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Abstract We consider a system of d non-linear stochastic heat equations in spatial
dimension 1 driven by d-dimensional space-time white noise. The non-linearities
appear both as additive drift terms and as multipliers of the noise. Using techniques
of Malliavin calculus, we establish upper and lower bounds on the one-point density
of the solution u(z, x), and upper bounds of Gaussian-type on the two-point density of
(u(s, y), u(t, x)). In particular, this estimate quantifies how this density degenerates
as (s, y) — (¢, x). From these results, we deduce upper and lower bounds on hitting
probabilities of the process {u(t, x)};cRr, xe[o,1]> in terms of respectively Hausdorff
measure and Newtonian capacity. These estimates make it possible to show that points
are polar when d > 7 and are not polar when d < 5. We also show that the Hausdorff
dimension of the range of the process is 6 when d > 6, and give analogous results
for the processes ¢ — u(t, x) and x — u(¢, x). Finally, we obtain the values of the
Hausdorff dimensions of the level sets of these processes.
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1 Introduction and main results

Consider the following system of non-linear stochastic partial differential equations
(spde’s)

ou; 9%u; d ..
a—t’(r, x) = W;(Z’ x) + jz;a,,,- (u(t, X)W (t, x) + b (u(t, x)), (1.1
forl <i <d,t € [0,T],and x € [0, 1], where u := (uy, ..., uy), with initial

conditions #(0, x) = 0 for all x € [0, 1], and Neumann boundary conditions

8u,' 8u,'
—(t,0) = —(,1) =0, 0<t<T. (1.2)
ox 0x

Here, W = (Wl, R Wd) is a vector of d independent space-time white noises on

[0, T]x[0,1].Foralll <i,j <d,b;,0ij : RY — Rare globally Lipschitz functions.
Weseth = (b;),0 = (0;;). Equation (1.1) is formal: the rigorous formulation of Walsh
[14] will be recalled in Sect. 2.

The objective of this paper is to develop a potential theory for the R?-valued process
u= (u(t,x), t >0, x € (0, 1)). In particular, given A C R4, we want to determine
whether the process u visits (or hits) A with positive probability.

The only potential-theoretic result that we are aware of for systems of non-linear
spde’s with multiplicative noise (o non-constant) is Dalang and Nualart [3], who
study the case of the reduced hyperbolic spde on Rﬁ (essentially equivalent to the
wave equation in spatial dimension 1):

32X!
dt 0t

S o000 Y 4
— o 27 . ,
. ALY 1012 R
j=l1
wheret = (11, 1p) € R%_, and X; =0ifyrp =0, forall 1 <i < d. There, Dalang and
Nualart used Malliavin calculus to show that the solution (X,) of this spde satisfies
K~ 'Cap,; ,(A) <P{3r € [a,b]*: X; € A} < KCap,_,(A),
where Capg denotes the capacity with respect to the Newtonian g-kernel Kg(-) (see
(1.6)). This result, particularly the upper bound, relies heavily on properties of the

underlying two-parameter filtration and uses Cairoli’s maximal inequality for two-
parameter processes.
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Hitting probabilities for systems 373

Hitting probabilities for systems of linear heat equations have been obtained in
Mueller and Tribe [9]. For systems of non-linear stochastic heat equations with additive
noise, that is, o in (1.1) is a constant matrix, so (1.1) becomes

31/!,‘ 82ul~ d s
W(t’ x) = W(Z’ x) + Zm,; W/ (t, x) + b (u(t, x)), (1.3)
j=1

estimates on hitting probabilities have been obtained in Dalang et al. [4]. That paper
develops some general results that lead to upper and lower bounds on hitting probabi-
lities for continuous two-parameter random fields, and then uses these, together with
a careful analysis of the linear equation (b = 0, 0 = 14, where I; denotes the d x d
identity matrix) and Girsanov’s theorem, to deduce bounds on hitting probabilities for
the solution to (1.3).

In this paper, we make use of the general results of [4], but then, in order to handle the
solution of (1.1), we use a very different approach. Indeed, the results of [4] require
in particular information about the probability density function p; , of the random
vector u(t, x). In the case of multiplicative noise, estimates on p; , can be obtained
via Malliavin calculus.

We refer in particular to the results of Bally and Pardoux [2], who used Malliavin
calculus in the case d = 1 to prove that forany r > 0,k e Nand 0 < x; < --- <
xr < 1, the law of (u(¢, x1), ..., u(t, xr)) is absolutely continuous with respect to
Lebesgue measure, with a smooth and strictly positive density on {o # 0}¥, provided
o and b are infinitely differentiable functions which are bounded together with their
derivatives of all orders. A Gaussian-type lower bound for this density is established
by Kohatsu-Higa [7] under a uniform ellipticity condition. Morien [8] showed that the
density function is also Holder-continuous as a function of (¢, x).

In this paper, we shall use techniques of Malliavin calculus to establish the following
theorem. Let p; (z) denote the probability density function of the R?-valued random
vector u(t, x) = (u1(t,x),...,uq(t, x)) and for (s, y) # (¢, x), let pg y. 1 x(21, 22)
denote the joint density of the R?¢-valued random vector

(u(s, y),u(t, x)) = (ui(s,y), ..., ua(s, y), u1(t, x), ..., uq(t, x)) (1.4)

(the existence of p;,(-) is essentially a consequence of the result of Bally and
Pardoux [2], see our Corollary 4.3; the existence of py y.; (-, ) is a consequence
of our Theorems 3.1 and 6.3).

Consider the following two hypotheses on the coefficients of the system (1.1):

P1 The functions o;; and b; are bounded and infinitely differentiable with bounded
partial derivatives of all orders, for 1 <i, j <d.

P2 The matrix o is uniformly elliptic, that is, ||o (x)& 2 > p% > 0 for some p > 0,
forallx e RY, & e RY, |||l = 1 (| - || denotes the Euclidean norm on R?).

Theorem 1.1 Assume P1 and P2. Fix T > Qandlet I C (0,T] and J C (0, 1) be
two compact nonrandom intervals.

(a) The density p; x(z) is uniformly bounded over z € RY, telandx e J.
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374 R. C. Dalang et al.

(b) There exists ¢ > 0 such that forany t € I, x € J and z € RY,

2
Pr.x(2) = ct~4/4 exp ——”Z”
XS = 2]

(¢c) Foralln > O, there exists ¢ > 0 such that for any s,t € I, x,y € J, (s,y) #
(t,x)and z1, 20 € RY,

paser a2 22) < it — 5|12 1 x =y~ @2 g (21— 22l
Syl = c(e =312+ =y )

(1.5)

(d) There exists ¢ > 0 such that foranyt € I, x,y € J, x # yand z1, 20 € R4,

_ lz1 — z2|1?
Pryirx (@1, 22) < c(lx — yD ™ exp (—— :
clx —yl

The main technical effort in this paper is to obtain the upper bound in (c). Indeed, it
is not difficult to check that for fixed (s, y; 1, x), (21, 22) = Py, y;1,x(21, 22) behaves
like a Gaussian density function. However, for (s, y) = (¢, x), the R?4_valued random
vector (u(s, y), u(t, x)) is concentrated on a d-dimensional subspace in R24 and the-
refore does not have a density with respect to Lebesgue measure in R??. So the main
effort is to estimate how this density blows up as (s, y) — (¢, x). This is achieved by
a detailed analysis of the behavior of the Malliavin matrix of (u(s, y), u(t, x)) as a
function of (s, y; t, x), using a perturbation argument. The presence of 7 in statement
(c) may be due to the method of proof. When ¢ = s, it is possible to set = 0 as in
Theorem 1.1(d).

This paper is organized as follows. After introducing some notation and stating our
main results on hitting probabilities (Theorems 1.2 and 1.6), we assume Theorem 1.1
and use the theorems of [4] to prove these results in Sect. 2. In Sect. 3, we recall some
basic facts of Malliavin calculus and state and prove two results that are tailored to our
needs (Propositions 3.4 and 3.5). In Sect. 4, we establish the existence, smoothness and
uniform boundedness of the one-point density function p; ., proving Theorem 1.1(a).
In Sect. 5, we establish a lower bound on p; ., which proves Theorem 1.1(b). This
upper (respectively lower) bound is a fairly direct extension to d > 1 of a result
of Bally and Pardoux [2] (respectively [7]) when d = 1. In Sect. 6, we establish
Theorem 1.1(c) and (d). The main steps are as follows.

