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Abstract We consider a system of d non-linear stochastic heat equations in spatial
dimension k > 1, whose solution is an R?-valued random field u = {u(t, x), (,x)
€ R, x R¥}. The d-dimensional driving noise is white in time and with a spatially
homogeneous covariance defined as a Riesz kernel with exponent 8, where 0 < 8 <
(2 A k). The non-linearities appear both as additive drift terms and as multipliers of
the noise. Using techniques of Malliavin calculus, we establish an upper bound on
the two-point density, with respect to Lebesgue measure, of the R*¢-valued random
vector (u(s, y), u(t, x)), that, in particular, quantifies how this density degenerates as
(s, y) — (¢, x). From this result, we deduce a lower bound on hitting probabilities
of the process u, in terms of Newtonian capacity. We also establish an upper bound
on hitting probabilities of the process in terms of Hausdorff measure. These estimates

make it possible to show that points are polar when d > % and are not polar when

Robert C. Dalang was supported in part by the Swiss National Foundation for Scientific Research. Davar
Khoshnevisan’s research was supported in part by a grant from the US National Science Foundation.

R. C. Dalang (<)

Institut de Mathématiques, Ecole Polytechnique Fédérale de Lausanne, Station 8,
1015 Lausanne, Switzerland

e-mail: robert.dalang @epfl.ch

D. Khoshnevisan

Department of Mathematics, The University of Utah, 155 S. 1400 E, Salt Lake City,
UT 84112-0090, USA

e-mail: davar@math.utah.edu URL: http://www.math.utah.edu/davar/

E. Nualart

Department of Economics and Business, Barcelona Graduate School of Economics,
University Pompeu Fabra, Ramén Trias Fargas 25-27, 08005 Barcelona, Spain
e-mail: eulalia@nualart.es URL: http://nualart.es

@ Springer



Stoch PDE: Anal Comp (2013) 1:94-151 95

d < ﬂ In the first case, we also show that the Hausdorff dimension of the range

2-B -
of the process is 4+2ﬂk a.s.

Keywords Hitting probabilities - Systems of non-linear stochastic heat equations -
Spatially homogeneous Gaussian noise - Malliavin calculus

AMS 2000 Subject Classifications: Primary: 60H15 - 60J45 - Secondary: 60HO7 -
60G60.

1 Introduction and main results

Consider the following system of stochastic partial differential equations:

d

D i) = L A y Fi o) + by
Eul(tv-x) - 5 Xul(ta-x) +;Gl,j(u(tvx)) (tvx) + l(u(tax))a (11)
u;(0,x) =0, iell,....d},

wheret > 0, x € RF, k > 1, 0; j, b; : R? — R are globally Lipschitz functions, i,
J €{l,...,d}, and the A, denotes the Laplacian in the spatial variable x.

The noise F = (F',..., F¥)isa spatially homogeneous centered Gaussian gen-
eralized random field w1th covariance of the form

ELF . 0)F (s, )] =8 = 9)lx =y P8, 0<p<@nrb.  (12)

Here, 8(-) denotes the Dirac delta function, §;; the Kronecker symbol and | - || is the
Euclidean norm. In particular, the d-dimensional driving noise F is white in time and
with a spatially homogeneous covariance given by the Riesz kernel f(x) = x| 7.

The solution u of (1.1) is known to be a d-dimensional random field (see Sect. 2,
where precise definitions and references are given), and the aim of this paper is to
develop potential theory for u. In particular, given a set A C R?, we want to deter-
mine whether or not the process u hits A with positive probability. For systems of
linear and/or nonlinear stochastic heat equations in spatial dimension 1 driven by a
d-dimensional space-time white noise, this type of question was studied in Dalang,
Khoshnevisan, and Nualart [5] and [6]. For systems of linear and/or nonlinear stochas-
tic wave equations, this was studied first in Dalang and Nualart [7] for the reduced
wave equation in spatial dimension 1, and in higher spatial dimensions in Dalang and
Sanz-Solé [9,10]. The approach of this last paper is used for some of our estimates
(see Proposition 5.7).

We note that for the Gaussian random fields, and, in particular, for (1.1) when b = 0
and o = I, the d x d-identity matrix, there is a well-developed potential theory [2,27].
The main effort here concerns the case where b and/or o are not constant, in which
case u is not Gaussian.

Let us introduce some notation concerning potential theory. For all Borel sets
F C R?, let Z(F) denote the set of all probability measures with compact support
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in F.Foralla € Rand u € P(RY, we let I, () denote the «-dimensional energy
of u, that is,

Io () = // Ko (llx = yID) n(dx) n(dy),

where
r ¢ ifa >0,
Ko (r) := 1 log(No/r) ifa =0, (1.3)
1 ifa <0,

where Ny is a constant whose value will be specified later (at the end of the proof of
Lemma 2.3).

Foralla € Rand Borel sets F C R, Cap,, (F) denotes the a-dimensional capacity
of F,thatis,

—1
Cap. (F):=| inf I ,
ap, (F) LG{%(F) a(ﬂ)j|

where, by definition, 1/0c0 := 0.
Given o > 0, the ¢-dimensional Hausdorff measure of F is defined by

Iy (F) = hm 1nf{2(2rl)°‘ F C U B(x;,ri), supr; < e} (1.4)

i=1 i=1 izl

where B(x , r) denotes the open (Euclidean) ball of radius » > 0O centered at x € RY.
When o < 0, we define 7%, (F) to be infinite.

Consider the following hypotheses on the coefficients of the system of equa-
tions (1.1), which are common assumptions when using Malliavin calculus:

P1 The functions o; ; and b; are C* and have bounded partial derivatives of all

positive orders, and the o; ; are bounded, i, j € {1, ..., d]}.

P2 The matrix o = (0y,j) 1<, j<a 18 strongly elliptic, that is, there is p > 0 such
that [|o(x) - ]| > p? > 0, forall x € R? and & € R with ||£]| = 1.

Remark 1.1 Note that because o is a square matrix,

inf 1nf lo(x)-£|> = inf inf IET - o ()2

xeR? ||€] xeR4 &=

(for non square matrices, this equality is false in general). Therefore, it follows from
P2 that |£T - o (x)||?> > p? > 0, forall x € R? and & € R? with ||£] = 1.

For T > 0fixed, wesay that I x J C (0, T] x R is a closed non-trivial rectangle if
I C (0, T']is aclosed non-trivial interval and J is of the form [ay, b1] X - - - X [ag, bk],
where a;,b; e Randa; < b;, i =1,...,k.

The main result of this article is the following.
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Theorem 1.2 Let u denote the solution of (1.1). Assume conditions P1 and P2. Fix
T > 0andlet I x J C (0, T] x R¥ be a closed non-trivial rectangle. Fix M > 0 and
n>0.

(a) There exists C > 0 such that for all compact sets A C [—-M , M 14,

Plutl x NNA#2} < CHy_ gy, (A).

(b) There exists ¢ > 0 such that for all compact sets A C [—M , M]d,

Plul x ))NA # 2} = cCapy_s, ., (A).

As a consequence of Theorem 1.2, we deduce the following result on the polarity
of points. Recall that A is a polar set for u if P{u(I x J)N A # @} = 0, for any
I x J as in Theorem 1.2.

Corollary 1.3 Let u denote the solution of (1.1). Assume P1 and P2. Then points are

not polar for u when d < +—2ﬂk, and are polar when d > 4+2k (if 42+2/;‘ is an integer,
then the case d = 4+2é‘ is open).

Another consequence of Theorem 1.2 is the Hausdorff dimension of the range of
the process u.

Corollary 1.4 Let u denote the solution of (1.1). Assume P1 and P2. If d > _ﬂ
then a.s.,

dimy, (u ( (R+ x Rk)) 42412;

The result of Theorem 1.2 can be compared to the best result available for the
Gaussian case, using the result of [27, Theorem 7.6].

Theorem 1.5 Let v denote the solution of (1.1)whenb = Q0ando = 1. FixT, M > 0
andlet I x J C (0, T] x R¥ be a closed non-trivial rectangle. There exists ¢ > 0 such
that for all compact sets A € [—M , M1%,

o1 Cap, (325 (4) = Plodxnnazol < ¢ (125) (A

Theorem 1.5 is proved in Sect. 2. Comparing Theorems 1.2 and 1.5, we see that
Theorem 1.2 is nearly optimal.

In order to prove Theorem 1.2, we shall use techniques of Malliavin calculus in
order to establish first the following result. Let p; . (z) denote the probability density
function of the R¢-valued random vector u (¢, x) = (u1(z, x), ..., ug(t, x)) and for
(s, y) # (¢, x), let ps y. 1 x(z1, 22) denote the joint density function of the R24_yalued
random vector

(u(s, y),u(t, x)) = (ui(s,y), ..., ua(s, y), ur(t, x), ..., ug(t, x)) .
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The existence (and smoothness) of p; ,(-) when d = 1 follows from [13, Theorem
2.1] and Lemma 6.1 (see also [18, Theorem 6.2]). The extension of this factto d > 1
is proved in Proposition 4.2. The existence (and smoothness) of p; y.; (-, -) is a
consequence of Theorem 5.8 and [16, Theorem 2.1.2 and Corollory 2.1.2].

The main technical effort in this paper is the proof of the following theorem.

Theorem 1.6 Assume P1 andP2. FixT > OandletI x J C (0, T] x R¥ be a closed
non-trivial rectangle.

(a) The density p; x(z) is a C™ function of z and is uniformly bounded over 7 € R4
and (t,x) € I x J.

(b) For alln > 0 and y € (0,2 — B), there exists ¢ > 0 such that for any
(s,y), (t,x) eI xJ, (s,y) # (t,x), 21,22 € RY, and p > 1,

2-B _B_

Psyitn (@1, 22) < c(lt —s| 77 +|lx — y||*7 Py~

[|r—s|y/2+||x—y||y
X

A1l
llz1 — z2I?

p/(2d)
} (1.5)

Statement (a) of this theorem is proved at the end of Sect. 4, and statement (b) is
proved in Sect. 5.3.

Remark 1.7 (a) Theorem 1.6(a) remains valid under a slightly weaker version of P1,
in which the o; ; need not be bounded (but their derivatives of all positive orders
are bounded).

(b) The last factor on the right-hand side of (1.5) is similar to the one obtained in [10,
Remark 3.1], while in the papers [5,6], which concern spatial dimension 1, it was
replaced by

exp(_ llz1 = z21? )
(It =sP2+lx = yl17) )

This exponential factor was obtained by first proving this bound in the case where
bi =0,i=1,...,d,and then using Girsanov’s theorem. In the case of higher spatial
dimensions that we consider here, we can obtain this same bound when b; =0, i =1,
..., d (see Lemma 5.12 in Sect. 5.3). Since there is no applicable Girsanov’s theorem
in higher spatial dimensions and for equations on all of R?, we establish (1.5) and,
following [10], show in Sect. 2.4 that this estimate is sufficient for our purposes.

One further fact about p; , (-) that we will need is provided by the following recent
result of Nualart [19].

Theorem 1.8 Assume P1 andP2. FixT > Qandlet I x J C (0, T] x R¥ be a closed

non-trivial rectangle. Then for all z € R? and (¢, x) € (0, T1x RX, the density DPi.x(2)
is strictly positive.
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2 Proof of Theorems 1.2, 1.5 and Corollaries 1.3, 1.4 (assuming Theorem 1.6)

We first define precisely the driving noise that appears in (1.1). Let Z(RK)
be the space of C° test-functions with compact support. Then F = {F(¢)
= (FY(¢),..., F4(¢)), ¢ € 2R} is an L*(Q,.Z,P)?-valued mean zero
Gaussian process with covariance

e[Foriw]=s; [dar[a [azeeiy-a7v0.2.

R4 Rk Rk

Using elementary properties of the Fourier transform (see DALANG [3]), this covari-
ance can also be written as

E[F@F ] =s;a, [dr [ dler*Fo0 06 F000@.

