I8, Lemma 2.4]). For the non-linear model
, we need to obtain an analogue of [I8, Lemma 2.4]. For this, we use the fact that the
study of the asymptotic behaviour of the transition density leads us to study the behaviour
of the transition density under the additional condition on the number of jumps which has to
be compared with another transition density with a different number of jumps. This is why
one needs to use lower bounds for the transition density and upper bounds for the transition
density conditioned on the jump structure in order to show the following large deviation type
estimates.

Lemma 5.4. Under conditions (A1)-(A3), (A4)(a), (b), (f), (A5) and (AS8), for any
0 € © and n large enough, there exist constants C,Co,C1 > 0 and q1 > 1 such that for all
a € (v+3mﬂy+3’y,%) ag € (4, 5—37),e€(0,a0 —3my), ¢ > 1, and k € {0, ...,n — 1},

1

2a 1 L
—Co oy +1 a
Mg <C(1+ ’th|q1) A;m’”e (11X, 12)3 +)\ A ta + A, (/ V(dz)> 7
{lzl=p1 AT}

(5.11)
AQa 1
M10 < C(l + ’th|q1) <A;2mv€ <1+\Xt 12)3 + )\ A q + A}L+28
% A"Q’Lozoﬁ»GWfl
+A, / Wdz) | + AR, - (1+'th2>3>, (5.12)
{lzI<p1 AL}
M2 < C’)\qA (1 + |Xt |71). (5.13)

In particular, (5.13|) holds for all n > 1.

Proof. We start showing ([5.11] . Multiplying the random variable inside the conditional expec-
tation of Mg by 1 A, t1a and 15 +15 L 15, we get that M < 3(Mg’1+Mg’2+Mg73),

where for ¢ € {1, 2} settmg AMk = Mtk“ Mtk,

~ let1
0 __ 0
My; = EAZ,BO lj()k (%(Q)Extk Tk Akn/ - Ytk’ M(ds,dz)

YtkH th+1]> ‘th )

2
tk+1 thJrl] ) ‘th
By (5.8]), we have that

2
er(0) [; a0 (An, Xuy, ys a)e (Xoy, a) p(da)e 2 2m AN, -
Mg, =/ < = - - 40y (A, Xt y)e 2 dy.

- tria
o _ 0
Mo =Egoeo |17, (ek(e)Eth Lian>01 3¢ / /Rd Y, 2)M(ds,dz)|Y,

Rd P’ (An, Xiy,y)
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We next divide the dy integral in Mg,1 into the subdomains J; := {y € R%: |f(y) — f(Xs,)| >
M@W} and Jo := {y € R : |f(y) — f(Xy)| < M@W}j where a € (v+ 3m~y+ 37, %),
and call each integral Mg,l,l and Mg,l@‘ Therefore, the estimation of Mg,l is divided into
two parts. The first one uses a large deviation type principle for the continuous process. The
other uses the fact that the jump term is significantly bigger than the continuous term. This
fact is obtained under condition (A3). We start bounding M&l,l. By (5.3),

pe(A’thkay) > \/I\Q(el) (ATL?thay; a)u(da)ei/\An)‘An- (514)
Then, using (A1), on I, [¢(Xy,,a)] < CA,™(1+ |Xy,|) for some constant C' > 0, and using
lz|2 e

| 2

(5.6)), together with the equality e l7* = e="2 ¢~ 2, valid for all z € R?, we get that

Mg,l,l < CA7_L27TW (1 + ’th |q1) / q(GO) (ATH tha y)dy

J1
2 R LOR N
< CA; mry (1 + ’th"h>/ We A det Vf(y)dy
J1 'n,2 1 , (515)
Y-V Crix )‘
—2mvy q1 2c(1+| Xy, 12)3 1 _M
< OA™ (14X ") e . Ll S
J Ay
N

< CAZP™ (14 [ Xy 1) e *0HRDT,

for some constants C' > 0, ¢ > 1, g1 > 1, since the dy integral is Gaussian and thus finite. We
next treat Mg,1,2~ Observe that (5.3)) yields

2
(pe(An,th,y)) Zq(eo)(An,th,y)e_m"/Iq?l)(Athk,y;a)u(da)e_m"AAn. (5.16)

Then, using hypothesis (A1), Fubini’s theorem and ({5.7)), we get that

Mgy < CAZZ™ (14X, 1) e A0A,, /J /I £ (B, Xy 3 ) da)dy
2

84(a) rw-roap-ar o).