The upper bound on the two-point density function p; ., involves a bloc-
decomposition of the Malliavin matrix of the R24_yalued random vector (u(s,y),
u(s,y) — u(t, x)). The entries of this matrix are of different orders of magnitude,
depending on which bloc they are in: see Theorem 6.3. Assuming Theorem 6.3, we
prove Theorem 1.1(c) and (d) in Sect. 6.3. The exponential factor in (1.5) is obtained
from an exponential martingale inequality, while the factor (|t —s|'/24|x —y|)~(@+")/2
comes from an estimate of the iterated Skorohod integrals that appear in Corollary 3.3
and from the block structure of the Malliavin matrix.
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The proof of Theorem 6.3 is presented in Sect. 6.4: this is the main technical effort
in this paper. We need bounds on the inverse of the Malliavin matrix. Bounds on
its cofactors are given in Proposition 6.5, while bounds on negative moments of its
determinant are given in Proposition 6.6. The determinant is equal to the product of the
2d eigenvalues of the Malliavin matrix. It turns out that at least d of these eigenvalues
are of order 1 (“large eigenvalues”) and do not contribute to the upper bound in (1.5),
and at most d are of the same order as the smallest eigenvalue (“small eigenvalues”),
that is, of order |t — s|'/2 4+ |x — y|. If we did not distinguish between these two
types of eigenvalues, but estimated all of them by the smallest eigenvalue, we would
obtain a factor of (|t — s|'/% 4+ |x — y|)~4*+"/2 in (1.5), which would not be the correct
order. The estimates on the smallest eigenvalue are obtained by refining a technique
that appears in [2]; indeed, we obtain a precise estimate on the density whereas they
only showed existence. The study of the large eigenvalues does not seem to appear
elsewhere in the literature.

Coming back to potential theory, let us introduce some notation. For all Borel sets
F C R?, we define Z(F) to be the set of all probability measures with compact
support contained in F. For all integers k > 1 and u € & (RK), we let 1 (1) denote
the B-dimensional energy of i, that is,

I5(w) = / / Kp(llx — vl (dx) u(dy).

where ||x|| denotes the Euclidian norm of x € R,

r=f if >0,
Kg(r) := {log(No/r) if B =0, (1.6)
1 if B <0,

and Ny is a sufficiently large constant [4, (1.5)].
For all B € R, integers k > 1, and Borel sets F C Rk, Capﬁ(F ) denotes the
B-dimensional capacity of F, that is,

—1
C F) = inf [ ,
apy (F) Le‘%m ,s(m]

where 1/00 := 0. Note that if < 0, then Capg(-) = 1.
Given > 0, the f-dimensional Hausdorff measure of F is defined by

&) o0
H3(F) = lim inf 2,”3:FC B(x;, r), P < s 1.7
B(F) = lim in [Z(r) < JBGi.m supr_e] (1.7)

i=1 i=1 izl

where B(x, r) denotes the open (Euclidean) ball of radius r > O centered at x € RY.
When B < 0, we define s#3(F) to be infinite.
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Throughout, we consider the following parabolic metric: For all s,t € [0, T] and
x,y €[0,1],
At x): (s, 9)) = [t — 5|2+ x — y). (1.8)

Clearly, this is a metric on R? which generates the usual Euclidean topology on R2.
Then we obtain an energy form

1800 5= [ [ Kp(a(@00: 5,300 i dx) wids .

and a corresponding capacity

-1
Capy (F) := [ME{%f(F) IﬁA(u)] .

For the Hausdorff measure, we write

o0 o0
%A(F) = lim inf[Z(Zri)ﬂ F C U BA((t, xi), 1i), supr; < e} ,
e—0t i>1

i=1 i=1

where B2((t, x), r) denotes the open A-ball of radius r > 0 centered at (t,x) €
[0, T] x [0, 1].

Using Theorem 1.1 together with results from Dalang et al. [4], we shall prove the
following result. Let u(E) denote the (random) range of E under the map (¢, x) —
u(t, x), where E is some Borel-measurable subset of R2.

Theorem 1.2 Assume P1and P2. FixT > 0, M > 0, andn > 0. Let I C (0, T] and
J C (0, 1) be two fixed non-trivial compact intervals.

(@) There exists ¢ > 0 depending on M, 1, J and n such that for all compact sets
AC[-M, M,

¢ 'Capy_g,,(A) <Pu(l x J)NA # 0} < c Hy_g_y(A).

(b) Forallt € (0, T), there exists ¢y > 0 depending on T, M and J, and ¢, > 0
depending on T, M, J and n > 0 such that for all compact sets A € [—M, M]¢,

c1Capy_»(A) <Plu({t} x J)NA # 0} < cr Hg—o_y(A).

(¢c) Forall x € (0, 1), there exists ¢ > 0 depending on M, I and n such that for all
compact sets A C [—-M, M]d,

™ Capy_gyy(A) < Plu(l x {x}) N A # B} < ¢ Hg_a—y(A).
Remark 1.3 (i) Because of the inequalities between capacity and Hausdorff mea-
sure, the right-hand sides of Theorem 1.2 can be replaced by ¢ Cap,_¢_, (A),

cCapd_z_,] (A) and cCapd_4_,7(A) in (a), (b) and (c), respectively (cf. [5, p.
133]).
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(ii)) Theorem 1.2 also holds if we consider Dirichlet boundary conditions (i.e.,
ui(t,0) = u;(t, 1) =0, for ¢t € [0, T]) instead of Neumann boundary condi-
tions.

(iii) In the upper bounds of Theorem 1.2, the condition in P1 that o and b are
bounded can be removed, but their derivatives of all orders must exist and be
bounded.

As a consequence of Theorem 1.2, we deduce the following result on the polarity
of points. Recall that a Borel set A € R is called polar for u if P{u((0, T] % (0, 1)) N
A # &} = 0; otherwise, A is called nonpolar.

Corollary 1.4 Assume P1 and P2.

(a) Singletons are nonpolar for (t, x) — u(t, x) when d < 5, and are polar when
d > 7 (the case d = 6 is open).

(b) Fixt € (0, T]. Singletons are nonpolar for x +— u(t,x) when d = 1, and are
polar when d > 3 (the case d = 2 is open).

(¢) Fix x € (0,1). Singletons are not polar for t — u(t,x) when d < 3 and are
polar when d > 5 (the case d = 4 is open).

Another consequence of Theorem 1.2 is the Hausdorff dimension of the range of
the process u.

Corollary 1.5 Assume P1 and P2.

(@) Ifd > 6, then dim, (u((0, T] x (0, 1))) = 6 a.s.
(b) Fixt e Ry.Ifd > 2, then dim, (u({t} x (0, 1))) =2 a.s.
(¢) Fixx € (0,1). Ifd > 4, then dim,; (u(R4 x {x})) =4 a.s.

As in Dalang et al. [4], it is also possible to use Theorem 1.1 to obtain results
concerning level sets of u. Define

L(zyu):={@t,x) el xJ: ult,x)=z},
T(z;u) ={tel: u(t,x)=zforsomex € J},
2 (z;u) ={xeJ: u(t,x)=zforsomerel},
Le(z;u)={tel: ul,x) =z},
Lziu)={xeld:ult,x)=z}.

We note that Z(z; u) is the level set of u at level z, 7 (z; u) (resp. 2 (z; u)) is the
projection of £ (z ; u) onto I (resp. J), and %, (z ; u) (resp. .Z" (z ; u)) is the x-section
(resp. t-section) of Z(z ; u).