]R+ Rk

where ¢ g is a constant and .% f(-)(£) denotes the Fourier transform of f, that is,

FIOG = [ fa
Rk
Since Eq. (1.1) is formal, we first provide, following Walsh [25, pp. 289-290],
a rigorous formulation of (1.1) through the notion of mild solution as follows. Let
M= M"' ... M) M = {MA).t>0A¢c B®R") be the d-dimensional
worthy martingale measure obtained as an extension of the process F' as in Dalang
and Frangos [4]. Then a mild solution of (1.1) is a jointly measurable R¢-valued

process u = {u(t,x), t >0, x € Rk}, adapted to the natural filtration generated by
M, such that

l d
u;(t,x) = //S(t — S, X —Y) ZGi,j(u(s, y))Mj(ds, dy)
j=1

0 Rk
t
+/ds/dyS(t—s,x—y)b,-(u(s,y)), iel{l,...,d}, 2.1
0 RE

where S(t,x) is the fundamental solution of the deterministic heat equation in
R, that s,

—k/2 ||)C||2
S(t,x) = (27Tl) / exp(—T),

and the stochastic integral is interpreted in the sense of [25]. We note that the covari-
ation measure of M' is
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0([0,1] x A x B) = (M(A), M (B)); = r/dx/dy 1400 Ix — ¥ 150,
RE  RE

and its dominating measure is K = (. In particular,

2

t
E //S(t—s,x—y)M"(ds,dy)

0 Rk

t
=/ds/dy/sz(t—s,x—y) ly =zl # St —s5,x —2)
Rk

0 k

t
=crp / ds / de EIPR 178 — s, ) ()12, 2.2)
Rk

0

where we have used elementary properties of the Fourier transform (see also Dalang
[3], Nualart and Quer-Sardanyons [18], and Dalang and Quer-Sardanyons [8] for
properties of the stochastic integral). This last formula is convenient since

TS, ) = exp (277 r[g]1?) 23)

The existence and uniqueness of the solution of (1.1) is studied in Dalang [3] for
general space correlation functions f which are non-negative, non-negative definite
and continuous on R¥\ {0} (in the case where k = 1; for these properties, the extension
to k > 1 is straightforward). In particular, it is proved that if the spectral measure of
F, that is, the non-negative tempered measure z on R¥ such that Z . = £, satisfies

n(d§)
/ TrjeE =% @4)

Rk

then there exists a unique solution of (1.1) such that (¢, x) — u(z, x) is L2-continuous,
and condition (2.4) is also necessary for existence of a mild solution.

In the case of the noise (1.2), f(x) = ||x | =# and w(dé) =cqll& ||/3_k d&, where cg4
is a constant (see Stein [24, Chap.V, Sect. 1, Lemma 2(b)]), and the condition (2.4) is
equivalent to

0<B<Q2Ank). 2.5)
Therefore, by Dalang [3], there exists a unique L?-continuous solution of (1.1),

satisfying

sup E|:|u,-(t,x)|”:| <400, i€efl, ..., d},
(t,x)€[0,T1x Rk

forany T > Oand p > 1.
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2.1 Holder continuity of the solution
Let T > 0 be fixed. In Sanz-Solé and Sarra [23, Theorem 2.1] it is proved that for any
y€0,2—8),s,t€[0,T], s <t, x,yeRs p>1,

p/2
E[lutt, ) = uts, DI7] = Cpopr (1= P2+ x = y17) 7. 26)

In particular, the trajectories of u are a.s. y /4-Holder continuous in ¢ and y /2-Holder
continuous in x.

The next result shows that the estimate (2.6) is nearly optimal (the only possible
improvement would be to include the value y =2 — B).

Proposition 2.1 Let v denote the solution of (1.1) with o = 1 and b = 0. Then for
any0 <ty < T, p > 1 and K a compact set, there exists c; = c1(p, to, K) > 0 such
that foranyty <s <t <T,x,ye K,ie{l,...,d},

2-p 28
E[ui 0 — vt ol = e (=7 +x—y177). @7

Proof Since v is Gaussian, it suffices to check (2.7) for p = 2. Setting t = s + h and
x =y + z, we observe from (2.2) that

E[luiGs +h,y +2) = vy, P = cp (h+ ),

where

s+h

I = / dr/dé VEIEK L2 S(s +h — 1, )2,
s Rk

b= [ar [asig1 176 4 h - @) e 0
0 Rk
— FS(s — 1, )E) e TEV],

Case 1. h > ||z||*. In this case, we notice from (2.3) that

s+h
L+hL=>I= / dr / de ||E|1PF exp(—4n2 (s + h — r)|E]1%)
Rk

s

{1 — exp(—dn2h]E )
/ £ g pre

Rk
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We now use the change of variables & = h'/2¢ to see that the last right-hand side is
equal to

. o B A 2NEN2
ne [ i ||‘fs||ﬂ"‘(1 xpCAr 5] )).

42 |E|1?
Rk
Note that the last integral is positive and finite. Therefore, when & > |z||2,
2-8
2
B[l + 5y +2) = vits, 1P| = ¢ (max (n, 1211))
Case 2. ||z||> = h. In this case, we notice that

N

htbzn= [dr [ deler e (~ans - g lR)
0 Rk

2
x ’1 —exp (—4n2h||g||2) exp (—2mi £ - z)‘ .

We use the elementary inequality |1 — re’?| > %|1 — ¢'?|, valid for all € [0, 1] and
0 € R, and we calculate the dr-integral, to see that

1 — exp(—4n’s| &>
bz [ ||s||*""‘( exﬁf,z”;f”g” ))|1—exp<—2nis~z)|2.

Rk

Because z € K — K and K is compact, fix M > O such that ||z|]] < M. When z # 0,
we use the change of variables £ = ||z||§ and write e = z/||z|| to see that the last
right-hand side is equal to

clzl*~* / dE NEIP2 (1 = exp (—4m201E12/1212)) 11 = exp(=27i & - )

Rk

> Gzl [ dE 1812 (1-exp (~4nnllEIP/M2) ) 11-exp(-2mi € - o))

Rk
The last integral is a positive constant. Therefore, when lzI? = h,

28
2

E [lop(t +hoy +2) = vi(s. 0P | = ¢ (max (n. 1217) )

Cases 1 and 2 together establish (2.7). O
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2.2 Proof of Theorem 1.5

Under the hypotheses on b and o, the components of v = (vy, ..., vg) are independent,
sovisa (1+k, d)-Gaussian random field in the sense of [27]. We apply Theorem 7.6
in [27]. For this, we are going to verify Conditions (C1) and (C2) of [27, Sect. 2.4, p.
158]withN =k+1, H1=Q2—-8)/4, Hi=2—-p)/2, j=1,... k.

In particular, for (C1), we must check that there are positive constants cy, ..., c4
such that for all (¢, x) and (s, y) in I x J,

a < E (0 0?) <e, 2:8)
and

& (1t =1 + 1 = yIP) = B[ @10 = 15, 0)7?]

<ci(lr=sI7 +lr—yIP ). @9

Condition (2.8) is satisfied because E[v; (¢, x)2] = Ct@=#)/2 (see (2.2), (2.3) and
Lemma 6.1). The lower bound of (2.9) follows from Proposition 2.1. The upper bound
is a consequence of [22, Propositions 2.4 and 3.2].

Finally, in order to establish Condition (C2) it suffices to apply the fourth point of
Remark 2.2 in [27]. Indeed, it is stated there that Condition (C1) implies condition

(C2) when (¢, x) — E[v(t, x) ] = C1+?=P)/2 is continuous in I x J with continuous
partial derivatives, and this is clearly the case.
This completes the proof of Theorem 1.5. O

2.3 Proof of Theorem 1.2(a)

Fix T > Oandlet I x J C (0,T] x R¥ be a closed non-trivial rectangle.
Let y € (0,2 — B). For all posmve integers n, i e {0 .,n} and ] = (J1,---s Jk)

e {0,...,n}k, set ' =i2" (x =j2 7 ! —Jk2 V) and

n — n n n n . r.l n
Ii’j_[tl- ,tiH]x[le,leH]x x[x]k,x]kJr]].

The proof of the following lemma uses Theorem 1.6a and (2.6), but follows along
the same lines as [5, Theorem 3.3] with A((z, x); (s, y)) there replaced by |r — s|7’/2 +
lx — yl|”, B there replaced by d — n and € in Condition (3.2) there replaced by 27".
It is therefore omitted.

Lemma 2.2 Fix n > 0 and M > 0. Then there exists ¢ > 0 such that for all z
€ [—M, M1?, n large and I', I xJ,

P {u (Ii’,zj) N B (z , 2_") # @} < 2 nd=n,
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Proof of the upper bound in Theorem 1.2 Fix € € (0,1) and n € N such that 27!
< € < 27" and write

P{u(I xJ)NB(z,¢€) # @) < Z Plu(I!;) N B(z, €) # ).
NI X ) #D

4,2
The number of (1 + k)-tuples (i, j) involved in the sum is at most c2"GEYR,

Lemma 2.2 implies therefore that for all z € A, n > 0 and large n,
~ 42k
Plu(IxJ)NB(z,e) @) <CQR™M4™M2" v .

Letn =7+ (% — ﬁ) (4 + 2k). Then this is equal to

4+2k

2711(617(27/3 ‘H’)/)) - ng 4+2k ’

R ’

because 27”1 < € < 27" Note that C does not depend on (1, €), and n’ can be
made arbitrarily small by choosing y close to 2 — 8 and 1 small enough. In particular,
forall e € (0, 1),

+2k ’

Plu(l x YN B(z,e) £ @) < Cel 57, (2.10)

Now we use a covering argument: Choose € € (0, 1) and let { B; };’il be a sequence
of open balls in R9 with respective radii r; € [0, €) such that

o0
_ 442k -
AC U2 Bjand > 2r)? =T < Mg iz _y(A) +E. 2.11)
i=1

Because P {u (I x J) N A # &} is at most Z?il P{u(l x J) N B; # &}, the bounds
in (2.10) and (2.11) together imply that

Pu(l x J)NA£2)<C (%_%_n,m) +5).

Let € — 0 to conclude. O

2.4 Proof of Theorem 1.2(b)

The following preliminary lemmas are the analogues needed here of [5, Lemma 2.2]
and [5, Lemma 2.3], respectively.

Lemma 2.3 FixT > OandletI xJ C (0,T] x R* be a closed non-trivial rectangle.
Then forall N >0,b >0,y >y >0and p > %(37]9 — 2k — 4), there exists a
finite and positive constant C = C(I, J, N, b, y, v, p) such that for all a € [0, N],
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L/w/w/ﬁg/@qrwﬁﬂ+w—yWrW
1 1 J J

(U—MW“HM—yW”
X
a

p/d)
A 1) <CKy, wn(@. (2.12)
Y Y

Proof Let |J| denote the diameter of the set J. Using the change of variables it =t —s
(¢t fixed), v = x — y (x fixed), we see that the integral in (2.12) is bounded above by

[1]
|HMU{/M /'dmﬂﬂ+nw%*ﬂ
0 B(0,]J])

a2 p/(2d)
(— A 1) ,
a

where A, denotes Lebesgue measure in R¥. A change of variables [i = a*?u?,
# = a*/7 v] implies that this is equal to

w7, faVAIDY?
Cav v udu
0

x/ dv @ + v||7)b/? ((uV/4+ ||v||V/2) A 1)
B(O,|J|a=2/7)

We pass to polar coordinates in the variable v, to see that this is bounded by

p/(2d)

a2 (Iptr | JjaTY
442 7y, _ ~ = _
Ca v v du / dx x*Vu @ + x7)"b?

0 0

X ((uV/2 + x”/z)p/(w) A 1) .

Bounding x*~'u by (1 + x)* and using the fact that all norms in R? are equivalent,
we bound this above by

a~ v @Up'? 21 jar
442k )7b

Ca v 7 / du / dx(u—l—x)k_%((u~|-x)y'”/(4d)/\1).