< CAP™ (14 !th!ql)/l g We CafX@An det V £ (y)dyv(da),
2 Na)Ay

for some constants C,Cy > 0 and ¢; > 1, since e A, < 1.

Then, using the mean value theorem for vector-valued functions, we get that

|E(f(th)7a)’2 = ’f(th + C(th7a>) - f(th)‘Q

_ ‘ < /O V(KXo +me(Xe,, a))dn> ¢(Xe,. )

1
- ‘ (/ 1 (Ig+ Ay) dn) (X, ,a)
0 (1 + ’th + nC(th? a)P)

CAS™ ! ?
>_“on x, Apdn ) (X,
> 5 o o)+ (f 40t (i

2

2

N

(5.17)
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CAS™ Y s\ s 1 p i
— T e | 2 [ (X0 @) Ayl )

+ (/OlA,,dn> (Xt a) 2}

CAGm'y

> — " |e(Xy,,a)

= (1+|th|2)3’ ( 123 )|
CgAzl(er?)m'y)

T (4 Xy [P

for some constant C3 > 0, since the matrix A, = A(Xy, +nc(Xy,,a)) is non-negative definite.
Here, we have used the fact that on I, from (A1), [¢(Xy,,a)] < CA,"™7(1+|Xy,|), and from
(A3), |¢(Xy,,a)] > Cla| > Cp1 AY for some constant C' > 0.

On the other hand, on Jy we have that |f(y) — f(X3,)| < M\ﬁ%' Thus, using the
k

inequality |u+v|? > g —|v|?, valid for all u,v € R?, together with the fact that o > v+3my,
we deduce that for n large enough,

1)~ £08) )0 2 EIERROE ) g,
C3A2L(”U+3m7) A2«
> - n
Z A KPP (X, PP
C4A%(U+3mw)
=0T X PP

for some constant Cy > 0. Therefore, using (A5), we obtain that for n large enough,

A%(U-H’)m’y-!—li'y)—l

-C
P 11Xy, 193

Mg,1,2 < OAP™ (1+ | Xy, ™) e

5% (a) 7‘f(y)*f(th)7E(f(th>,a>|2
e 202ﬁ2(a)An detv d u da
/ /J J(2C25%(a) An) 2 f(y)dyv(da)

2(U+3m’y+3'y) 1

— 2d
< OB (14X )¢ O TR 6

2(11+3m'y+3'y) 1
n

0B
< CAP™ (L4 (X, 0)e TP </ v(da) + / |a|6d+3u<da>)
{la|<1} {la|>1}

Ai(v+3mw+3'y)—l

—C
> AHIX, )3

< OAP™ (14X, |7 e

)

for some constant C'5 > 0, since the dy integral is Gaussian and thus finite. This shows that
for n large enough and « € (v + 3my + 37, %), for some constants C, Cy > 0,

A2o¢ 1

C —
MY <O (1+ | X |7) A2 e O ID%, (5.18)



32 ARTURO KOHATSU-HIGA, EULALIA NUALART AND NGOC KHUE TRAN

Next, using Jensen’s and Holder’s inequalities with p, ¢ > 1 and ]l) + % =1, and hypotheses
(A1) and (A5), it holds that

tet1 2
M§, <E 17, 1¢ / / c(Y?, 2)M(ds, dz) ‘Y}i =Xy,
~ tht1 %
< (P (Fon]¥s _th)) / / Y, )M(ds,dz) | [V =X,

<onialtiay Xy, |9). (5.19)

Next, using again Jensen’s and Holder’s inequalities, and (A1) and (A5), we get

0 th+1 2
Moz < E | 1iam>015 | e / / Y, 2)M(ds, dz)
tr4+1 2p
/ / Ytk, M (ds, dz) ’YtZ = Xy,

1
x (P (A5, AMy > 00 = X3, )

4
}/;fk - th

1 - 1
< OAL (14X, ) (P (45, AMg > 0]y = X, )",

where p,q > 1 and ]% + % = 1. On the other hand, using Chebyshev’s inequality and (A5),
we have that for any x > 1,

P (A5 AM > 0YE = X1,) =P (|Zuy, — 2,

< p1Ay, jlk)

+P (|2, — 2, > AT, AMy > 0)

< plA(Lrjﬂ '72,k) + P ()Ztlﬁ,l - Ztk

=P <‘K[tk,tk+ﬂ < p1AZ‘J~1,k> P(ij) + ()\A”)Q + (pEIA%)HE [ Z B Etk }
tkt1
< e MrAA, pu(dz) + (AA) + (py 'A7)" / / |2|"v(dz)ds (5.20)
{l21<p1ay} t 4