Theorem 1.6 Assume P1 and P2. Then for all n > 0 and R > 0 there exists a
positive and finite constant ¢ such that the following holds for all compact sets E C
0,T]x (0,1), FC(0,T], G € (0, 1), and for all z € B(0, R):

@ ¢ 'Caply,, H(E) <PlL ) NE # @) < c A}, ,H(E);
(b) ¢™'Capy_oyya(F) SP{T(z:u) NF 3 @} < ¢ Ha—o—ya(F):
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© ¢ ' Capy_yyy2(G) PLZ(2;u) NG # @) < ¢ Ha—s—py2(G);
) forallxe(0, 1), ¢~ Capyy ) 4(F) < P{L(z; WNF # @} < ¢ Ha—y)/a(F);
(e) forallte (0,T] ¢! Capd/z(G) <P{ZL"(z;u) NG # T} < ¢ Ha—n)2(G).

Corollary 1.7 Assume P1 and P2. Choose and fix z € RY.

(@) If2 <d <6, thendim, T (z;u) = 4—11(6 —d)as. on{T(z;u) # o}

(b) If4 <d <6 (ie,d=05) thendimy Z (z;u) = %(6 —d)as. on{Z(z;u) #
[Z3%

(o) If}l <d <4, thendim, L (z;u) = %(4 —d)as.on{%L(z;u) # ).

(d) Ifd =1, thendim, £ (z;u) = 32 —d) =} as. on (L' (z;u) # O}

In addition, all four right-most events have positive probability.

Remark 1.8 The results of the two theorems and corollaries above should be compared
with those of Dalang et al. [4].

2 Proof of Theorems 1.2, 1.6 and their corollaries (assuming Theorem 1.1)

We start this section recalling the hypotheses and consequences of Theorems 3.3 and
2.1 in Dalang et al. [4].

Theorem 2.1 [4, Theorem 3.3] Consider two compact nonrandom intervals 1 C
[0, T] and J C [0, 1], and suppose v = {v(t, X)}¢ x)erxJ IS an R4 -valued random
field. For M > 0 fixed, assume the following two conditions:

(i) Forany (t,x) € I x J, the random vector v(t, x) has a density p; x(z) which
is uniformly bounded over z € [—M, M1 and (r,x) € I x J.

(ii) Forall p > 1, there exists a constant C depending on p, I, J such that for any
(t,x),(s,y)el x J,

Elv(r, x) — v(s, y)|P1 < C[A((t, x) ; (s, Y172 2.1)

Then for any B €10, d|, there exists a positive and finite constant a such that for all
Borel sets A C [—M, M1%:

(1) Plo x J)NA # D} < aHAp_e(A);

(2) foreveryt e I, Plu({t} x /)N A # @} < aitp_»(A);

(3) foreveryx € J, P{lu(I x {x}) N A # @} < astp_4(A).

Theorem 2.2 [4, Theorem 2.1] Fix two compact intervals 1 and J of R. Suppose
that {v(t, X)}¢,x)el xJ IS a two-parameter, continuous random field with values in R4,
such that (v(t, x), v(s,y)) has a joint probability density function p; ;s y(:, ), for
all s,t € I and x,y € J such that (t, x) # (s, y). We denote by p; x(-) the density
function of v(t, x). Assume the following hypotheses:

Al. Forall M > O, there exists a positive and finite constant C = C(I, J, M, d)
such that for all (t,x) € I x Jandall z € [-M, M]d,

Pt,x (z) = C.
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A2. Thereexists f > 0suchthatforall M > O, there existsc = c(I, J, 8, M,d) > 0
such that for all s,t € I and x,y € J with (t,x) # (s,y), and for every
21,22 € [-M, MY°,

Drxisy(21,22) < ¢ eXP(—M)
R a0 PP T eA s )

Then the following inequalities hold.

(1) There exists a positive and finite constant a = a(1, J, B, M, d) such that for all
compact sets A C [—-M, M]d,

P{v(I x J)NA # o} > aCapg_c(A).

(2) There exists a positive and finite constant a = a(J, M B, d) such that for all
t € I and for all compact sets A C [—M, M]d,

P{v({t} x J)N A # @} > aCapy_,(A).

(3) There exists a positive and finite constant a = a(I, M, B, d) such that for all
x € J and for all compact sets A C [-M, M]d,

P{v(I x {x}) NA # 2} > aCapg_4(A).

We shall apply these two theorems to the solution of Eq. (1.1). We first recall
that Eq. (1.1) is formal: a rigorous formulation, following Walsh [14], is as follows.
Let W' = (Wis, X))seR,, xe[0,1]s L = 1,...,d, be independent Brownian sheets
defined on a probability space (2, %, P), and set W = (Wl, R Wd). Fort > 0, let
T = o{W(s,x), s € [0,t], x € [0, 1]}. We say that a process u = {u(t,x), t €
[0, T], x € [0, 1]} is adapted to (F) if u(z, x) is .%;-measurable for each (¢, x) €
[0, T] x [0, 1]. We say that u is a solution of (1.1) if u is adapted to (.%#;) and if for
ief{l,...,d},

t 1 d
ui(t,x)z//Gt_r(x,v) > o1 ju(r, )W (dr, dv)
0 0

j=1

t 1
+//Gt_r(x, v) bi (u(r, v))drdv, 2.2)
0 0

where G, (x, y) denotes the Green kernel for the heat equation with Neumann boundary
conditions (see [14, Chap. 3]), and the stochastic integral in (2.2) is interpreted as in
[14].

Adapting the results from [14] to the case d > 1, one can show that there exists a
unique continuous process u = {u(t, x), t € [0, T], x € [0, 1]} adapted to (.%;) that
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is a solution of (1.1). Moreover, it is shown in Bally et al. [1] that for any s, t € [0, T']
withs <t,x,y €[0,1],and p > 1,

El|u(t, x) — u(s, y)|”1 < Cr_p(A((1, x) ; (s, )))P/?, (2.3)

where A is the parabolic metric defined in (1.8). In particular, for any 0 < « < 1/2,
u is a.s. ¢-Holder continuous in x and «/2-Holder continuous in ¢.
Assuming Theorem 1.1, we now prove Theorems 1.2, 1.6 and their corollaries.

Proof of Theorem 1.2 (a) In order to prove the upper bound, we use Theorem 2.1.
Indeed, Theorem 1.1(a) and (2.3) imply that the hypotheses (i) and (ii), respectively,
of this theorem, are satisfied, and so the conclusion (with 8 = d — n) is too.

In order to prove the lower bound, we shall use Theorem 2.2. Hypothesis Al
is an immediate consequence of Theorem 1.1(b). Hypothesis A2 holds with 8 =
d + n by Theorem 1.1(c). Therefore, the lower bound in Theorem 1.2(a) follows from
Theorem 2.2(1). This proves (a).

(b) For the upper bound, we again refer to Theorem 2.1. For the lower bound, which
involves Cap,;_,(A) instead of Cap,_, ,(A), we refer to [4, Remark 2.5] and observe
that hypotheses A1” and A2’ there are satisfied with 8 = d (by Theorem 1.1(d)). This
proves (b).

(c) As in (a), the upper bound follows from Theorem 2.1 with 8 = d — n, and the
lower bound follows from Theorem 2.2(3), with § = d + 1. Theorem 1.2 is proved.

O

Proof of Corollary 1.4 We first prove (a). Let z € R?. If < 5, then there is > 0
such that d — 6 + n < 0, and thus Capd76+n({z}) = 1. Hence, the lower bound of
Theorem 1.2(a) implies that {z} is not polar. On the other hand, if d > 6, then for
small n > 0,d — 6 —n > 0. Therefore, 57 _¢—,({z}) = 0 and the upper bound
of Theorem 1.2(a) implies that {z} is polar. This proves (a). One proves (b) and (c)
exactly along the same lines using Theorem 1.2(b) and (c). O

Proof of Theorem 1.6 For the upper bounds in (a)—(e), we use Dalang et al. [4, Theo-
rems 3.3 and 3.1] whose assumptions we verified above with 8 = d — n; these upper
bounds then follow immediately from [4, Theorem 3.2].

For the lower bounds in (a)—(d), we use [4, Theorem 2.4] since we have shown above
that the assumptions of this theorem, with 8 = d +n, are satisfied by Theorem 1.1. For
the lower bound in (e), we refer to [4, Remark 2.5] and note that by Theorem 1.1(d),
Hypothesis A2 there is satisfied with 8 = d. This proves Theorem 1.6. O

Proof of Corollaries 1.5 and 1.7 The final positive-probability assertion in Corol-
lary 1.7 is an immediate consequence of Theorem 1.6 and Taylor’s theorem (see
[6, Corollary 2.3.1 p. 523]).