We now pass to polar coordinates of (u, x), to bound this by

442

442k 7
Ca v v 1+ La)), (2.13)
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106

where
KN~
vb
I = / dp P17 (prP/GD A,

0
Ka=2lv

k+1-2k
L(a) = dp p*F177,
KN—2/r

4+2k
14

_ 442k

where K = 2(J/|I| Vv |J]). Clearly, I} < C~ < oo since k + 1 — %b—l—% > —1by

v
b==5

the hypothesis on p. Moreover, if k + 2 — VT}’ = 0, then
NEb-

b av
2 7b .
k+2—- 1

L(a) = K*F
There are three separate cases to consider. (i) If k + 2 — % < 0, then Ir(a) < C
y 442k
foralla € [0, N1. (i) fk+2—22 > 0,then Ir(a) < ca?’™ 7 (i) Ifk+2—22 =0,
then
2 1
h(a) = —|In—+1InN|.
yL a
We combine these observations to conclude that the expression in (2.13) is bounded by
CKjy, s (a), provided that No in (1.3) is sufficiently large. This proves the lemma.
14 14 O
Forall a, v, p > 0, define
kel
W, (p) = /dx PR (2.14)
0

Lemma 2.4 For all a,v, T > 0, there exists a finite and positive constant C =

C(a,v,T) suchthatforall0 < p <T,
Yau(p) < CKupryw(p).

Proof If v < k, then limy—oW.,(p) = [ x*"17"dx < oo. In addition, p
+— W, ,(p) is nonincreasing, so ¥, , is bounded on R when v < k. In this case,

K@w—x)/v(p) = 1, so the result follows in the case that v < k.
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For the case v > k, we change variables (y = x,o_l/”) to find that

av’ 1" k-1

—(v— Y
Wan(p) = p~ 70 / DI

When v > k, this gives the desired result, with ¢ = f0+°° dy y*=1 (14 y¥")~'. When
v = k, we simply evaluate the integral in (2.14) explicitly: this gives the result for
0 < p < T, giventhe choice of Ko(r) in (1.3). We note that the constraint“0 < p < T
is needed only in this case. O

Proof of the lower bound of Theorem 1.2 The proof of this result follows along the
same lines as the proof of [5, Theorem 2.1(1)], therefore we will only sketch the steps
that differ. We need to replace their § — 6 by our d — ‘% +n

Note that our Theorem 1.6(a) and Theorem 1.8 prove that

inf /dl/dx prx(2) > C >0, (2.15)
lzll<M ) ’

which proves hypothesis A1’ of [5, Theorem 2.1(1)] (see [5, Remark 2.5(a)]).
Moreover, Theorem 1.6(b) proves a property that is weaker than hypothesis A2 of
[5, Theorem 2.1(1)] with their 8 =d + 1, y € (0,2 — B) and

A, x)5 (s, ) = It — s[>+ [lx — yII”,

but which will be sufficient for our purposes.
Let us now follow the proof of [5, Theorem 2.1(1)]. Define, for all z € R? and
€ >0, B(z,e):={y e R : |y — z| < €}, where |z| := maxi<j<q |z, and

1
Je(2) = W/dt /dx 10,0t x), (2.16)
1 J

asin [5, (2.28)].
Assume first that d + n < %. Using Theorem 1.6(b), we find, instead of [5,
(2.30)],

E[vei] e [ar [as [ax [ay (0=o% + o= yp#)

1 I J J

Use the change of variables u = ¢ — s (¢ fixed), v = x — y (x fixed) to see that the
above integral is bounded above by
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5 B L /.28 B —(d+n)/2
¢ [ di dv (u > +||v||2—ﬁ)
0 B(,|J)
1 J
i n il { 2B ) —(d+n)/2
=c/du/dxx - (MT+x _ﬁ)
0

1]

=c [ du¥.o-pd+m/2 (u(z_ﬂ e 4) :

0
Hence, Lemma 2.4 implies that for all € > 0,

1]

E I:(Je(z))z:l <C / duK, _ u (M(Z—ﬁ)(d+n)/4) _
Q=p)(d+n)
0

We now consider three different cases: (i) [f 0 < (2— 8)(d +1n) < 2k, then the integral
equals |7]. (i) If 2k < 2—B)(d+n) <4+2k thenK,  » (u@AUTm/4) =

Q=p)(d+n)
uk/2=Q=Pd+m/4 and the integral is finite. (iii) If (2 — B)(d + 1) = 2k, then
Ko(uk/?) = log(No/ uk/2y and the integral is also finite. The remainder of the proof of
the lower bound of Theorem 1.2 whend +1n < 42%2; follows exactly as in [5, Theorem
2.1(1) Case 11].

Assume now thatd + n > %. Define, for all u € #(A) and € > 0,

1
e = g [t [ar [ty o,
Rd i 7

as [5, (2.35)].

In order to prove the analogue of [5, (2.41)], we use Theorem 1.6(b) and Lemma
2.3 (instead of [5, Lemma 2.2(1)]), to see that for all u € Z(A), € € (0,1) and
y €(0,2-8),

-1 1
E[Uew)?] e [Capzyﬂ(dﬂ)_@ (A)] = ¢ [Capyssn )]

The remainder of the proof of the lower bound of Theorem 1.2 whend + n > %
follows as in [5, Proof of Theorem 2.1(1) Case 2].

The case d +n = 42%;‘ is proved exactly along the same lines as the proof of [5,
Theorem 2.1(1) Case 3], appealing to (2.15), Theorem 1.6(b) and Lemma 2.3. O
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2.5 Proof of Corollaries 1.3 and 1.4

Proof of Corollary 1.3 Let z € RY. If d < %, then there is 7 > 0 such that
- 42%2/5]‘+n < 0, and thus
Capd_%ﬂ({z}) =1

Hence, Theorem 1.2(b) implies that {z} is not polar. On the other hand, if d > %,

then there is > 0 such that d — % — n > 0. Therefore,

Ay, (12) =0

and Theorem 1.2(a) implies that {z} is polar. O

Proof of Corollary 1.4 We firstrecall, following Khoshnevisan [12, Chap. 11, Sect. 4],
the definition of stochastic codimension of a random set E in R¢, denoted codim(E),
if it exists: codim(E) is the real number o € [0, d] such that for all compact sets
ACRY,

> 0 whenever dimy(A) > «,

PIENAZ D _ ) whenever dim,,(4) < a.

By Theorem 1.2, codim (u (R4 x ]Rk)) = — %)"’. Moreover, in Khoshnevisan
[12, Theorem 4.7.1, Chap.11], it is proved that given a random set E in RY whose
codimension is strictly between 0 and d,

dim, (E) 4+ codim(E) =d, as.

This implies the desired statement. O

3 Elements of Malliavin calculus

Let .(R¥) be the Schwartz space of € functions on R with rapid decrease.
Let . denote the completion of . (R¥) endowed with the inner product

(@), v () =/dx /dy¢(X)||x—yllfﬂw(y)

Rk Rk
- / & E1F* o ()& TTOO),
Rk

o, ¥ € .7 (R¥). Notice that 77 may contain Schwartz distributions (see [3]).
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Forh = (h',...,h?%) € % and h = (h',..., h%) € 7, we set (h, h) ypa
S (B R . LetT > 0 be fixed. We set%d L%([0, T); %) and for 0 < s
t < T, we will write %”d = L%([s, t]; 7).

The centered Gaussian noise F can be used to construct an isonormal Gaussian
process {W(h), h € ¢} (that is, EfW (W)W (h)] = (h, h) i) as follows. Let
lej, j =20} C (R¥) be a complete orthonormal system of the Hilbert space 7.
Then forany ¢t € [0, T], i € {1,...,d}and j > 0, set

A

t
W;(t)://ej(x)-Fi(ds,dx),
0 Rk

so that (WJ’:, J = 1) is a sequence of independent standard real-valued Brownian
motions such that for any ¢ € 2([0, T] x Rk),

Fi(g) = Z/ B, ()] dWI(5),

where the series converges in L*(Q,.Z,P).For hi € 7, we set
. . 0 T .
W' (h') = 2/ (h s, e,() W),
7=07%

where, again, this'series converges in Lz(Q, F, P). In particular, for ¢ € Z([0, T] x
R¥), Fi(¢) = Wi(¢). Finally, for h = (h', ..., h%) € I, we set

d
W(h) = Zwi(hi).

With this isonormal Gaussian process, we can use the framework of Malli-
avin calculus. Let . denote the class of smooth random variables of the form
G = gW(hy),...,W(hy)), where n > 1, g € €5°(R"), the set of real-valued
functions g such that g and all its partial derivatives have at most polynomial growth,
hi € A Given G € ., its derivative (D,G = (DG, ..., DV G), r € [0, T),

is an %”fl -valued random vector defined by
n dg
D,G = ; oy WD W) hi ().

For ¢ € A andr € [0, T'], we write D, 4G = (D, G, ¢(-)) jpa. More generally, the
derivative D" G (D(r1 rm)G, (ri,...,rm) €10, T)) of order m > 1 of G is the

.....
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(%fl )®J_valued random vector defined by

n
a a
DG = 20 Gom g 8W U Wiy () @+ @ iy ().
1

L~ im
i1seensim=1

For p,m > 1, the space D""7 is the closure of .’ with respect to the seminorm || - ||,
defined by

m
IGlln.p =E[IGI"]+ 2_E [”D/G”f%f)@f} |

We set D = Np>1 N1 D™P.

The derivative operator D on L?(£2) has an adjoint, termed the Skorohod integral
and denoted by §, which is an unbounded operator on L? (2, %”Td). Its domain, denoted
by Dom §, is the set of elements u € LZ(Q, ff”ﬁ ) for which there exists a constant ¢
such that [E[(DF, u) ;]| < c||Fllo. for any F € DY2. If u € Dom §, then 8(u) is

the element of L?(2) characterized by the following duality relation:
E[F5(u)] = E [(DF, uwd] . forall F e D2,
T

An important application of Malliavin calculus is the following global criterion for
existence and smoothness of densities of probability laws.

Theorem 3.1 [16, Thm.2.1.2 and Cor.2.1.2] or [21, Thm.5.2] Let F = (Fl, el Fd)
be an R?-valued random vector satisfying the following two conditions:

(i) F € (D®)¢; o
(ii) the Malliavin matrix of F defined by yr = ((DF*', DF/ )ﬂ)lfi’jid is invert-
ible a.s. and (det )/F)_1 € LP(Q) forall p > 1.

Then the probability law of F has an infinitely differentiable density function.

A random vector F that satisfies conditions (i) and (ii) of Theorem 3.1 is said to
be nondegenerate. The next result gives a criterion for uniform boundedness of the
density of a nondegenerate random vector.

Proposition 3.2 [6, Proposition 3.4] Forall p > 1 and £ > 1, let c; = c1(p) > 0
and ¢y = c2(€, p) = 0 be fixed. Let F € (D) pe a nondegenerate random vector
such that

(@) E[(det yr) "] < c1;
(b)E[HDl(Fl)Hfjde)@(]Scz, i=1,....d

Then the density of F is C* and uniformly bounded, and the bound does not depend
on F but only on the constants c1(p) and cz (£, p).
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In [13], the Malliavin differentiability and the smoothness of the density of u(z, x)
was established when d = 1, and the extensiontod > 1 can easily be done by working
coordinate by coordinate. These results were extended in [18, Proposition 5.1]. In
particular, letting - denote the spatial variable, for r € [0, 7] and i, € {1, ..., d}, the
derivative of u; (¢, x) satisfies the system of equations

DD (ui(t,x)) = oy u(r,-)) S(t —r,x —-)

! d
—i—//S(t —0.x =) > DY (0 jw(®, n))) M’(do, dn)

r Rk Jj=1

t
+/d9/dn St —0,x —n)DY (bi(®, ). 3.1)
Rk

r

and Dr(l) (u;i(t,x)) = 0 if r > t. Moreover, by [18, Proposition 6.1], for any

p>1,m>1andi € {1,...,d}, the order m derivative satisfies
m P
sup E [”D (u;(t, x))”(%&d)m} < +o0, (3.2)
k T
(1,x)€[0, T]xR

and D™ also satisfies the system of stochastic partial differential equations given in
[18, (6.29)] and obtained by iterating the calculation that leads to (3.1). In particular,
u(t,x) € (D), forall (¢, x) € [0, T] x R¥.

4 Existence, smoothness and uniform boundedness of the density

The aim of this section is to prove Theorem 1.6(a). For this, we will use Proposition
3.2. The following proposition proves condition (a) of Proposition 3.2.