<o, | p(dz) + (AA,)? + CAJFH
[2]<p1 AL}

<eMnA, v(dz) + C (AA,)?,
{lzI<p1 AL}

for some constant C' > 0, where & is chosen in order that vx + 1 > 2. Therefore,

1

q 1
MY, <cA, / v(dz) | +NaAL | (14X 1),
(lzl<p AL}

which, together with (5.18) and (5.19)), shows (5.11)).
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We next show (5.12)). As for the term Mg , multiplying the random variable inside the
conditional expectation of MY by 1z +1z and1s +15 +1+ , we have that MY <
Ak.n Afn Jo,k J1k J2k

AM{ ) + MYy + M5+ MY ,), where

P tet1
Ml,l = Eéjz,eo |:1j1k< ( Akn/ - th, N(ds,dz)

tet1 0
1; 15 Y,
Rl [0 s )y

tet1
0 _
M1,2 — EQ‘Z,GO 1:7\1 * ( (Q)Eth !]_J2 k Ak n / Rd }/tk’ dS dZ)

Eth tk+1 th«i»l

)) ).

2
YtkH th+1]> ‘th )

0 trt1 2
M{3=Egoo |15, 15 / / o(Xs,, 2)N(ds, dz) ‘th ,

tkt+1
M16,4:E@Zﬁo 1j1,k< (Q)Ext ll{AMk>0}1Ac / /]Rd VY, 2)M(ds, dz)|Y;

2
tk+1 th+1]> ‘th

To bound Mf’g, using Jensen’s and Hoélder’s inequalities, and (A1), (A5), we have that

‘ 2p %
P k+1 ~ ~
M0y < | Espa, ( / / c(X,,2)N(ds, dz) ) ‘th (P (AM,JL;C\X%))
k

< CAR (14 X ) (P (A, 14]%,))

Q=

dal

where p,q > 1 and % + % = 1. On the other hand, as (5.20)), using Chebyshev’s inequality
and hypothesis (A5), we have that for any x > 1,

P (A% FialXe ) =P (| Zss — Zu
<P (‘A[tkvtk+l]
Tkt
< e AN, p(dz) + (pQ_IA;YL)H/ / |z|"v(dz)ds
{lzI<p1A%} 128 R

< e MrA, v(dz) + C (AAR)?,
{lzI<p1A%}

< plAgv ﬁ,k) + P (‘Z\tk+1 - Ztk

> pzAﬁ’y,ﬁ k)

< PlAmij) P(jl,k:) ( IAW HZthrl Ztk

]

where k is chosen in order that vk + 1 > 2. Therefore, for any ¢ > 1,

1
1

a 1
M3 < CA, / v(dz) | +NAL | (14 X5 |7)
RN
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Proceeding as for Mg73, we also get that for any ¢ > 1,

1

a 1
M16,4 < CA, (/ V(dZ)) + )\%A;{ (14| X, 7).
{lzI<p1AL}
We next bound M19,1- For this, adding and substracting the term
tkt+1 ~
1A\k,n / /]Rd C(th7 z)N(d87 dZ)Eth |: J k| thr1 th+1:|
0

inside the square, we get that M191 < 2(Mf1 1+ Mfl o), where

tit+1
M19,1,1 = E@Zﬂo [1 < ( Akn/ / c(Xy,, 2z)N(ds,dz)
tret1
/ / c(Xy,,2)N(ds dz)E [ljl .

tet1
0
M112 :EQZ’BO |:1=71,k< ( Akn/ /d th, dS dZ)EXt [1‘71

th+1 2
1J1k Akn/ /]Rd tk’ ds ,d2)|Y, tk+1 th+1 >> ‘th]

2(M{’71,170 + M{?’17172), where for i € {0,2},

2
0
)]

th+1:|

Y0

k1 —

Eth

Observe that Mﬁu <

tet1 ~
M= Egooo |17, , (%(9)1;&” /tk /Rd C(thaZ)N(dSadZ)Eggk [1fk

syt
0

2
6
Ytkﬂ = th+1}> ‘th

y (6.9)

nathay

2
An,Xt Jy)e A
Mo = /Rd ( : ] Q(gl)(An7th’y; a)e M AN, (en(0)e(Xy, , a))? dyp(da).

Agam we divide the dy integral into the subdomains J; := {y € R : |f(y) — f(Xy,)| >
— 2o Yand Jy = {y € R : | f(y) — f(Xy,)| < ﬁ} where o € (v+ 3my + 37, 3),
t