Let E be a random set. When it exists, the codimension of E is the real number
B € [0, d] such that for all compact sets A C R4,

> 0 whenever dimy, (A) > B,
=0 whenever dim, (A) < B.

P{EmA;é@}i
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See Khoshnevisan [6, Chap.11, Sect. 4]. When it is well defined, we write the said
codimension as codim(E). Theorems 1.2 and 1.6 imply that ford > 1: codim(u (R4 x
(0, 1)) = (d — 6)*; codim(u({r} x (0,1))) = (d —2)"; codimu(Ry x {x})) =
(d =45 codim(7 (2)) = (45573 codim(2°(2)) = (5H7; codim(Z (2) = ¢
and codim(.Z"(z)) = %. According to Theorem 4.7.1 of Khoshnevisan [6, Chap. 11],
given a random set E in R” whose codimension is strictly between 0 and n,

dimy E 4+ codim E =n  as.on{E # J}. 2.4)

This implies the statements of Corollaries 1.5 and 1.7. O

3 Elements of Malliavin calculus

In this section, we introduce, following Nualart [11] (see also [13]), some elements of
Malliavin calculus. Let . denote the class of smooth random variables of the form

F=fW(h),..., W(hy)),
where n > 1, f € €p°(R"), the set of real-valued functions f such that f and

all its partial derivatives have at most polynomial growth, h; € 2 := L*([0, T] x
[0, 1], R4 ), and W (h;) denotes the Wiener integral

T 1
W(hi)://hi(t,x)-W(dx,dt), 1<i<n.
0 0

Given F € .7, its derivative is defined to be the R?-valued stochastic process DF =
(D F = (D)F, ..., D F), (,x) € [0, T] x [0, 1]) given by

D F = ZaT(W(hl) s W ()it x).

More generally, we can define the derivative DX F of order k of F by setting

n
0 0
DFF = — - —f(W(h1),..., W(hy))h; @ ’
‘ i Zz: | 9y 8xikf( (k1) (hn))hiy (1) @ - - - @ hig (k)
Toeees =
where @ = (1, ..., ar),and o; = (¢, x;), 1 <i <k.

For p,k > 1, the space Dk? is the closure of . with respect to the seminorm
I 1g , defined by

k
IFIf , =ElFIP14+ > EIID/FI%,q1,

j=1
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where

T
D /dn
' 0

T 1
i1 (i) 2
dxy-- '/dt//dxj (D(tl.,xl) o D(f;,Xj)F) ’
0 0

o _

We set (Dm)d = Np>1 MNik>1 Dk-P,

The derivative operator D on L?(£2) has an adjoint, termed the Skorohod integral
and denoted by 8, which is an unbounded operator on L? (R, 7). Its domain, denoted
by Dom 4, is the set of elements u € LZ(Q, ) such that there exists a constant ¢
such that |[E[(DF, u) 41| < c||F|jo.2, for any F € D!2,

If € Dom 8, then 8(u) is the element of L%(2) characterized by the following
duality relation:

d T 1
E[F$(u)] =E Z//D};’X’F wj(t, x)drdx |, forall F e D"2,
00

A first application of Malliavin calculus to the study of probability laws is the
following global criterion for smoothness of densities.

Theorem 3.1 [11, Theorem 2.1.2 and Corollary 2.1.2] or [13, Theorem 5.2] Let
F = (F',..., F?) be an R%-valued random vector satisfying the following two
conditions:

(i) Fe D) o
(ii) the Malliavin matrix of F defined by yr = ((DF', DFV) y)1<i,j<a 15 inver-
tible a.s. and (det )/F)’1 € LP(Q) forall p > 1.

Then the probability law of F has an infinitely differentiable density function.

A random vector F that satisfies conditions (i) and (ii) of Theorem 3.1 is said to
be nondegenerate. For a nondegenerate random vector, the following integration by
parts formula plays a key role.

Proposition 3.2 [12, Proposition 3.2.1] or [13, Proposition 5.4] Let F = (F Lo,
F%) € (D) be a nondegenerate random vector, let G € D and let g € Cr (RY).
Fix k > 1. Then for any multi-index « = (o1, ...,0) € {1,..., d}k, there is an
element Hy(F, G) € D such that

E[(0.8)(F)G] = Elg(F)Hu(F, G)].

In fact, the random variables H, (F, G) are recursively given by

HO[(Fv G) = H(O(k)(Fa H(O(],...,Otk_l)(F7 G))7

d
Hi)(F. G) =Y 8(G (yz")ij DFY).
j=1
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Proposition 3.2 with G = 1 and @ = (1, ..., d) implies the following expression
for the density of a nondegenerate random vector.

Corollary 3.3 [12, Corollary 3.2.1] Let F = (F!, ..., F%) € (D®)¢ be a nondege-
nerate random vector and let p(z) denote the density of F. Then for every subset o
of the set of indices {1, ...,d},

.....

The next result gives a criterion for uniform boundedness of the density of a non-
degenerate random vector.

Proposition 3.4 Forall p > 1and ¢ > 1,letci = c1(p) > 0andcy = c2(¢, p) >0
be fixed. Let F € (D*®)? be a nondegenerate random vector such that

() El(detyp) "] < ci;

®) E[ND'(FHI el <ca i=1.....d.

Then the density of F is uniformly bounded, and the bound does not depend on F but
only on the constants c1(p) and c2 (£, p).

Proof The proof of this result uses the same arguments as in the proof of Dalang and
Nualart [3, Lemma 4.11]. Therefore, we will only give the main steps.

Fix z € R?. Thanks to Corollary 3.3 and the Cauchy—Schwarz inequality we find
that

lpr2)| < 1Hq,...a)(F, Dllo,2.

Using the continuity of the Skorohod integral § (cf. [11, Proposition 3.2.1] and Nualart
[12, (1.11) and p.131]) and Holder’s inequality for Malliavin norms (cf. [15, Proposi-
tion 1.10, p. 50]), we obtain

d

j=1
3.1
In agreement with hypothesis (b), || D(F i Mim,p < c. In order to bound the second
factor in (3.1), note that

m 1/p
vz il = [EH(VF])i, JIP1+ D EID (v, j||§f®k]] N R
k=1

For the first term in (3.2), we use Cramer’s formula to get that
(v i jl = [detyr) ™ (AR I,
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where A r denotes the cofactor matrix of yr. By means of Cauchy—Schwarz inequality
and hypotheses (a) and (b) we find that

E[((v7 i )"] < ca pEl(detyp) 2P B2 x E[IDE) P12

S Cd,[)’

where none of the constants depend on F. For the second term on the right-hand side
of (3.2), we iterate the equality (cf. [11, Lemma 2.1.6])

d
D(ypNij=— D g ik Dypielvy e j» (3.3)
k,0=1

in the same way as in the proof of Dalang and Nualart [3, Lemma4.11]. Then, appealing
again to hypotheses (a) and (b) and iterating the inequality (3.1) to bound the first factor
on the right-hand side of (3.2), we obtain the uniform boundedness of pr(z). O

We finish this section with a result that will be used later on to bound negative
moments of a random variable, as is needed to check hypothesis (a) of Proposition 3.4.

Proposition 3.5 Suppose Z > 0 is a random variable for which we can find €y €
(0, 1), processes {Y; c}eeo,1) (i = 1,2), and constants ¢ > 0 and 0 < ap < oy with
the property that Z > min(ce®' — Y1 ¢, ce® — Y3 () forall € € (0, ). Also suppose
that we can find B; > «; (i = 1, 2), not depending on €, such that

C(g) := sup max

O<e<l1

(E[IYl,el"] E[1Y2,¢17]

b cabs ) <00 forallg > 1.

Then for all p > 1, there exists a constant ¢’ € (0, 00), not depending on €, such that
E[|Z|7P] < e, "'

Remark 3.6 This lemma is of interest mainly when 8> < «;.