Proposition 4.1 Fix T > 0 and assume hypotheses P1 and P2. Then, for any
p=>1E [(det yu(t,x))_”] is uniformly bounded over (t, x) in any closed non-trivial

rectangle I x J C (0, T] x Rk,

Proof Let (t,x) € I x J be fixed, where I x J is a closed non-trivial rectangle of
0,T] x Rk, We write

d
detJ/u(t,x) = (infge]Rdﬂ$||—1(ETVu(t,x)‘§)) .
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Let £ € R? with ||£]| = 1 and fix € € (0, 1). Using (3.1), we see that

d ! d 2
itz [ dr] 3 D0w g
1=1,7, i=1 H
d ! d d 2
= Z/dr D oia(ulr, NS —rx =&+ D ail,r t, 0E|
1=1,7, i=1 i=1 4
where, forr < t,
! d
ai(l,r,t,x) = //S(t —0.x =) > DY (05, ; (O, n))) M (d6,dn)
r Rk j=1
t
+/d9/dn St —60,x — DL (b;(u®, ). 4.1)
r Rk
We use the inequality
2
la+b1% = 3llal, = 21615, 4.2)

to see that

'
‘i:Tyu(t,x)E = %i / dr H (gT -o (u(r, ~)))l Sit—r,x—") H;} —2As,

I=1;"¢

where

2
H

d
> ailrt,x)E
i=1

! d
Az = / dr Z
t—e€ =1

The same inequality (4.2) shows that

t

d
Z/dr
I=1;"¢

(7 o), s6—rx 0| = 3a-242
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where

/ i”( a(u(r,x)))lS(r—r,x—-)H;,

Ay = /dr S H (gT-(o(u(r, ~))—cr(u(r,x))))l S(r—r,x—.)H;. 4.3)

=1

Note that we have added and subtracted a “localized” term so as to be able to use the
ellipticity property of o (a similar idea is used in [15] in dimension 1).

Hypothesis P2 (see also Remark 1.1) and Lemma 6.1 together yield A; > C e# ,
where C is uniform over (¢,x) € I x J.

Now, using the Lipschitz property of o and Holder’s inequality with respect to the
measure ||y — z|| #S(t —r, x — y)S(t —r, x — z) drdydz, we get that for g > 1,

E [ sup |Azlq}
geRe: ||E|=1

-1
(/dr/dy/dzlly—zll ﬁsa—rx—y)sa—rx—z))
— Rk
(/dr/dy/dz”y—z” ﬂS(t—rx—y)S(t—rx—z)

E [llu(r, y) — u(r, )| |u(r, 2) — u(r, X)Ilq])-
Using Lemma 6.1 and (2.6) we get that for any ¢ > 1 and y € (0,2 — B),

28
E [14209] <= Ce“™ D7 x @,

where

€
w=/dr/dy/dzny—zn*ﬂS(r,x—y)S<r,x—z)||y—x||%q||z—x||¥
0 Rk Rk

Changing variables [y = & r} ,Z= x%rz]’ this becomes
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€

Bive
‘I/=/drr 2t3 /dy/sz(l HSA,DIF — 2Pz 1z
0 Rk Rk

2-8
—Ce 7 7,

Therefore, we have proved that forany ¢ > 1 and y € (0,2 — B),

E[ sup IAz|q}<C€ Frathe, “4.4)

£eRe:|g|=1

where C is uniform over (¢, x) € I x J.
On the other hand, applying Lemma 6.2 with s = ¢, we find that for any ¢ > 1,

E[ sup |A3|‘1} < CeCPa,
£eRY:[5]=1

where C is uniform over (t,x) € I x J.
Finally, we apply [6, Proposition 3.5] with Z I€l= (€T Yui,08), Y

= n € =
Yae = supjeioi (Aal + A3, €0 = 1, oy = = 5L and g1 = g = 352 by L,
for any y € (0, 2 — ), to conclude that for any p > 1

E [ (detyun) "] = Cp,

where the constant C(p) < oo does not depend on (¢, x) € I x J. O

In [13, Theorem 3.2] the existence and smoothness of the density of the solution of
equation (1.1) with one single equation (d = 1) was proved (see also [18, Theorem
6.2]). The extension of this fact for a system of d equations is given in the next
proposition.

Proposition 4.2 Fixt > 0 and x € R¥. Assume hypotheses P1 and P2. Then the law
of u(t, x), solution of (1.1), is absolutely continuous with respect to Lebesgue measure
on RY. Moreover, its density Drox () is C°.

Proof This is a consequence of Theorem 3.1 and Proposition 4.1. O

Proof of Theorem 1.6(a) This follows directly from Proposition 4.1 and (3.2), using
Proposition 3.2. O

5 Gaussian upper bound for the bivariate density

The aim of this section is to prove Theorem 1.6(b).
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5.1 Upper bound for the derivative of the increment
Proposition 5.1 Assume hypothesis P1. Then for any T > 0 and p > 1, there exists

C := C(T,p) > O such that forany 0 < s <t < T, x,y € R m > 1,i €
{1,...,d},andy € (0,2 — B),

172
1D i 0, %) = g5, 9 o atyomy = € (16 = 5172+ 1x = yIY)

Proof Assume m = 1 and fix p > 2, since it suffices to prove the statement in this
case. Let

sy ) =80 —rx — )<y =S —r,y — )<y
Using (3.1), we see that

1D (ui(t, x) — ui(s, y)) IIIL),)(Q;%#) <cp (A1 + Az + Aza + Az + Az2),

where
T d N
A =E (/ dr ||gt,x;s,y(rv ')Uij(u(ra ))”%) i|a
L\ o
T d . »
A0 = || [ [ s ®.0 3 Dlar w6 o, ) ]
! — #
0 Rk J
T d . »
Azp =E //gl,y;s,y(es n) Z D(oi,j(u(0, n))M’(d6, dn) :|
L A A
0 Rk J
- T p
A3 =E /de/dn 8t,x;1,y (0, M) D(bi (u(0, n))) ]
L S
0 RK r
T
r P
A3z =E /dQ/dﬂ 8t.y:s.y (0, m)D(bi(u(0, n))) }
L jfd
0 Rk r
Using Burkholder’s inequality, (2.2) and (2.6), we see that for any y € (0,2 — B),
T d ' »
Al <cyE H//gt,x;s,y(ga n)zaij(u(G,n))M"(dQ,dn) } (5.1
0 Rk j=1

In order to bound the right-hand side of (5.1), one proceeds as in [23], where
the so-called “factorization method” is used. In fact, the calculation used in [23]

@ Springer



Stoch PDE: Anal Comp (2013) 1:94-151 117

in order to obtain [23, (10)] and [23, (19)] (see in particular the treatment of the
terms I»(t, h, x), I3(t, h,x), and Jo(¢, x, z) in this reference) show that for any
y €(0,2-8),

P

2

)4
Av=ep (I =s1® + lx = yI7)

We do not expand on this further since we will be using this method several times
below, with details

In order to bound the terms A ; and Aj >, we will also apply the factorisation
method used in [23]. That is, using the semigroup property of S, the Beta function and
a stochastic Fubini’s theorem (whose assumptions can be seen to be satisfied, see e.g.
[25, Theorem 2.6]), we see that, for any « € (0, %),

! d
//S(t —0,x — n)ZD(Gi,j(M(G, )M’ (e, dn)

0 R j=1

sin(ra)

t
= /dr/dz S(t—r,x —2)(t =Yz, (52)
Rk

T
0

where Y = (Y(fl (r,z),rel0,T],z€e Rk) is the %d-valued process defined by

r d
Yo(r,2) = //S(r —0,2— M — )" D(oy; (@, )M @b, dn).
j=1

0 RK
Let us now bound the L?(L2; jde)—norm of the process Y. Using [18, (3.13)] and

the boundedness of the derivatives of the coefficients of o, we see that for any p > 2,

d
E[||Y;(r,z>||§f}d]5cpz sup E[HD(m(nx)>||%,}(vr,z)P/2,

i=1 (t,x)€[0, T1x Rk

where
Ve = IS(r —*,z— ) — *)_a”t%d. (5.3)

We have that

r

o= [ds [dg 16170 72 exp (2220 = )1 P)

0 Rk
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r

= / ds (r =) 72" / dE E 1P~ exp (—27%)E1°)

0 Rk
=y (5.4)
Hence, we conclude from (3.2) that
sup B [IIYé(r, z)llf;fd} < +oo. (5.5)
(r,2)€[0, T]1x Rk T

Now, in order to bound Aj 1, first note that by (5.2) we can write

P
32”":|’

T

t
Az < E[” /dr/dz Yot —r,x —2) = Yu(t =1,y — 2))Y3 (1, 2)
0 Rk

where (¢, x) = S(t, x)1*~!. Then, appealing to Minkowski’s inequality, (5.5) and
Lemma 5.2(a) below, we find that, for any y € (0, 4«),

t
)4
Ay = cp(/dr/dzlwa(t—r,x —z)—wa(r—r,y—zn)
Rl\'

0

x sup E [nYci(r, z)n;ﬂd}
(r,2)€l0,T]1xRk r

v
= cpllx —yll27.

We next treat Aj ». Using (5.2), we have that Az » < ¢ ¢(A2,2,1 + A222), where

N ' p

Arp = E[” /dr/dz (Yot =7, x —2) = Yals —r,x —2)) Y, (1, 2) ]
jfd
0 Rk r

p }
A

t
Arpo = E[H /dr/dz Yot —r,x —2)Yi(r, 2)
s Rk
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Now, by Minkowski’s inequality, (5.5) and Lemma 5.2(b) below, we find that, for any
y € (0,4a),

; p
Ao 5cp(/dr/dzlwa(t—r,x—z)—wa(s—r,x—Z)I)

0 Rk

x sup E [MY;(r, z)||;d]
(r,2)€[0, T1x Rk T
<cplt — sl%p.

In the same way, using Minkowski’s inequality, (5.5) and Lemma 5.2(c) below, for
any y € (0, 4o), we have that

t
p .
Axpn < Cp(/ dr/dz Yot — 1, x — Z)) sup E |:||Y(§(r, Z)”ﬁ;ﬂd:|
. Rt (r,2)€[0, T]1xRK T

Y
< c,l|t —s|4P.
p

Finally, we bound A3 | and A3, which can be written

P
%d:|7

T

t
Asi = E [H /d@/dn (S —6,x — 1) — St — 6,y — 1) D (b (@, n)))
0 Rk

1
Asp=E [H /dG/dn St =0,y —=mD (bi(®,n))
0 Rk

)
=

The factorisation method used above is also needed in this case, that is, using the
semigroup property of S, the Beta function and Fubini’s theorem, we see that for any
a € (0,1,

_/de/dn SGs — 6,y — D (bi (. n)
0 Rk

t

/de/dn S(t — 6, x — ) D(bi (@, 1))

0 Rk

sin(mra)

t
= /dr/dZS(t —r,X _Z)(t _r)a—lzél(r, Z)v
Rk

T
0
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where Z = (Zé (r,2),r €[0, T], z € R%) is the %Td—valued process defined as

r

Z(r.2) = /dG/dU S(r—0,z—mn —0)"*Dbiu®,n)).
0 R

Hence, we can write

t
, P
As < E[H /dr/dz Walt — 1% — 2) — Yt — 1y — 2)Z1(r, 2) }
I
0 Rk r

and A3 < Cpa(A3z21+ A322), where

s . p

Asa = E[H /dr/dz Walt =1,y = 2) = Vals — 1oy = D) Z4 (1, 2) ]
T
0 Rk r

”]

We next compute the L (2; %”Td )-norm for the process Z. Using Minkowski’s
inequality and the boundedness of the derivatives of the coefficients of b, we get that

t
Asza = E[H /dr/dz Valt =1y — D Z1(r.2)
S Rk

d
ENZLr I 01 < cp sup E[HD(ui(t,x))np d]mz)"”,
: i ; (t,x)€l0,T]xR¥ i

where

r

Vra = /dG/dn S(r—0.z—m@r—0)"%=r'"%

0 Rk

Hence, using (3.2), we conclude that

sup  E [IIZé(r, z)llzfd} < +o0. (5.6)
(r,z)€[0, T xRk T

Then, proceeding as above, using Minkowski’s inequality, (5.6) and Lemma 5.2,
we conclude that for any y € (0, 4a),

Y Y
Asi+ A3z < cp (Ix = YIEP + 10— 51 57).