(1+|th|2)2
and call the terms M16,1,1,0,1 and M1071,1,0,2' In the same way the term MO,L1 was treated,
using (5.16), (5.6) and hypothesis (A1), we obtain that

M{ 1101 < CAP™ (14X, [0 )/J q?o)(An,th,y)dy
1

y bty

B A%‘l_l
2e(1+|Xe, 12)3
Y

< OAP™ (14X, 1) e

for some constants C' > 0, ¢ > 1 and ¢; > 1. Next, (5.3)) yields
(5.21)

pe(Ana th 3 y) > Q(eo) (An7 th, y)e_AA".
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Then, as for the term Mg,LQ’ using hypotheses (A1), (A3), (A5), and (5.7)), we get that for
n large enough,

M1z < CAP™ (141X ") e 00, [ [y (80 Xippsa)dyntia)
2

A2(11-0—3m'y+3'y)—1
—Co—2 2)3
41Xt %)

< OAP™ (14| X, |7 e b ,
for some constants C,Cy > 0 and ¢; > 1. Therefore, the term M19,1,1,0 satisfies ||

2 141
As for the term M&Q, we have that Mf,lﬂ,? < COXa A, (14 | Xy, |9), for all ¢ > 1 and for
some constants C' > 0, q; > 1.

We next treat Mle 12- Using 1} we have that

M9 _ // ( f[ tha C(Xtma)) Q(91)(An,th,y, a)p(da)e—AAnAAn>2
Rd

P2 (A, Xty y)
X qfy) (An, Xo,y; 2)e A A pdypu(dz).
We next fix ag € (1,1 —3v) and let € € (0, a9 — 3my). Consider the set
EF ={acl:|e(Xy,2) —c(Xyy,a)| < AZ, forall z € I},

We next split the integral inside the square of M10,172 over the sets 1pr and 1 gk and call
both terms Mf,l,Z,l and Mf,1,2,2- First, (5.14), (5.7) and hypothesis (A5) yield that

M19,1,2,1 < Ce_AAn)\A;L+26 (1 + |th|q1) / /d q(el) (Ana thvy; Z)dy'u“(dz)

B4(2) s -er o).
< CA* (1+ ’th’ql)/[ - )Ad/2 C26%(2)An det Vf(y)dyv(dz)
n=
< CAMT2E (141X, | 7). (5.22)

Next, to treat Mf 12,2, we divide the domain of the dy integral into two subdomains Iy :=

@Q
{y € RY : [f(y) — f(Xy,) —C(f(th) z)| > W} and Iy := {y € R? : |f(y) —
using hypotheses (A1), (A5), together with and , we get that

MY, sy < CAZZ™ (14 [X,[1) e 2n0A, /I /1 080 (B Xy, 2)dypa(d2)
1

4(2) sy
< CAP™ (1+ \th\ql)/ IYRYNEN C28% () det V f(y)dyv(dz)
Lon(z) Ay
aZeo+6r-! B(2) s - )9

SCA;LWH'Y (1+|th‘(I1)e_203(1+th2)3/ i n( )Ad/2 20562(2) A, detVf(y)dyV(dz)
1

-1
Aiaoﬂi'v

< CA™ (14| Xy, 1) e 20X ?,
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for some constants C, Co, C3 > 0. Next, (5.3 yields

2
<p0 (Ana th ) y)) 2 pG(Ana th ) y) /] q?l) (ATM tha Y; a)/'t(da’)e_AAn >\An

Then, using hypothesis (A1) and (5.7, we obtain that
MY 500 < CAZZ™ (14| X,, 1) e MAmAA,,

0 —2A
Q(l)(Aantmy; 2)6 n)\An
X 1 c 0 AnaX y Y @ da d dz

ﬂd(a) B |f<y)ff(th>7E(f(xtk),a>|2
S CAT_L?m’Y (1 + ‘th‘ql)/[/[ /1(E§)cAd/2€ 02,82(a)An det vf(y)l/(da)
2 a

—2A
Q(l) (An)thay; Z)C ")\An
X dyu(dz
po(ATthkay) ( )

< CAZ™7E (141X, |7) //
|h|*<1+\x |>3/2}

0 —AA
Q(l)(An,th,y; Z)e n)\An
X det Vf(y)dyu(dz),
pe(An,th, y) f(y) y/"( )
for some constants C, Cq,C3 > 0, where we set h := f(y) — f(X¢,) — c(f(Xz,), 2).