Proof Define k := (2/6)6070[1 Suppose that y > k, and let € := (2/c)V/@1y~ Ve,
Then 0 < € <€y, y~ = (¢/2)e“!, and forall g > 1,

Plzteo) =iz

<P {Yl,6 > %e“l} +P {Yz,€ > ce®? — %e“‘}

—-q
C(‘]) (2q q(B1—o1) +661ﬂ2|: % _ %Eal] )

The inequality €*2 — (1/2)€“! > (1/2)e*? implies that

P {271 > )7} =< &qq) (2(1640317011) + 2‘1611(1‘327112)) < ay~9b,
c
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where a and b are positive and finite constants that do not depend on y, €g or g. We
apply this with ¢ := (p/b) 4 1 to find that for all p > 1,

o0
E[1ZI77] p/y” 'Piz y}dy
0
o0
gkp+ap/y*b*1dy=kp+ (%) kb
k

Because k > (2/c) and b > 0, it follows that E[|Z|~P] < (1 + ¢ (ap/b))kP, where
c1 := (¢/2)*P_ This is the desired result. O

4 Existence, smoothness and uniform boundedness of the one-point density

Letu = {u(t,x), t € [0, T], x € [0, 1]} be the solution of Eq. (2.2). In this section,
we prove the existence, smoothness and uniform boundedness of the density of the
random vector u(z, x). In particular, this will prove Theorem 1.1(a).

The first result concerns the Malliavin differentiability of u and the equations
satisfied by its derivatives. We refer to Bally and Pardoux [2, Proposition 4.3, (4.16),
(4.17)] for its proof in dimension one. As we work coordinate by coordinate, the
following proposition follows in the same way and its proof is therefore omitted.

Proposition 4.1 Assume P1. Then u(t, x) € (D®) foranyt € [0, T]and x € [0, 1].
Moreover, its iterated derivative satisfies

DY) - DI (uit, x))

r,v1 Tn,Un

k k
Grory (6, v) (D, -+ DI DI - D) (@i i w)))

r,v] FI41,V+1 T'n,Un

Il
:M&

t 1

d n
+> / / Gioe,m) [ DY, (01 (@, m) W (d6, dn)
j=1 =1

=lrivevr, 0

/ / Gio(x, n)HDﬁ,"',L(bi(u(e, n)) dodn

riV--Vry

ift <rVv---Vr,and Df{”gl ~'D£f’fgn (ui(t,x)) = 0 otherwise. Finally, for any
p>1,
SUP( vy er0,71x10.11E [ 2" (i (2, 0)) | Fen ] < o0 “.1)

Note that, in particular, the first-order Malliavin derivative satisfies, for r < ¢,

D) (ui(t, %)) = G (x, V)ow (u(r, v) + a; (k, r, v, 1, X), (4.2)
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where

d t 1
ai(k, r,v,t,x) = / / Gi—o(x, M) D) (03;(u(®, n))) W (d6, dn)
j=1 r 0

t 1
+ / / Gr—o (v, D) (bi (@, n))) dbdln, @3)
r 0

and Dﬁkg (u;(t,x)) =0whenr > 1.
The next result proves property (a) in Proposition 3.4 when F is replaced by u(¢, x).

Proposition 4.2 Assume P1 and P2. Let I and J be two compact intervals as in
Theorem 1.1. Then, for any p > 1,

E [(det Vu(t,x))ip]

is uniformly bounded over (t,x) € I x J.

Proof This proof follows Nualart [12, Proof of (3.22)], where it is shown that for fixed
(¢, x), E[(detyy(,x)) "] < +oo. Our emphasis here is on the uniform bound over
(t,x) € I x J. Assume that I = [t;,tr] and J = [x1, xp], where 0 < t; <t < T,
0 <x; <x2 <l.Let(t,x) € I x J be fixed. We write

det Yu(.x) = (lnfgeRd:ngH:lS Vu(z,x)é) .
Let £ = (£1,...,&7) € R? with ||£]| = 1 and fix € € (0, 1). Note the inequality

2
(a+b)*> ga2 —2b°, (4.4)

valid for all a, b € R. Using (4.2) and the fact that y, () is a matrix whose entries
are inner-products, this implies that

t 1

Ty = / dr / dv

0 0

2

d
> Dy (it x))é;

i=1

t 1 2

> [ [a

t(1—e) 0

d
> Droy(uilt, X))

i=1

> — I,
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where

t 2

! d /d
/ dr / dv Z(Z Gi—r (x, V)oK (u(r, v))si) ,
) i

t(1—e) k=1

t 1 d
L =2 / / Z(Za,(k rou,t, x)f;‘,) ,
k

t(l—e) 0

5L

UJI[\)

and a;(k, r, v, t, x) is defined in (4.3). In accord with hypothesis P2 and thanks to
Lemma 7.2,
I > c(te)'/?, 4.5

where ¢ is uniform over (¢, x) € I x J.
Next we apply the Cauchy—Schwarz inequality to find that, for any g > 1,
E [supg cre.je=111217] < c(E[A1]9] + E[| A2|7D),

where

2

1 1
A= / dr / dv / / Grg (e, 1) D (3 (u(®. ) W (d6. dm) | .
i,jk= lt(l —e) 0 0
2

Z / dr / dv / / Gi_o(x, DX (bi (@, n))) dbdy

Lk=l,0_¢y 0

We bound the g-th moment of A; and A, separately. As regards Aj, we use
Burkholder’s inequality for martingales with values in a Hilbert space (Lemma 7.6)
to obtain

t t 9

d 1 1
E[|A1|9] < ¢ Z E / de/dn / dr/dv e’ |, (4.6)
' 0 0

kji=1 (=€) t(1—€)

where

© = 1g=r) Gi—o(x, n) | DY) (015 (@, )|
d

> D& w0, ).

=1

<cl>nGr-g(x,n)

thanks to hypothesis P1. Hence,
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1 A0 1 4
d@/dnGtz_g(x,n) / dr/dv W2 ,

t(1—e) 0 t(1—e) 0

t

d
E[|A119] <c D E

k=1

where ¥ := Zflzl Dﬁkg (u;(8, n)). We now apply Holder’s inequality with respect to
the measure Gzz—e (x, n)dOBdn to find that

—1
" q

1
E[|A11] < C /de/dnc%,e(x,m
t(1—e) 0

¢ q

t 1 d 1
x / d@/dnc;,{g(x,n) >'E / dr/dvqﬂ
k=1 0

t(1—e) 0 t(1—e)

Lemmas 7.3 and 7.5 assure that

t 1
E[|A1]7] < Cr(te)'T (1e)7/? / / G?_,(x,n)dfdn < Cr(te),
t(l—e) O

where C7 is uniform over (¢, x) € I x J.
We next derive a similar bound for A;. By the Cauchy—Schwarz inequality,

t 1 t 4

d 1
E[142]7] < c(te)? z E / dr/dv/d@/dn o3| |,

bk=1 t—e) 0 7 0

where ® := G,_y(x, n)| D) (b; (8, n))) |. From here on, the g-th moment of A is

estimated as that of A; was; cf. (4.6), and this yields E[|A2|7] < Cr (te)™.
Thus, we have proved that

E[SUPSERd:||é||=1|12|q] < CT(tE)q, (47)
where the constant Cr is clearly uniform over (t, x) € I x J.

Finally, we apply Proposition 3.5 with Z := infjg)=1(§” yu¢.x)€)s Yie = Yo, =
Sup”g”:l]z, eo=1,01 =ap=1/2and B; = B> = 1, to get

E [(detyu¢.x) 7] < Cr.

where all the constants are clearly uniform over (¢, x) € I x J. This is the desired
result. o

The two previous propositions have the following corollary.
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Corollary 4.3 Assume P1 and P2. Fix T > 0 and let I and J be a compact intervals
as in Theorem 1.1. Then, for any (t,x) € (0,T] x (0, 1), u(¢, x) is a nondegene-
rate random vector and its density function is infinitely differentiable and uniformly
bounded over z € R and (t,x) € [ x J.

Proof The conclusions are a consequence of Propositions 4.1 and 4.2 together with
Theorem 3.1 and Proposition 3.4. O

Proof of Theorem 1.1(a) This is an immediate consequence of Corollary 4.3. O

5 The Gaussian-type lower bound on the one-point density

The aim of this section is to prove the lower bound of Gaussian-type for the density
of u stated in Theorem 1.1(b). The proof of this result was given in Kohatsu-Higa [7,
Theorem 10] for dimension 1, therefore we will only sketch the main steps.