This concludes the proof of the proposition for m = 1.
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The case m > 1 follows along the same lines by induction using (3.2) and the
stochastic partial differential equations satisfied by the iterated derivatives (cf. [18,
Proposition 6.1]). O

The following lemma was used in the proof of Proposition 5.1.
Lemma 5.2 For o > 0, set Y, (t, x) = S(t, e (t,x) e Ry x RF,

(a) For a € (0, #), y € (0,4a), there is ¢ > 0 such that for all t
e[0,T], x,y € R* and € € [0, 1],

t—e

t
/ dr/dz Walt —rx —2) — Ya(t —r, y — 2)| < ce®™ 7 [lx — y||”/.
Rk

(b) For a € (0, #), y € (0,4a), there is ¢ > 0 such that for all s < t
€[0,T], x,y € R¥ and € € [0, s],

S
/ ‘”/dZ Wt — . x — 2) — Yo(s — r x — 2)] < c€¥ 7 |1 — s[/*,
Rl"

S—€

(c) For o € (0, 2TTIS), y € (0,4a), there is ¢ > 0 such that for alls <t €
[0,T], x,y € R,

t
/dr/dzwa(t—r,x—z) <clt—s/t.
Rk

s

Proof (a) This is similar to the proof of [23, (21)].
(b) This is similar to the proof of [23, (14)].
(c) This is a consequence of [23, (15)]. m]

5.2 Study of the malliavin matrix

Let T > O be fixed. For s,t € [0,T],s < t, and x,y € Rk consider the
2d-dimensional random vector

Z = (u(s,y),u(t,x) —u(s,y)). 5.7

Let yz be the Malliavin matrix of Z. Note that yz = ((¥z)m.1))m.i=1
2d x 2d random matrix with four d x d blocks of the form

24 1S asymmetric

.....

;.. @2
MOEIC

]/ZZ “ e :... E)
3. @
yé):yé)
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where

Dwits. ). D 30 ), o

(1) (

1,....d
re = ((D@is. 3. Dyt =15, 3] 0). g’
v = (D@0 = uits, ). D ), -
(4)

(D ui(t, %) —ui(s, y)), Duj(t, x) —uj(s, ) )i, j=1,...d-

We let (1) denote the setof couples {1, ..., d} x{1,...,d},(2)theset{l, ..., d} x{d+
., 2d},(3)theset{d+1,...,2d} x{1,...,d}and (4) theset {d + 1, ...,2d} x
{d+1,...,2d}.
The following two results follow exactly along the same lines as [6, Propositions
6.5 and 6.7] using (3.2) and Proposition 5.1, so their proofs are omitted.

Proposition 5.3 Fix T > Oand let I x J C (0,T] x R¥ be a closed non-trivial
rectangle. Let Az denote the cofactor matrix of yz. Assuming P1, for any p > 1 and
y € (0,2 — B), there is a constant ¢, , T such that for any (s, y), (¢, x) € I x J with

(s, y) # (1, x),

d .
1 cy.pr (It = sI"+ [lx — y|7) if (m,1) e (1),
E[A0mdl?1"" < Y ey pr (16— s + 1k — yI)) 2 if (m.0) € @) or 3),
d— .
eyt (IE=s"2+x =y~ if (m,1) € @),

Proposition 5.4 Fix T > O and let I x J C (0,T] x R¥ be a closed non-trivial
rectangle. Assuming P1, forany p > 1, k > 1, and y € (0,2 — B), there is a constant
Cy k,p,T Such that for any (s, y), (t,x) € I x J with (s, y) # (t, x),

1/p
E[ID G 2om I} i

Cyk,p,T if (m,1)e@),

< y/2 2

<V eyhpr (It =s"?+lx=ylII”)"" if (m,1)e2) or (3),
cyhpr (E=s"?+lx—=yI”)  if (m,]) € @).

The main technical effort in this section is the proof of the following proposition.

Proposition 5.5 Fix n, T > 0. Assume P1 and P2. Let I x J C (0,T] x R be a
closed non-trivial rectangle. There exists C depending on T and n such that for any
(s,y),t,x)el xJ, (s,y) #(t,x),and p > 1,

E[(detyz) 17 < (it — 512" + 1x — y27F) 40 (5.8)
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Proof The proof has the same general structure as that of [6, Proposition 6.6]. We
write

2d
det yz = H (&) vz&', (5.9)
i=1
where £ = {€!, ..., £2¢} is an orthonormal basis of R/ consisting of eigenvectors of

Vz-

We now carry out the perturbation argument of [6, Proposition 6.6]. Let 0 € R?
and consider the spaces E1 = {(1,0) : A € R?} and E» = {(0, ) : 1 € R?}. Each
&' can be written

6 = (1, ) = ay(11,0) + /1 -2 (0.2, (5.10)

where A7, il € RY, (A, 0) € Ey, (0, 2) € Ey, with |A7]| = [|@']| = 1and 0 <
;i < L. In particular, €712 = AT + [|u/|*> = 1.
The result of [6, Lemma 6.8] gives us at least d eigenvectors & 1o, & 4 that have a

“large projection on E”, and we will show that these will contribute a factor of order 1
to the product in (5.9). Recall that for a fixed small op > 0, &' has a “large projection
on E1” if a; > ag. The at most d other eigenvectors with a “small projection on E;”

will each contribute a factor of order (|t —s| 2 + ||x — y||>~#)~ 17", as we will make
precise below.
Hence, by [6, Lemma 6.8] and Cauchy—Schwarz inequality, one can write

L\ 2P
E[(detyz) "]"" < > (E [IAK (H(éi)TJ/Zéi) ])

Kc{l,...,2d}, |K|=d ieK
—2dp
1/2p)
x (E inf Ty ) , (5.11)
E=(h, )R
212+l )?=1

where Ax = Njex{a; > ap}.
With this, Propositions 5.6 and 5.7 below will conclude the proof of Proposition
5.5. O

Proposition 5.6 Fix n, T > 0. Assume P1 and P2. There exists C depending on n
and T such thatforalls,t € I, 0 <t—s <1, x,ye J, (s,y) # (t,x),and p > 1,

—2dp
. 2-p Ay —
E inf  &TyE < (It — 572" + |lx — y[2-F) 2P0+,
g=(,)eR¥:
12+l l?=1
(5.12)
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Proposition 5.7 Assume P1 and P2. Fix T > 0 and p > 1. Then there exists
C =C(p,T) suchthat foralls,t € I with) <t —s < %, x,yeJ, (s,y) #(t,x),

-Pr
E [IAK (H(E")Tyzs") } <C, (5.13)

ieK
where Ak is defined just below (5.11).

Proof of Proposition 5.6 Fix y € (0,2 — ). It suffices to prove this for 5 sufficiently
small, in particular, we take n < y /2. The proof of this lemma follows lines similar
to those of [6, Proposition 6.9], with significantly different estimates needed to handle
the spatially homogeneous noise.

Fore € (0,1 —s),

ETyze > I + o,

where
s d d 2
Ji =/drz (hi—wi) (Sts—r, y=oi1(ur, ) +ail,r,s, )+ W|
g 1=t izt A
! d
Jp = /drz IW1%,. (5.14)
t—e =1
where
d
W= ZmS(r —r,x =)o (ur, ) + wiai(, r, t, x), (5.15)

i=1

and a; (I, r, t, x) is defined in (4.1).

We now consider two different cases.

Case 1. Assume t —s > O and ||x — y[|> <t —s. Fix e € (0, (t —s) A (5)2/").
We write

inf &'y €6 > min( inf Jr, inf Jl) . (5.16)
I51=1 IEI=1 Il =en/? IENI=1llull<en/?

We will now bound the two terms in the above minimum. We start by bounding the
term containing J>. Using (4.2) and adding and subtracting a “local” term as in (4.3),

we find that J» > 275" — 4(J3” + J;”), where

d t
J2<1)=Z/dr/dv/dz
k Rk

I=1,"¢

xllv =z P8t —r,x —0)SE —r,x — (1" - o, x))?,
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t

d
Ve =Z/dr/dv/dz lv =2l PS¢ —r.x —0)S(t —r.x —2)
I=1"¢ Rk Rk

x (Tl urv) = o @, x))]) (" lowe.2) — o) .

t
W= [y
t—e I=1

’

Zaz(l rt, x)u,
i=1

Now, hypothesis P2 (see also Remark 1.1) and Lemma 6.1 together imply that Jz(l) >
c ||u||2e 5t . Therefore,

B
inf Jr>cez sup  2(147 1+ 1Y) (5.7)
lgI=1lnl=e? IEN=1, [l =€n/?

Moreover, (4.4) and Lemma 6.2 imply that for any g > 1,

28
E [ sup (IJZ(2)| + J2(3))q] < ce T at5a 5.18)
IEN=1, |l =en/?

This bounds the first term in (5.16) and gives an analogue of the first inequality in [6,
(6.12)].

In order to bound the second infimum in (5.16), we use again (4.2) and we add and
subtract a “local” term as in (4.3) to see that

2
Nz 500 =807 + I+ 1+ 0f),

where

IO = Z/dr (=" o (ur, y»),/ds IEIPH1.756s = ry = )@,

Rk
J(z) Z/dr/dv/dzllv—zll BS(s —r, y—v)S(s—r,y—2)
— Rk

x (=T [o . v) — o »)]),
x (0. - M)T Lo (u(r.2) = o)) .

s d 5
5O = / 93 DIEE LR

)
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s d

d
= / drz Z()»i —pi)ai(l,r,s,y)
s—€ =1

i=1

2

s

H

d

S
o [y
S—€

=1 "i=1

Hypothesis P2 (see also Remark 1.1) and Lemma 6.1 together imply that Jl(]) >

) 28
c||x — p||“e 2 . Therefore,

~ 2B
inf nzeer — s $(P1400+ 0P +00). 519)
lEl=1, Il <en/? IEN=1, ]l <en/?

Now, (4.4) implies that for any ¢ > 1,

2
E[ sup |J1(2)|q:| < ce Patha,
IElNI=1, [l <en/?

Moreover, hypothesis P1 (in particular, the fact that ¢ is bounded), the Cauchy-
Schwarz inequality and Lemma 6.1 imply that for any g > 1,

2—
E |: sup |J1(3)|q:| < ceTﬁqJ”’q.
IEN=1, Il <en/?

Applying Lemma 6.2 with r = s, we get that for any g > 1,

2- 2—
E |: sup |J1(4)|‘11| < ceTﬂ’”Tﬁq.
I§1=1, Il <en/?

Again Lemma 6.2 gives, for any g > 1,

2-8
E|: sup |J1(5)|‘1] < ce 2 4t
lEl=1,l<en?

Since we have assumed that n < %, the above bounds in conjunction prove that for
any g > 1,

q 2-p
E [ sip (1149 0P 4+ 0) } <ce Tt (520)
=Ll <enr?
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We finally use (5. 16) (5 20) together with [6, Proposition 3.5] with o = Z_Tﬁ +n,
B = # + 2 ap =28 and P2 = 2;’3 + 7 to conclude that

—2pd B 1\ 2/ —2pd(2_Tﬂ+n)
e[ (. m) Jefoman ()]

<t —s5) ~2pd (%L 4n)

i 28 g7 2pd(n)
&= +lx =y ,

IA

(for the second inequality, we have used the fact that r — s < 1, and for the third, that
lx — yl|?> <t —s), whence follows the proposition in the case that ||x — ylI? <t —s.
Case 2. Assume that ||x — y|| > O and ||x — y||> >t —s > 0. Then

Elyze > 11+ o,
where J; is defined in (5.14),

d
= [y Wi,

(t—e€)Vs I=1

and W is defined in (5.15). Let € > 0 be such that (1 + a)e!/? < %Hx — y||, where
a > 0is large but fixed; its specific value will be decided on later. From here on, Case
2 is divided into two further sub-cases.