Next, using the same arguments as in (5.17)), we get that
‘E(f(th)a Z) - E(f(th)v a)|2 = |f (th + C(thv Z)) - f (th + C(th’a))‘Q

CAS™
> m (Xt 2) — c( Xy, a)|?
2%

CA%(E"F?)’WL’Y)
T (X D)

Ba) ~ |her(Xe, )2 2 (X)) |

/1(E§)C n(a) € Cotn v(da)

for some constant C' > 0, since |¢(Xy, , 2) — (X4, ,a)] > AZ on (EX)¢. Here, we have used the
following estimate, by (A1),

L X, + (X, 2) = e(X @) < 142 (1K P + [el(Xey, 2) = (X))
<O (L4 IX0 P+ (L4 X0 P) (=P + fa*™)
< CAP™ (1+ Xy, |?).

Ay 7 and € + 3my < ag, we deduce that for n large enough,

Thus, using |h| < —=2—
(141X, 12)2

E(f(Xe), 2) — & (Xi), 0))* B2
2
CA%(€+3W'Y) A%ao

> _
214X [P (T X, ?)

|h+g(f(th)7Z) _E(f(th)va)‘Q >
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C4A?L(€+3m'y)
(X, !2)3’

for some constant Cy > 0. Therefore, using (|5 and f I 77 ) v(da) < oo, for n large enough,

2(e+3my+3vy)—1

CyAL
Mf gy < CAZT 26 CB“*‘X%“"“’ (1+ |, |2)
// nathay; ) _AA")‘And tVf( )d (d )
et V f(y)dyp(dz
{|h|<A°‘0} P (A, Xy, 0, 2))

2(6+3m'y+3'y) 1

< AL —2my— 2 03(1+|Xt 12)? (14 | X, |%)

du

y / Jr iy (B, Xy, f7H(); 2)p(dz)e 20 AA,
{Ju|<A%0 41} P(An, Xty f71H ()

C4A2(E+3m’y+3'\/)

d
< CA —2my— 26 C3(1+|th‘2) (1 + |th|q1)’

where we have used the change of variables u := f(y), and f~! is the inverse function of f.

Since ap > € + 3my, we deduce that for any «ag € (Z 5 — 37) and n large enough,
Aioz0+6'y—1

PG e —
M{ 1,5 <CA, T (14X, | M) e OFFgP®
for some constants C, C; > 0, which together with -5,22 gives

AQO‘O +6v—1

—2m G x93
MY 5 < C(L+]Xg, 1) | AP+ AT EPNCEEE oy

—37), € € (0,0 — 3m~y) and n large enough.

el

for any ag € (§,

2 141
Finally, as for M ,, we obtain that M{, + Mj < CAi A, (1 + [ Xy, |9), for all ¢ > 1 and
for some constants C' > 0, ¢; > 1, which concludes the proof of (5.12)) and (5.13]). O

6. BOUNDED DRIFT

The aim of this section is to prove that the LAN property also holds true for equation ([1.1)
when the drift is assumed to be bounded. For this, the assumptions on the drift and jump
coefficients are reformulated as follows.

(A1’) Same condition as (A1) except that |b(0,z)| < L(1+ |z|) and |c(z, 2)| < ((2)(1 + |z|)
are replaced by

6(0,2)] < L, ez, 2)] < ((2).
(A4’) Same condition as (A4) except that (A4)(f) is replaced by
lul
/8 )

for some constants 7, 8 > 0, where ¥ (v) = v + ¢(v, 2) — x — ¢(x, 2).

() |det (Ig 4+ Vae(z,2))| >0, and |V~ (v)u| >
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Under these new conditions, the upper bound estimates of the transition densities are as

follows.

Lemma 6.1. Under conditions (A1’), (A2) and (A4’)(a), (f’), for all O € O, there exist
constants C,c > 1, C1,Cy > 0 such that for all0 <t <1, z,y € R%, and z € ]Rg,

C _ly—=?
Q(QO)(t7$ay) < We et (61)
C,  _ly—z—c(@,2)?
aly(An, 2,43 2) < ATlﬂe ey (6.2)

Proof. The estimate (6.1)) follows from Azencott [I, page 478]. Using the change of variables
u:=1(w) :=v+ec(v,z) —x—c(x, z), and condition (A4”)(f"), the proof of (6.2]) follows along
the same lines as that of Lemma (/5.1)) and is therefore omitted. O

In this case, the LAN property also holds.

Theorem 6.2. Assume conditions (A1’), (A2), (A3), (A4’), (A5)-(AT). Then, the state-
ment of Theorem[2.9 remains valid.

Proof. The proof follows along the same lines as that of Theorem [2.2]except that the estimates

(5.6) and (5.7)) are now replaced by (6.1]) and (6.2)). O
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