Proof of Theorem 1.1(b) We follow [7] and we show that for each (¢, x), F = u(t, x)
is a d-dimensional uniformly elliptic random vector and then we apply [7, Theorem 5].
Let

t, 1 d
F! =//Gl_r(x,v)ZG,'j(u(r, V)W (dr, dv)
00 =1

o1
+//G,_r(x, v) b (u(r, v))drdv,
0 0

1 <i <d,where0 =1 <t < --- < ty = tis asufficiently fine partition of
[0, ¢]. Note that F,, € .%;, . Set g(s, y) = G—s(x, y). We shall need the following two
lemmas.

Lemma 5.1 [7, Lemma 7] Assume P1 and P2. Then:
@ INFlep < crp, 1 <i<d;
Q) IF, (a=1)i) " ey < cp(Bna1 @) = cpUgliag, |\ vy

where yr, (t,—1) denotes the conditional Malliavin matrix of F, given %#; | and
Il - lp,1,_, denotes the conditional LP-norm.

We define

th—1 1

d
™ (s1.y1) = / / Gy (91, y2) D01 (2. y2)) W (dsy. dys)
0 0 j=1
th—1 1

+ / /Gsl—sz(ylayZ)bi(u(SZ»y2))d52d)’27 1 <i<d.
00

Note that u"~! € .7, . Asin [7], the following holds.
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Lemma 5.2 [7, Lemma 8] Under hypothesis P1, for s € [ty—1, t,],
lui(s.y) = !~ s W lpuy < G —ta-)'® 1 <i <d,

where || - |n, p.1,_, denotes the conditional Malliavin norm given Z;,_,.

The rest of the proof of Theorem 1.1(b) follows along the same lines as in [7]
for d = 1. We only sketch the remaining main points where the fact thatd > 1 is
important. In order to obtain the expansion of F! — F, i _, as in [7, Lemma 9], we
proceed as follows. By the mean value theorem,

Fiy = //G L) Za,(u" L, 0) W (dr, dv)

In—1

//G, r(x, ) b (u(r,v))drdv

In—

/G, r(x,v) z /Blaij(u(r,v,k))dk

In—1

X (ui(r, v) — u} = (r, V)W (dr, dv),

where u(r, v, 2) = (1 — Du(r, v) + 2" 1(r, v). Using the terminology of [7], the
first term is a process of order 1 and the next two terms are residues of order 1 (as
in [7]). In the next step, we write the residues of order 1 as the sum of processes of
order 2 and residues of order 2 and 3 as follows:

//G, r(x, ) bi (u(r, v))drdv

In—1

//G, ~(x, v) b (N (r, v) drdv

In—1

//G, - (x, v)z /a,b (w(r, v, W)da | (ui(r, v) —ul =" (r, v)) drdv

th—1
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and

//Gl +(x, V) Z /8;0,-j(u(r, v, W)dr | (uy(r, v) —uy™ Y, )WY (dr, dv)

In—1

/ /G, ,(x, ) Z 301 ("~ (r, v) i (r, v) — ul (r, 0)) W (dr, dv)
-1

1,
1

//G, F(x, V) Z /8l8l/a,~j(u(r, v, A))d
th—1 0

LU=l

x (uy(r, v) — u?fl(r, v)(uy (r, v) — u}lfl(r, V)WY (dr, dv).

It is then clear that the remainder of the proof of [7, Lemma 9] follows for d > 1 along
the same lines as in [7], working coordinate by coordinate.

Finally, in order to complete the proof of the proposition, it suffices to verify the
hypotheses of [7, Theorem 5]. Again the proof follows as in the proof of [7, Theorem
10], working coordinate by coordinate. We will only sketch the proof of his (H2c),
where hypothesis P2 is used:

|
(An—1(g)™! / / (Gr—r (x, 0)) 2o @' (r, v))EN* drdv
th—1 0
tll

1
> 02 (A1 (@) / / (Gry G, )2 drd = p > 0,

th—1 0

by the definition of g. This concludes the proof of Theorem 1.1 (b). O

6 The Gaussian-type upper bound on the two-point density
Let py,y;+,x(z1, z2) denote the joint density of the 2d-dimensional random vector
(ul(s’ y)""’ud(s’ y)’ ul(t"x)""’ud(t7‘x))’

fors,t € (0,T],x,y € (0,1),(s,y) # (t,x) and 21,22 € R4 (the existence of this
joint density will be a consequence of Theorem 3.1, Proposition 4.1 and Theorem 6.3).
The next subsections lead to the proofs of Theorem 1.1(c) and (d).
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6.1 Bounds on the increments of the Malliavin derivatives

In this subsection, we prove an upper bound for the Sobolev norm of the derivative
of the increments of our process u. For this, we will need the following preliminary
estimate.

Lemma 6.1 Foranys,t €[0,T], s <t,andx,y € [0, 1],

T 1
//(g(r, V) drdv < Cr (|t — 5| + |x — y)),
0 0

where
g(rv) = gt,x,s,y(ra v) = 1{rst}Gt—r (x,v) — 1{r§s}Gs—r(y’ v).

Proof Using Bally et al. [1, Lemma B.1] with « = 2, we see that

T 1
/ / (g(r, v))* drdv
0 0

t 1 K

1
5//(G,,r(x,v))zdrdv+2//(G,,,(x,v)—Gs,r(x,v))zdrdv
0 0

0

S

N

1
+2 / / (Gyr (X, 0) = Gy—y (v, 0)) drdv
00

< Cr(t —s|'?

+ |x —yD. O

Proposition 6.2 Assuming P1, for any s,t € [0,T], s <t x,y € [0,1], p > 1,
m>1,

/2
B[ D" @i, x) = uits. )| pen] = Cr (1t =512+ 1 =31)"", i =14,

Proof Let m = 1. Consider the function g(7, v) defined in Lemma 6.1. Using the
integral Eq. (4.2) satisfied by the first-order Malliavin derivative, we find that

E[IDGi (e, %) = wi(s, I, < € (BUNIP21 + ELLIP2) + B BI72))
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where

1

d T
L=> / dr / dv (g(r, v)oik (u(r, v)))*,
0

0

1

T 1 T 1
/ dr / dv / / 8@, mDX) (0ijw(®, m)W’ (0, dn) | .

0 0
1 2

0 0
d T 1 T
By / ir / dv / / ¢(6. ) DY) (b; u(§. n))dbdn
0 0 0 0

We bound the p/2-moments of /1, I, and I3 separately.

By hypothesis P1 and Lemma 6.1, E[|I;|?/*] < Cr(|t — s|'/? + |x — y|)P/%.
Using Burkholder’s inequality for Hilbert-space-valued martingales (Lemma 7.6) and
hypothesis P1, we obtain

T 1 1 p/2

d T
B < e a0 [anwo.n? [ar [ave?| |,
0 0 0

k=1 0

where ©® = Zld:l D;kv) (u1(6, n)). From Holder’s inequality with respect to the mea-
sure (g(0, ))%d0dn, we see that this is bounded above by

T 1
C / / (g8, m)>dodn
00
T 1

d T 1
X sup(@,n)E[O,T]X[O,l ZE /d@/dn(g(@, n))z/dr/dv @2
= 0 0 0 0

1
k=1

Z-1
p/2

< Cr(t —s"? + |1x — yDP/2,

thanks to (4.1) and Lemma 6.1.
We next derive a similar bound for /3. By the Cauchy—Schwarz inequality,

T 1 1 p/2

d T
E[l53]P% < Cr D E /dG/dn (80, n))Z/dr/dv ©’
k=1 0

0 0 0

From here on, the p/2-moment of I3 is estimated as was that of I, and this yields
E[|5]72] < Cr(jt — 5|/ + |x — y|)?/2. This proves the desired result for m = 1.
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The case m > 1 follows using the stochastic differential equation satisfied by the ite-
rated Malliavin derivatives (Proposition 4.1), Holder’s and Burkholder’s inequalities,
hypothesis P1, (4.1) and Lemma 6.1 in the same way as we did for m = 1, to obtain
the desired bound. O