Sub-Case A. Suppose that € > t — 5. Apply inequality (4.2) and add and subtract
a “local” term as in (4.3), to find that

2
§A1 — 8(A2 + A3 + Ay + As),

2
3 By — 4(By + B3),

Ji

v

J2

v

where

S

Al :=i/dr st =y = (=0T ot ),
1=1,”.
5@ —rx— (1T o) [

Ay = i / dr s =r.y =9 (0= " [o e, ) - 0w, Y))])IH;

S

d
As ::Z/dr
1=

§—€

St —r,x—-) (MT . [a(u(l’, ) — o (u(r, X))])IH;
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d N
asi=y [ ar S 60— e ,
I=14" i=1
d
As = Z/ a,(lrtx) ,
I=13"¢
t

2

’

d
B = Z/dr St —r,x =)o@, x))
t

By — /dr S(t—rx—) (MT ) [g(u(r, ) — o (u(r, x))])lH;,

=1
d
B3 = Z

s

t d 5
/dr Z,u,-ai(l,r,t,x) .
/ = H

Using the inequality (a +b)? > a+b%> —2|ab|, we see that A| > A + Ay — 2By,
where

N
2
A= [ dr|Sts—ry=2O—w" - o@r )| .
I=1" ¢
d 3 2
A= [ dr|Stt—rx =" o .
I=1;"¢ 4
d N
1=§;/W“®—ny—xa—mTowmwm,
I=1"¢
St —r,x =)' - o)) .
By hypothesis P2 (see also Remark 1.1) and Lemma 6.1, we see that
2

4 !
Ay + B = Z/dr
=1 ¢

St —r,x =)' o, )
ﬂ

2
St —r,x — )" o, )

d t
zZ/m
l=1t7€

) 28
> nll7e 2.

H

@ Springer



Stoch PDE: Anal Comp (2013) 1:94-151 129

. ~ 2-p
Similarly, A} > ||A — u[>¢ 2, and so

A+ Ay Bz (Ih— pll? + e T = ee . (5.21)
Turning to the terms that are to be bounded above, we see as in (4.4) that
E[|A2] < ce 79159, and E[|Byf9] < ce T 9tH0.
Using Lemma 6.2 and the fact that t — s < €, we see that
E[1B31] < ce® P, E[|A4]7] < ce® P9, and E[|As|?] < ce®P1.

In order to bound the ¢g-th moment of A3, we proceed as we did for the random
variable A; in (4.3). It suffices to bound the ¢g-th moment of

d

Z/dr/dv/dz”v—z” BS(t —r,x —v)S(t —r,x —2)

- Rk Rk

x (1T [owv) = o @ere0)]) (w7 [0 2) = o e x))]) -

Using Holder’s inequality, the Lipschitz property of o and (2.6), this g-th moment is
bounded by

-1
(/ dr/dv/dzllv—zll BS(t —r,x —v)S(t —r, x—z))
s—€ Rk

/dr/dv/dzllv 2 S —r, x— 0)SE—r. x—D)v—x|F llz—x]| %

s—€ Rk Rk

=.a1 Xay.
2B (g-1) . ~ x—v
By Lemma 6.1, a; < € 2 Y=Y For ay, we use the change of variables v = —
. x—gz
z= N to see that

S—€

a = /dr/dv/dz 15— 2172t — ) P28, 5)SAL 2) 1B Z 1217 ¢t — )T
Rk

N

= /dr (t—r)%_g/dv/sz(l 0)S(L, Dlv -zl ’3||v|| ||z||
Rk

§—€
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since t — s < €. Putting together these bounds for a; and a, yields E[|A3|?] <
2-8, vq
7+7

ce 2 T2,

We now study the term By, with the objective of showing that By < d)(og)e#,
with limy— 400 @ () = 0. We note that by hypothesis P1,

s
)§4§c/dr/dv/dz”v—z”_ﬂS(s—r,y—v)S(t—r,x—z)
Rk

s—€ Rk

:c/dr/dv ||v||7’3(S(s—r,y—~)>|<S(t—r,~—x))(v)
Rk

S§—€

N
=c/dr/dv ol P8t +5s —2r, y — x +v),
Rk

S—€

where we have used the semigroup property of S(z, v). Using the change of variables
r =s —r, it follows that

€
_ 2
By < c/df/dv ol — s +27)_k/zexp(—!i;_);—:gl;))
0 Rk

=:c(1 + D),

A

where

€

_ _ —x+v|?

nefa d Bl — s 42 2 expf Y =X HVIT)

R N T R R O
0 Jull<yF(l+a)

€
i _ —x +v]?
L= a4 4 Bir — s+ om 2 expf 1Y =X TUITY
I B R
0 Jull=y/r(l4a)

Concerning I, observe that when ||v|| < /7 (1 + «), then

1
ly —x+vll =y =xl = vl = Iy —xll = Vel +a) > Iy =i > av/e,
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since we have assumed that (1 + a)+/€ < %H y — x||. Therefore,

f k/2 a’e B
L < [drt—s+2r) - d P,
1_/ r(t—s+2r) exp( 2(t_s+2r)) / vl
0 vl </r(14a)

k—
and the dv-integral is equal to (1 + kBT so

€

_ 2
L= +Ol)k_ﬁ/dr (t — 5 +2r) M2 exp(—ﬁ:m)
0

€

2
0t farmsam (o )
<+ r(t—s+42r) exp G —s 129

where the second inequality uses the fact that k — 8 > 0. Use the change of variables

p = % and the inequality t — s < € to see that

t—s+2e¢

0(26
1
I <(+a)f? / dp o*e (oa*ep) P/ exp(—z—)
0
:TZ
3/a?
_ 1 _
< (1 +a)f ot / dppﬁ/zeXP(—z—) — 7 ®y(a).
0
0

We note that limy_, 4 oo P () = 0.
Concerning I, note that

€

_ 2
I < /dr / dv r—ﬂ/2(1 —i—a)—ﬁ(t — s+ 2r)—k/2 exp(—M)

2(t — s + 2r)
0 Jul>vr(4w)

€

_ 2
< —l—a)*ﬂ/drr*ﬂ/z/dv (t—s +2r)k/2exp(——g¥t _ii;ﬂ))

0 Rk

2-p
=c(l4+a)Pe7.

We note that limg_, 1o0(1 + @) ™# = 0, and so we have shown that By < d)((x)e#,
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Using (5.21), we have shown that

2 2
inf £Tyz& > 2 Ay —8(As+ A3 + Ag + As) + = By — 4(By + B3)
lgl=1 3 3
2, - ~ 4 .
Zg(Al+A2+Bl)—§B4_8(A2+A3+A4+A5)_4(BZ+B3)
2 2 28
> §C€ T —4P(w)e 2 —Zj,

2-8 v
where E[|Z1 ¢|7] < € 2 9129, We choose o large enough so that ® () < 1—12c, to get

inf £Tyse > Lo — 7
mn —C€ — .
igl=1° 745 =3 he

Sub-Case B. Suppose that € <t —s < |x — y|?. As in (5.16), we have

. . 2-p 2-p
”$§WﬁZMN%2”—Hp%2—bQ,

2-B _;’_Z 2-8 + .
where E[|Y| 9] < ce 2 9729 and E[|Y2]7] < ce 2 97" This suffices for
Sub-Case B.
Now, we combine Sub-Cases A and B to see that for0 < € < }1(1 +o) 2 |lx — y||%,

H§H||1£1$ yz& > min (CG 2 —Yie, c€2 —Yoelie<t—s) — Zl,el{t7s<e}) .

By [6, Proposition 3.5], we see that

—2dp L,
E|:(||§i1|1£1$TVZS) i| <c|x— y||2(—2dp)(T+n)

_ 2-p
< (it — s+ llx — yI?) 2p (52 1)

28 _ g\ —2dp(1+ij)
<t —s|72 + |lx — y|2#) 2P0

(in the second inequality, we have used the fact that ||x —y I? > t —s). This concludes
the proof of Proposition 5.6. O

Proof of Proposition 5.7 Let 0 < € < s < t. Fixig € {l,...,2d} and write Ao —
AL, Ay and a0 = (@, ..., ). We look at (0)Tyz£% on the event {a;, >
ap}. As in the proof of Proposition 5.6 and using the notation from (5.10), this is
bounded below by
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d

s d
/ dr Z Z[(aioiéoS(s —ry—>:
Jooo= o

+/1§0\/ l—af (St —rx—)—=Ss—ry- ~)))0i,z(u(r, )

+ai05»§°a; (,rs,y)

2
+a 1 = (@il r,1,x) —aid,r,s, y))]
! d ¢ d -

+ / drz Z[[‘;Oms(f —r,x =)o (u(r,-))

sV (t—e) I=1"i=1

2

~i0 2

+i\ 1 - a2 ay(l.r, t,x):| . (5.22)

We seek lower bounds for this expression for 0 < ¢ < gg, where g9 € (0, %). In the
remainder of this proof, we will use the generic notation «, % and [ for the realizations
iy (@), M(w), and i’ (w). Our proof follows the structure of [10, Theorem 3.4],
rather than [6, Proposition 6.13].

Casel. r —s > €. Fix y € (0,2 — B) and let n be such that n < y /2. We note
that

N\T .
inf (§°) 26" = min(E1 ¢, Ez.0),

1>a>ag
where
A\NT . ANT ,
Ere= inf__(£9) yzg",  Epci= _inf  (§0) yz".
ag<a<+/T—e ' J1—el<a<l

Using (4.2) and (5.22), we see that

2 _
Eic> inf (_Gl,e - 2G1,e) ,
ap<a<+s1—€ 3

where

! d
Gre= (-0 / dr D " - o @, ) S —rx =),

sV (t—e€) I=1

! d d
Gle: /drz Zﬂi\/l—azai(l,r,t,x)
Lo 1=t i=l

2
H
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Using the same “localisation argument” as in the proof of Proposition 4.1 (see
(4.4)), we have that there exists a random variable W, such that

Gire > p2e(l —a®)((t —s) A e)# —2W,, (5.23)

where, for any ¢ > 1,

28,47
E[|Wel?] < cqe 2 9729,

Hence, using the fact that 1 — a?>e"andt —s > €, we deduce that

28, .
Eile>ce2 n—2W5—2G1,E,

where, from Lemma 6.2, E [|(_31,6 9] < qu(Z—ﬁ)q, forany g > 1,
We now estimate Ej .. Using (4.2) and (5.22), we see that

2 - - _ _
Eye > §G2,e —8(Ga,1,e + G2, + G23.c + Goae),

where

S d
Gae=a® [ dr S IGT o), s =y =iy
=1

S—€

S d
Gale = (1—a2>/dr2||(/f~o<u(r, ), St —r.x = )%,
=1

N d
Gane = (1—a?) / dr ST - o utr, 1), S6 =1y =y,
=1

S§—€

d

62,3,5 = /drz

d

2
H

a)» — v —«a )a,(l r,8,y)
1

=

iai(L,r,t,x)

62’4,6 = (1 —012) / drz
l_
s—€

As for the term G ¢ in (5.23) and using the fact that a?>1—¢" we get that

Gae > ce 2 —2We,
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2-B .
where, forany g > 1, E[|W,|?] < cquqJ“%q. On the other hand, since 1 —a? < €,
we can use hypothesis P1 and Lemma 6.1 to see that

E[1G21.67] < cqe(z%ﬂl)q,
and similarly, using Lemma 6.1,

E [|62,2,e|q] < cqe(¥+ﬁ)q'
Finally, using Lemma 6.2, we have that

E[1G23.el1] < e P4,  and

- 28 28 2-p
E[1Goa.el?] <cqe™(t—s+e)2 %29 < cqe( P +'7)q.

2-B 2-8
We conclude that E3 ¢ > ce 2 — Je, where E[| /1] < cqe(T+”)‘1. Therefore, when
t—s > ¢,

T . 28, 2
1{0{,-020(0} (%—lo) )/Zélo = 1{011‘02010} min (66 T — Ve, ce T — Je) >
2B,
where E[|V¢|9] < cye 2 97749,

Case2. t—s <k, |xg0y|2 < €. The constant 8y will be chosen sufficiently large
(see (5.29)). Fix 6 € (0, %) and y € (0,2 — B). From (4.2) and (5.22), we have that

A\NT . 2 _ _ _ _
Loy =a0) (510) yzE" > §G3,69 —8(G31.0 — G300 — G330 —Gy4.0),

where

s d
Gy =0’ / dr > NIGT o )i S —r.y = )%
S—eb =1

S

d
Gy 0 =a’ / dr D NG @ () — o @, y))) S —r.y = ).

=1

s—e?
s d d 2
G320 i= / ary 1> (Ol)»i - ﬂiﬁ) ail,r,s,y)|
I=1"i=1 /
§—€
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Gy3e0 = (1 —a?) / dr
s—et

2
("o, N (St —r,x—) =S —r,y—1)

T

d
<2
=1

2
Gigeo i =(1—a dr i ai(l,r,t,x)

By hypothesis P2 (see also Remark 1.1) and Lemma 6.1, since t —s < € and o > «,
we have that
2-8
G30 > Ol(%CEGT.

As in the proof of Proposition 4.1 (see in particular (4.3) to (4.4)), we get that for
any g > 1,

E[1Gse017] = ce(F+4)a,
Appealing to Lemma 6.2 and using the fact that r — s < €, we see that
E[1G5,.07] < cge?@ P
and
E[|Gyal?] < cqlt — s+ €)1 < ¢ 0@ P,

It remains to find an upper bound for 63,3’69. From Burkholder’s inequality,
forany g > 1,

E[1G33.017] < cq(Wy. o + Wy e0), (5.24)

where

s d 2q
W0 =E ‘ / / (St —rx—2)—S(s—r,x—2)) Z o (u(r, 2))) M[(dr,dz) .
Y~€gﬂ({k =1

s d 2q
W) e :E[‘ / /(S(s—r,x—z)—S(s—r,y—z) Z o (u(r, 2))) Ml(dr,dz) :| .
s—el RK =1

As in the proof of Proposition 5.1, using the semigroup property of S, the Beta
function and a stochastic Fubini’s theorem (whose assumptlons can be seen to be
satisfied, see e.g. [25, Theorem 2.6]), we see that for any o € (0 = )
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s d
/ /S(s —v.y—m Y (A" o, n)),M dv, dn)
=1

s—e? Rk

:Singfw / dr / dzS(s —r.y— (s =" Yalr2) (525
Rk

s—e
where Y = (Y, (r, 2), r € [0, T], z € R¥) is the real valued process defined as
’ d
Yo(r,2) = / /S(r —v. 2= =) (Ao, n)),M dv, dn).
s—e? RK =1
We next estimate the L” (€2)-norm of the process Y. Using Burkholder’s inequality,

the boundedness of the coefficients of o, and the change variables & = /r —v§,
we see that

E[|Yo(r, 2)I7] < ¢p / dv/dé IENP TSt — v,z — ) — v) %)
s—ef Rk

2

0

,
= / dv / de 1§11 7F (r — v) 2T wIEL
Rk

§—€

SIS

,
=cp / dv (r — )23 / dE |E [P~ e~ 4m I
s—e? Rk

Z—a)p.

< cp(r —S+69)(

Hence, we conclude that
2—

sup E[|Yu(r,2)I7] < cpe"(Tﬁ—“)f’. (5.26)

(r,z)e[s—e? ,s]x Rk
Let us now bound W, .. Using (5.25) and Minskowski’s inequality, we have that
2q

Wieo < / dr/dz(lﬁa(t—r,x—z)—lﬂa(s—r,x—z))
s—e? Rk

x sup E[|Ya(r, 2)1%],
(r,z)els—e? ,s]x Rk
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where ¥, (f, x) = S(¢, x)t~%. Then by (5.26) and Lemma 5.2(b), we obtain that for
any y < 4a,

W1,€0 S ngaq(za_%) |[ — S|%q 69(#—2&)‘] e que(#_%)qlt — S|%q'

Thus, using the fact that t — s < €, we conclude that
Q(ﬂ_Z)q Y 92=f 2(1-0)
e\ 2 T2 e = cye” 7 e a. (5.27)

We finally treat W, .o. Using (5.25) and Minskowski’s inequality, we have that
2q

S
Wy < / dr/dz(wa(s XD = Yals — 1y —2)
s—e?  RK
x sup E[|Yo (r, 2)].
(r,z)€ [5—69 ,s] xRk

Then by (5.26) and Lemma 5.2(a), we obtain that for any y < 4a,

2-8_ 2-B_
Waeo < cq €900 |x — ypra #0520 ¢ 0CF ) ypra,

Thus, using the fact that |[x — y| < \/8p€, we conclude that

2-8_ b2
Wy <cf(B V)qsoz"e%q cg52 %" B2, (5.28)

Finally, substituting (5.27) and (5.28) into (5.24) we conclude that for any g > 1,

¢ 228, Y(1—
E[|G3,3,69|q] =< Cqée 2 qEZ(l 20)q.

Therefore, we have proved that in the Case 2,
2-8
2

NT
Loy >a0) (EZO) yzE" > l{a,-ozao}(cee - We),

where E[|W,|4] < cqe‘)#ﬁ%qmi"(e'l_w).
Case3. r—s<e¢,0<e< % From (4.2) and (5.22), we have that

NT . 2 - - - -
Haggzao) (87) 726" = SGuc =8(Guate = Gane = Gase = Gaso.
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where
s d d _
G = [ ar S| S| (ks = T =) oty 565 =y =)
Lo =t iz
2
+ 1—azﬂiai,z(u(r,x))S(t—r,x—‘)] ;
s d
(_;4,1,5 = er
s—€ =1
d 2
x| > (i =i/ 1=02) o, ) =01 ulr, ] SG=r y=)|
i=1 H
Gaze = (1- oﬂ)/erH [o @@, D=0, x)>]) st—rx—)| .
Gase :=/ Z Z(ax AT — ) ail. ,
s—€ I=1

Gase = (1—a?)

2
~‘ ai(l’ r7 t’ 'x) .
H

We start with a lower bound for G4 . Observe that this term is similiar to the term A
in the Sub-Case A of the proof of Proposition 5.6. Using the inequality (a + b)* >
a’+ b2 — 2lab|, we see that G4 ¢ > Ga1.e + Ga2.e — 2G4 3., Where

2
Ss—ry—)(@r=vV1—a2)" o y)),

’

d N
@M=2/m
I=13" ¢

2
St —rx— )1 —a2u o x))

’

d s
Gane = Z / dr
I=13"¢

d N
Gaae =3, [ dr(sts = ry =@~ V1= a2 o ).
I=13" ¢

St —r,x =)’ o, x))) ;-

Hypothesis P2 (see also Remark 1.1), Lemma 6.1, and the fact that t — 5 < €
imply that

2-p 2-p
Gajte+Gane > c(lar —vV1—a2ul? + V1 —a?pl?)e 2 >coe 2 .
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On the other hand, using the same computation as the one done for the term By in the
Sub-Case A of the proof of Proposition 5.6, we conclude that G453 < @(% V8o —

])6#, with limy— 400 @ (o) = 0. Choose Jp sufficiently large so that

o(L /oo —1) < = (5.29)

2
2-8
so that G4, > %OET.

We_next treat the terms (_;4, i, i = 1,...,4. Using the same argument as for the
term G5 | .0, we see that for any g > 1,

B
E[|G41.l7] < ce(F+%)a,
Appealing to Lemma 6.2 and using the fact that t — s < ¢, we find that
E[1Gs43,.el?] <cge® P4, and E[|Gss.el?] < cqe? > P4

Finally, we treat G4 2 ¢. As in the proof of Proposition 4.1, using Holder’s inequality,
the Lipschitz property of o, Lemma 6.1 and (2.6), we get that for any ¢ > 1,

_ 2-8
E[IGan.el?] < CeZV D xw,
where

\D—/dr/dv/dzﬂz—vﬂ ﬂS(t—rx—v)S(t—rx—z)||x—v||2q
Rk

S—€

><||x—z||7".

Changing variables [v = \/7 = «/7] this becomes

s

U= /dr(t—r -5+ %/dv/dzsa DS, D0 =z PNz ? o) ve?
S—€ k
=C(t—s+e) 7 = (t—s)Tﬂ &3

Hence, we obtain that for any g > 1,
_ 2-8
E[IGa.l] < cel5+5)e.
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Therefore, we have proved that in the Case 3,
)" i 2
Loy =a0) (5 0) 2§ = Ny >a0}(c€ 2 — Ge),

2-B .
where E[|G¢]7] < cqe(T+%)q. This completes Case 3.
Putting together the results of the Cases 1, 2 and 3, we see that for 0 < € < ¢,

N T .
ey >a0) (élo) vz§'" = gy za0) Z,

. 28 2-p 2-p
Z = min (ce T V. ce2 — Je) 1—s>e) + (ce9 2 — Wé)l{

_y2
t,s<€’€>@}

where for any g > 1,

E[IVelr] < ceF+5)a, B [lue] < ce(F e,

E[IWele] < ¢t arhamne120 g6 p0] < ce(FH 50,
Therefore,

. 28, 28
Z>min(ce 2 T =V, ce 2 — Jdy_gse) — Gel ey s
{t—s§e<T}

2-p
ce? T — W ey2 )
{t—s=<e, e> 5200}
=55="%

Note that all the constants are independent of iy. Then using [6, Proposition 3.5]
(extended to the minimum of three terms instead of two), we deduce that for all
p > 1, there is C > 0 such that

\NT .\ P
E |:(1{Oli02010} (510) VZS’O) i| <E [1{w02a0} Z_p] <E [Z_p] =C.

Since this applies to any p > 1, we can use Holder’s inequality to deduce (5.13). This
proves Proposition 5.7. O

The following result is analogous to [6, Theorem 6.3].
Theorem 5.8 Fixn, T > 0. Assume P1 and P2. Let I x J C (0, T] x R* be a closed

non-trivial rectangle. For any (s, y), (t,x) € [ x J, s <t, (s,y) % (t,x), k =0,
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and p > 1,

cepr (it — sﬁ Flx—yI2A)Tif ) e (),
1z Dmtllep < coponr (It = s|z Flx—yI2B) 2T if ml) € 2) or ),
2=p _pg\—1— .
ckpnr(lt =512 +lx =) 7" if (m,]) e @.

Proof As in the proof of [6, Theorem 6.3], we shall use Propositions 5.3-5.5.
Set A =1t —s|2+ |x —y|.

Suppose first that & = 0. Since the inverse of a matrix is the inverse of its deter-
minant multlplled by its cofactor matrix, we use Proposition 5.5 with 1 replaced by

and Proposition 5.3 with y € (0,2 — B8) suchthat2 — 8 — y = x d” T
-2

= 205
to see that for (m, ) € (2) or (3),

||(y21)m [”0,17 <cpnr A—4@=B)(1+7) Ay(d—%)

£ A@-p-1} A—d(2-B-7)-iid2-p)

—CpnTA

28 _(a=L)o=B=y)=Fd2—
=Cp77TA_TA (a-3) @=p-y)—iid2—p)
—CpnTA An

This proves the statement for (m, ) € (2) or (3). The other two cases are handled in
a similar way.

For k > 1, we proceed recursively as in the proof of [6, Theorem 6.3], using
Proposition 5.4 instead of 5.3. O

Remark 5.9 In [6, Theorem 6.3], in the case where d = 1 and s = ¢, a slightly
stronger result, without the exponent 7, is obtained. Here, when s = t, the right-
hand sides of (5.8) and (5.12) can be improved respectively to C|lx — y||~?~# and
Cllx — y||~?=P2dP Indeed, when s = ¢, Case 1 in the proof of Proposition 5.6 does
not arise, and this yields the improvement of (5.12), and, in turn, the improvement
of (5.8). However, this does not lead to an improvement of the result of Theorem 5.8
when s = ¢, because the exponent 7 there is also due to the fact that y < 2 — B in
Proposition 5.3.

In the next subsection, we will establish the estimate of Theorem 1.6(b). For this,
we will use the following expression for the density of a nondegenerate random vector
that is a consequence of the integration by parts formula of Malliavin calculus.