6.2 Study of the Malliavin matrix
Fors,t € [0,T],s <t,and x, y € [0, 1] consider the 2d-dimensional random vector
Z = (u1(s, ), ..., uq(s, y),ur(t,x) —ur(s,y), ..., uq(t, x) —uq(s, y)). (6.1)

Let yz the Malliavin matrix of Z. Note that yz = ((¥z)m.1)m.i=1
2d x 2d random matrix with four d x d blocs, of the form

24 1s a symmetric

,,,,,

1 @2

Y7 V7
vz=1| ... ... |
J/S) ygt)
where
y) = (D@i(s, y)), D (s, Y))) )i jm1....d>
y2 = (D@i(s, y)), DQuj(t, x) — (s, YD) )i j=1....d>
y = (Dui(t, x) — ui(s, ), D j(s, YD) )i j=1.....d»
v = (D@ (1, x) — ui(s, ¥)), D, x) — uj(s, Y))) )i j=1...d-

We let (1) denote the set of indices {1, ..., d} x {1, ...,d},(2)theset{l,...,d} x{d+
1,...,2d},(3)theset{d +1,...,2d} x {1,...,d}and (4) theset {d + 1, ..., 2d} x
{d+1,...,2d}.

The following theorem gives an estimate on the Sobolev norm of the entries of the
inverse of the matrix yz, which depends on the position of the entry in the matrix.

Theorem 6.3 Fixn, T > 0. Assume P1 and P2. Let I and J be two compact intervals
as in Theorem 1.1.

(@ Forany (s,y)elxJ, (t,x)elxJ,s<t (s,y) #(t,x),k>0,p>1,

Iy Dmtlle,p
ckpn (It — s+ |x —yph= if (m,1)e ),

< {ckpnrt —s|V2 +]x —yDV27d if (m,1) € (2) or (3),
ckpnr(t —sIV2+1x —yD7I i (m, 1) € 4).
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®) Foranys =te (0, T)], (t,y) el xJ,(t,x)el xJ,x#y,k>0,p>1,

CkpT if (m,1)e),
Iy Dmillep < {coprlx —yI72 if (m,1) € 2) or (3),
ceprlx —yI7hif (m,D) e @).

(Note the slight improvements in the exponents in case (b) where s = t.)

The proof of this theorem is deferred to Sect. 6.4. We assume it for the moment and
complete the proof of Theorem 1.1(c) and (d).
6.3 Proof of Theorem 1.1(c) and (d)
Fix two compact intervals I and J as in Theorem 1.1. Let (s, y), (t,x) €e [ x J,s <,

(s,y) # (t,x),and z1,z2 € R?. Let Z be as in (6.1) and let pz be the density of Z.
Then

Ps.yitx(21,22) = pz(21, 21 — 22)-

Apply Corollary 3.3 witho = {i € {1,...,d}: z’i - zé > 0} and Holder’s inequality
to see that

2

B

d

Pz =) < [T (P{ite 0 —uits, 01 > 124 = 551}
i=1
X[ H.....2a)(Z, Dllo,2-

Therefore, in order to prove the desired results (c) and (d) of Theorem 1.1, it suffices
to prove that:

d 1
(P {iui e, 0) = wits, 91 = 120 = 241}) ™
i=1
lz1 — 2211
< — , 6.2
‘Cexp( cr(i—sZ + x —3)) 62)
IHa...2a)(Z, Dlloa < er (|t — s|V? 4 |x — yp @72, (6.3)
and if s = ¢, then
lHa,...20a)(Z, Dllo2 < crlx — y| 742, 6.4)
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Proof of (6.2) Let u denote the solution of (2.2) for » = 0. Consider the continuous
one-parameter martingale (M, = (Mul, el M,f), 0 < u <t) defined by

o (G (o, 0)=G sy (3, ) >4, 0ij(ii(r, v) W (dr, dv) if 0<uss,

T G )G (v, ) T 0l v) W (dr, dv)
H' o Gior(x,v) X9, 01 (r, v)) W (dr, dv) if s<u<t,
foralli =1, ..., d, with respect to the filtration (%#,, 0 < u < t). Notice that

My=0, M; =u(t,x)—u(s,y).

Moreover, by hypothesis P1 and Lemma 6.1,

(M), = / / (Grer (5200 = Grr (3200 3 (a1 i w0 s

0 j=1

/ / Gror 0P S oy, ) drd

j=1
T

=</

T<|t—s|”2+ x — y).

1
/(g(r v)) drdv
0

By the exponential martingale inequality Nualart [11, A.5],

3 y S |z} — 2512
P{ (1, x) — i (s, 1=z } <2 - .
|ui (1, x) — ui(s, )| > |z} — 25|t = exp( Cr(t —s|'2+|x —y])
(6.5)

We will now treat the case b # 0 using Girsanov’s theorem. Consider the random
variable

t 1
L; = exp —//a_l(u(r, V) b(u(r, v)) - W(dr, dv)

t 1

//||o_1(u(r ) bu(r, v)||*> drdv
0 0

NI'—‘

The following Girsanov’s theorem holds.
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Theorem 6.4 [10, Prop.1.6] E[L;] = 1, and iff’ denotes the probability measure on
(R, F) defined by

aw
7p (@) = Li(®),

then W (1, x) = W(t, x)—i—fot Jo o w(r, v) b(u(r, v)) drdv is a standard Brownian
sheet under P.

Consequently, the law of « under P coincides with the law of i under P. Consider
now the random variable

Ji = exp // 1(u(r v)) b(iu(r, v)) - W(dr, dv)

+

t 1
%//| _l(u(r v)) b(u(r, v))|| drdv
0

Then, by Theorem 6.4, the Cauchy—Schwarz inequality and (6.5),

p {lui(t,x) —ui(s, y)| > |z} — Z§|] =Ep [1{\ui(z,x)—uf(s,y)|>\zi,—z;\}Lr_l]
_ R
=Ep [l{mf<t,x>—al‘(s,y>|>\z'l—z'2\}ft ]
» p N V3 S\ 172
= (Pl 06> 14 -1} (Bels )

2l — 2bP? 12
<2 — (E J ) .
- eXp( Crir =i +Jx —yp )\

Now, hypothesis P1 and P2 give

Ep[J, 2] <Ep | exp //20*‘(&0, ) b(i(r, v)) - W(dr, dv)

t 1
—%//4||a*‘(ﬁ(r, ) b(i(r, v)||* drdv
0 0

1

t

X exp //na*‘(ﬁ(r, ) b(i(r, v)||* drdv
0 0

Scs

since the second exponential is bounded and the first is an exponential martingale.
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Therefore, we have proved that

S |2} — 2517
P{ . t, —u;(s, L } < Ce — )
lu; (2, x) —u;i (s, )| > 2] — 2511 < XP( Cr(t—s['2 1 x —y])

from which we conclude that

1 2
;i\ 24 Izt — z2ll
P{|u-(t,x)—u-(s, )|>|z‘—z’|})”5Cex ( .
| 1( ’ =TS PG =S+ =D

1=
This proves (6.2). O

Proof of (6.3) Asin (3.1), using the continuity of the Skorohod integral § and Holder’s
inequality for Malliavin norms, we obtain

j=1
2d

+ D 1z D2a s 1DZ)] s
j=d+1

Notice that the entries of y, ! that appear in this expression belong to sets (3) and (4)
of indices, as defined before Theorem 6.3. From Theorem 6.3(a) and Propositions 4.1
and 6.2, we find that this is bounded above by

d
_1_
CrllHa...2a-1)(Z, Dlva [ D (e — sV 4 x =y 7274
j=1
2d '
+ D> (t=s"P x—yp It
j=d+1
that is, by
CrllHa,..2a-1)(Z, Dlla(lt — s + [x — =1/,

Iterating this procedure d times (during which we only encounter coefficients (y, ! Il
for (m,[) in blocs (3) and (4), cf. Theorem 6.3(a)), we get, for some integers my,
k() > 0,