Corollary 5.10 [17, Corollary 3.2.1] Ler F = (F', ..., F?) € (D°®) be a nonde-
generate random vector and let p r (z) denote the density of F (see Theorem 3.1). Then
for every subset o of the set of indices {1, ...,d},

pr@) = (DT VE[L, Hq, _.a)(F, 1],

>z ico, Fi<digo)
where |o| is the cardinality of o, and

,,,,, o(F, 1) =8((v; ' DR s((v;'DF)'8(-- - 8((y; ' D)) - - ))).
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The following result is similar to [6, (6.3)].

Proposition 5.11 Fix n, T > 0. Assume P1 and P2. Let [ x J C (0,T] x R be a
closed non-trivial rectangle. For any (s, y), (t,x) € I x J, s <t, (s,y) # (t,x),
and k > 0,

2-8 —_B\—(d+n)/2
1HG. . 2a)(Z, Dlloa < Cr(t — |72 + |lx — yl|>7#) "7

.....

where Z is the random vector defined in (5.7).

Proof The proof is similar to that of [6, (6.3)] using the continuity of the Skorohod
integral § (see [16, Proposition 3.2.1]and [17, (1.11) and p.131]) and Holder’s inequal-
ity for Malliavin norms (see [26, Proposition 1.10, p.50]); the only change is that y in
Proposition 5.1 must be chosen sufficiently close to 2 — S. O

5.3 Proof of Theorem 1.6(b)

Fix T > Oandlet I x J C (0,T] x R¥ be a closed non-trivial rectangle. Let
(s,y),(t,x)elxJ,s<t,(s,y) #(t,x),and 21,22 € RY . Let pz be the density
of the random vector Z defined in (5.7). Then

Ps,y; t,x (le ZZ) = PZ(Zl, 2 — Zl)-
Apply Corollary 5.10 witho = {i € {1,...,d}: zé —Zli > 0} and Holder’s inequality
to see that

d

pz(z1,21—22) < H(P[Wi(t’x) —ui(s, )| > |2} —Z§|])
1H

N‘_
B

i=1
XIH(,  54)(Z: Dllo- (5.30)

When ||z1 — 221l =0,

lt — s/ + |x — ylI”

ANl =1,
llz1 — z2l

since the numerator is positive because (s, y) # (¢, x). Therefore, (1.5) follows from
Proposition 5.11 in this case.
Assume now that ||z} — zo|| # 0. Then thereisi € {1, ..., d}, and we may as well
assume thati = 1, such that 0 < |z} — z}| = max;=y__4 |z} — z5|. Then
d 1
(P {iui e, 0) = wits, )1 = 125 = 241}) ™

1

= (Pt m =m0l > 12 - 1))

1

2

Y
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Using Chebyshev’s inequality and (2.6), we see that this is bounded above by

(9}

P P
f—s|/2 Y e r—s|7/? -7 W
lz1 — z2ll

1 1
|Zl - Zz|2

The two inequalities (5.30) and (5.31), together with Proposition 5.11, prove Theo-
rem 1.6(b). O

As mentioned in Remark 1.7, in the case where » = 0, one can establish the
following exponential upper bound.

Lemma 5.12 Let ii be the solution of (1.1) withb = 0. Fix T > Oandy € (0,2 — B).
Assume P1. Let I x J C (0,T] x R¥ be a closed non-trivial rectangle. Then there
exist constants ¢, ct > 0 such that for any (s, y), (t,x) € I x J, s <t, (s,y) #
(t,x), 21,22 € RY,

d

H(P[m,-(t,x)—ﬁi(s,y)l > |2 —Zél])
i=1

N‘_
Y

<Cexp( 21 —z2 > )
- cr(ft=slP+lx=y17) /)"

Proof Consider the continuous one-parameter martingale (M, = (M ;, ..M j ), 0
< a <t) defined by

j{ (S(t—r,x—v) S(s —r, y—v))zj lolj(u(r v))M/(drdv)
0OR

if 0<a<s,

=~

S
MZI = f St—-—rnx—v)y—SiEs—r,y— v))zj 1 oij(a(r, v)) M7 (dr, dv)
0 Rk
+f [ St —r,x—v) ijl 0ij (i(r, v)) M (dr, dv)
s Rk
if s <a<t,
foralli =1, ..., d, with respect to the filtration (%#,, 0 < a < t). Notice that

Mi=0, M| =i(t,x)—i(s,y).

Moreover, because the M' are independent and white in time, (M i) (= M { + ///2",
where

2
(S(t—r,x—-)=S@s—r,y—)oj@r,-)

)

2
St —r,x — )0’,](14(}’ ))

//ZZ—Z/dr
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Using the fact that the coefficients of o are bounded and Lemma 6.1, we get that
. 2-8
My <clt—s|7.

On the other hand, we write ./ < 2(.// | + ./ ,), where

d 3 2
My = Z/dr (S =rox =) =S —r.y = Doy, )|
j=1y H
‘ d N )
M, = Z/dr (St —r,y—2) =80 —ry—")oiju(r,-))
=17 H

In order to bound these two terms, we will use the factorisation method. Using the
semigroup property of S and the Beta function, it yields that, for any o € (0, 1),

sin(

St —r,x—2)=
T

t
”“)/de/dnwaa—e,x—n)sw =20 -1,
r Rk

where ¥, (¢, x) = S(t, x)t‘)"1 . Hence, using the boundedness of the coefficients of o,
we can write

r

d s
%li’] S CZ/dr
J=179

t
/dQ/dnlwa(t—9,x—n)—1/fa(t—9,y—n)|
Rk

2
xS§@ —r,n—0—r)"*

)

S

i i i
and M, = C(MI,Z,I + M1,2,2)’ where

d N
(A
Mo =Y [ ar
=19

/de/dnll/fa(t—&y—n)—wa(s—9,y—n)|
r Rk

2
xSO —r,n—)0 —r)"*

’

H
2

d S
i _
%1’2,2 = Z/dr
Jj=19

t
/de/dn Valt =8,y = SO —r.qp = (O — 1)
S Rk

H
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Using Holder’s inequality, (5.3), (5.4) and Lemma 5.2, we get that forany o € (0, szﬁ)
and y € (0, 4a),

Miy<c sup o ISG—Hz =)0 — 0P
(r,2)€[0, T1x Rk r

t
2
x(/dr/dzlllfa(t—hx—Z)—lﬁa(f—fﬂy—z)l)
0 Rk

cr(@lx —yI”,

IA

' —a2
Mgy =c  sup SO =k =)0 =)D
(r,2)€l0, TIxR

t
2
x(/dr/dzlwa(t—r,y—z)—%(S—r,y—Z)I)
Rk

0
2
cr(@)llr —s||”’?,

IA

(r,2)€[0, T1x Rk

t
2
Misy<c  sup ||S(r—*,z—-)(r—*)ﬂ@fd(/dr/dzwa(t—r,y—z))
]Rk

N

cr(@)llr —s||”/>.

IA

Thus, we have proved that for any y € (0,2 — B),
(M), < cr(it = s> + lx = 1)

By the exponential martingale inequality [16, A.5],

» » . . |z’1 —zé|2
Pl (1, x) — i’ (s, )| > |2} —zl|} szexp(— ,
[ b= er (It —sI7/2 + lx — y|I7)

which implies the desired result. O

Acknowledgements The authors would like to thank Marta Sanz-Solé for several useful discussions. The
first author also thanks the Isaac Newton Institute for Mathematical Sciences in Cambridge, England, for
hospitality during the Spring 2010 program Stochastic Partial Differential Equations, where some of the
research reported here was carried out.

6 Appendix

Lemma 6.1 There is C > 0 such that forany) <€ <s <tandx € Rk,

/ dr/ds NP 1ZS( —rx = YEP = C(l —s + 67 — (1 —5)T).
Rk

§—€
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- ~ 2-8
Moreover, there exists C > 0 such that the above integral is bounded above by Ce 2,
and ift —s < €, then there exists C > 0 such that the above integral is bounded below

by C_’eﬁ.

Proof Using (2.3) and changing variables [F = t — r, & = £./r] yields

/ dr/ds IENPX 7St —r, x — (&)
Rk

S§—€

t—s+e€

_ / drr—ﬂ/2/d§ |E||P—k o~ lEr?

t—s Rk
t—s+e

=C / drr=P/2
1—s

—C(t—s+6) 7 —(1—5)).

. . 2-B
If € < t — s, then the last integral is bounded above by C(t — s)_ﬂ/2 € < Ce 2.
On the other hand, if # — s < €, then the last integral is bounded above by

3
/a’rr_ﬂ/2 < Ce¥.
0

Finally, if t — s < €, then

t—s+e
drr P2 > et —s +6)7B/2 > 6(26)75/2 = cez_Tﬁ.

m}

Lemma 6.2 Assume P1. For all T > 0 and q
c = c(q,T) € (0,00) such that for every 0 < €
a >0,

1, there exists a constant
s <t <T,x € RK and

2 \q

IA TV

N d
W :=E sup (/ dr Z
=1

£eRe| ¢ <a

S—€

d
> aill,rt, 0k
i=1

q

’

228 2-8
<ca¥(t—s+e) 797

where a;(l, r, t, x) is defined in (4.1).
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Proof Use (4.1) and the Cauchy-Schwarz inequality to get

WScazq(E[(s_/: dr ||W1||§fd)q}+E[(/s dr ||Wz||3ﬂ)qD, (6.1)

where
d t
Wi= 2 /S(t_O’X_W)Dr(ai,j(“(evn))) MY (df. dn),
i,j=1% Rk
W2 = Z/dQ/dnSO— =)Dy (bi (0. 7).
i=1
Then

E[(/ dr ||W1||?%0d)q] E[IWi17 ey |-

S—€
We then apply [21, (6.8) in Theorem 6.1] (see also [18, (3.13)]) to see that this is

qg—1

t
/ dr / W(d8) | F S E)
K Rk

t
x /dp/u(dé) 175 = PO sup B[ID.wttp. I oy |-
k

e nelRk

(6.2)
According to [21, Lemma 8.2],

q
sup E (1Dt I}y, gy ) = € | [ dr [ mtasnzse —ner |
nek’ e
and we have

dg 2 _B dv  _, 2 B
[ aonzsoer = [ et =t [ et —art,
Rk Rk Rk
(6.3)
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For p <,

p—s+e
2-8

p
/dr/u(déﬂ%(p—r)(s)ﬂ:co / drrt —c(p—s+6) 7 < ce
S J

and for s < p,

SAp p—s+e
/dr/u(d$)|}‘5(p—r)($)|2 = co / drrs
s—€ Rk p—s

c(o-s+07 —(p-97")
1 1
= ce/(p -5 +ev)_gdv < ce/(ev)_gdv

28
ce 2 .,

=

Therefore, from (6.2) and (6.3) above,

2-p, 2B
E[IWiI3 ey | S clt—s 0 T 050, (6.4)

We now examine the second term in (6.1). Notice that

§—€

) d A t
[armai, <cy [ar{ [ a0 [anto.nsa-o.x-n0biwe. .
i=l, §— Rk
t
/ aé / dii 15 S = 0,5 = DDBiw@, D)),
d t
Z/d&/dn /de/dnS(t— X —mSE—0,x—17)

/ (D, (i (@, 1)), Dy (b (@, 7)) .

The dr-integral is equal to
(Db (®, m)), Db @, ) 0
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Therefore, we can apply Holder’s inequality to see that

o[ ([ o) ]

S§—€

d t t
<c> /d@/dn/dé/dﬁsa—e,x—n)S(t—é,x—ﬁ)
=1\ sZ¢ Rk s—€ Rk
t

t
X /d&/dn /dé/dﬁS(t—G,x—n)S(t—é,x—ﬁ)
- R¥ - Rk

qg—1

§ —€ § —€

x E [<D(b,-(u<e, m)). D(bi @, ). ] :

Using the Cauchy-Schwarz inequality, we see that the expectation above is bounded
by

Db w®, )|’ }

E [HD(”" we.m|’, .,

US—€,S

< supE [Hmbi wo. |, ] : (6.5)

Arguing as for the term W; and using P1, we bound the expectation by ce ¥q, and
the remaining integrals are bounded by (¢ — s + €), so that

s
q _
E[(/ dr ”WZ”ijd) i| <Clt—s+efen,

§—€

Together with (6.1) and (6.4), this completes the proof. O
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