Again, using the continuity of 6 and Holder’s inequality for the Malliavin norms, we

obtain

@ Springer



Hitting probabilities for systems 399

lHa,...a)(Z, Dllmx < CllHq,...a—)(Z, Dllmy 5

d
< I D 1z Ddllma ks 1D s s

j=1
2d
+ D> 1z dlmaka 1DEZ) s s | -
j=d+1
for some integers m;, k; > 0,i = 1,...,5. This time, the entries of y, ! that appear

in this expression come from the sets (1) and (2) of indices. We appeal again to
Theorem 6.3(a) and Propositions 4.1 and 6.2 to get

,,,,,

IH....ay(Z, Dlmx < CrllHa...a—1)(Z, Dllmy kg (12 = sV 4 |x — y) 797

Finally, iterating this procedure d times (during which we encounter coefficients
(yz_l)m)l for (m,[) in blocs (1) and (2) only, cf. Theorem 6.3(a)), and choosing
n = 4d*n, we conclude that

IHq...2a)(Z, Dlloa < Cr (|t — s|"/? + [x — y)~@+1/2,

which proves (6.3) and concludes the proof of Theorem 1.1(c). O

Proof of (6.4) Inorder to prove (6.4), we proceed exactly along the same lines as in the
proof of (6.3) but we appeal to Theorem 6.3(b). This concludes the proof of Theorem
1.1(d). O

6.4 Proof of Theorem 6.3

Let Z be as in (6.1). Since the inverse of the matrix yz is the inverse of its determinant
multiplied by its cofactor matrix, we examine these two factors separately.

Proposition 6.5 Fix T > 0 and let I and J be compact intervals as in Theorem 1.1.
Assuming P1, for any (s, y), (t,x) € I x J, (s,y) % (t,x), p > 1,

cpr(lt —s/V2+1x—yD4 if (m,D) e ),
EN(ADmal P17 < Yepr(t —sIV2 4 x — yD9=2 if (m,1) € 2) or 3),
cpr(lt = sV 4+ |x =yt if (m,]) € @),

where Az denotes the cofactor matrix of yz.

Proof We consider the four different cases.
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o If (m,l) € (1), we claim that

d—1
((AZDmal =C D {IID(u(s, I X 1D, x) —uts, y)IPE
k=0
<D, MIZE™ < ID@,x) = uts IPE) . ©66)

Indeed, let A'g’l = (aZ:lf) 241 bethe (2d — 1) x (2d — 1)-matrix obtained by
removing from yz its row m and column /. Then

mi=1,...,

_ m,l\ . m,l m,l
(AZ)my =det(A;") = Z sagn(n)al’n(]) “lyd g nd—1)
7 permutation of (1,..., 2d—1)

where sign(r) € {—1, 1} denotes the signature of the permutation rr. Each term of this
sum contains one entry from each row and column of A'g’l. If there are k entries taken

from bloc (1) of yz, these occupy k rows and columns of A’Z"’l. Therefore,d — 1 — k
entries must come from the d — 1 remaining rows of bloc (2), and the same number
from the columns of bloc (3). Finally, there remain k + 1 entries to be taken from bloc
(4). Therefore,

d—1

[(AZ)mil <C Z Z {(product of k entries from (1))
k=0

x (product of d — 1 — k entries from (2))
X (product of d — 1 — k entries from (3)) x (product of k + 1 entries from (4))} .

Adding all the terms and using the particular form of these terms establishes (6.6).
Regrouping the various factors in (6.6), applying the Cauchy—Schwarz inequality
and using (4.1) and Proposition 6.2, we obtain

d
E[1(A2)nal”] = € D E[ID@s, %7 < 1D, x) = s, I ]

k=0
< Cr(t —sI"? + [x — ypir.
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o If (m,l) € (2) or (m, 1) € (3), then using the same arguments as above, we obtain

(AZ)m.]
< CZZ{HD(u(s I TOXID s, )1 X 1Dt x) = us, )%,

) |ID(u(s, Y)I5E x 1D, x) — uls, y)I%
XD, ) = uts, I

d—1
= ¢ X {IDw, I x 1D ) —uts I}
k=0

from which we conclude, using (4.1) and Proposition 6.2, that

1
E[I(A2)mal”] < Cr(lt — s1V? + |x — yp@=2P

e If (i, j) € (4), we obtain

(A2l = CZZ{”D(M(S I < 1D, yp 15~

k=0

XD, x) = Daats, DI ™ x 1D, x) = Dts, I |

= C X {IDw, I x 1D, %) = uts, )12

k=0
from which we conclude that
E[I(AZ)mal"] = Cr(l = s'? 4 lx = yp“@= D7,
This concludes the proof of the proposition. O

Proposition 6.6 Fixn, T > 0. Assume P1 and P2. Let I and J be compact intervals
as in Theorem 1.1.

(a) There exists C depending on T and n such that for any (s, y), (t,x) € I x J,
(s,y) # (. x), p>1,

—_p1l _
E[(detyz)"]"" < C(lt = 5" + |x — y~d0+0, 6.7)

(b) There exists C only depending on T such that for any s =t € I, x,y € J,
x#Fy,p>1

E[ety2)™"]"" < C(lx — yD7.
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Assuming this proposition, we will be able to conclude the proof of Theorem 6.3,
after establishing the following estimate on the derivative of the Malliavin matrix.

Proposition 6.7 Fix T > 0. Let I and J be compact intervals as in Theorem 1.1.
Assuming P1, for any (s, y), (t,x) € I x J, (s,y) £ (t,x), p> landk > 1,

I/p
E (10" 02mill e ]

Ck,p,T if (m,l) e @),
< ekpr(t =sIV2 1 =y if (n,1) € (2) or (3),
chpr(t=sI"2Hlx =y if (1) e @.
Proof We consider the four different blocs.
e If (m,]) € (4), proceeding as in Dalang and Nualart [3, p.2131] and appealing to

Proposition 6.2 twice, we obtain

Bt oom]

T 1
_E||p* / dr / v Dyt (1, %) — (5. ¥)) - Dyt (1, )
0 0

P

—uj (S, y))
Rk

k P T 1
< (k+ 1Pt Z(k) E /dr/dv DI Dy (£, %) — (s, ¥))
=0 0o 0
p

DA, (i (2, x) — ui (s, y))
Ak

- - KNP ; 2p 1/2
< Crik+1) Zo (]) (E [HD D1t (1, X1t (s, y))HMW”D
i 2p 1/2
X (E |:”D “ID(uy(t, x) — u(s, y)) H yf@(kj+1):|)
< Cr(lt —s|"* + |x — yDP.

e If (m,1) € 2) or (m,1) € (3), proceeding as above and appealing to (4.1) and
Proposition 6.2, we get
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[H Do)

1/2
o ) (-l )
1/2
( [HDk ID(u(s, y))H”w ,+1>]) ]

< Cr(lt —s|"? + |x — yDP/%.

e If (m,I) € (1), using (4.1), we obtain

E[| D" om

‘ﬂ@k]

» 172
< Crk+1)r! Z (];) [( |:HD]D(Mm(S y))H%@,H)D
= 172
( [HDk D (u s, )’))H ot j“)]) ]

<Cr.
O

Proof of Theorem 6.3 When k = 0, the result follows directly using the fact that the
inverse of a matrix is the inverse of its determinant multiplied by its cofactor matrix
and the estimates of Propositions 6.5 and 6.6.

For k > 1, we shall establish the following two properties.
(a) Forany (s, y), (r,x) eI x J,(s,y) # (t,x),s <t,k>1land p > 1,
ELID* vy Ymillyed"?

ckpoy1 (It = sV + |x =y~ if m,0) e (1),
< Lk par(t —sI2+1x —yD~1274 if (m, 1) € (2), 3),
ckppr(t = sV +1x —yD7I i (m, 1) € 4).

(b) Foranys=tel,x,yeJ,x#y,k>1landp > 1,
Ck,p,T it (m,)e@),

ELID* (7 il yed? < Yerprlx — yI7V2 i (m.1) € (2) or (3),
ckprlx—yI7tif (m, D) € @).

Since

1/p

Iy Dmallep = {EN(y, >mz|P1+ZE[||Df<y milllyeilt
j=1

(a) and (b) prove the theorem.
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We now prove (a) and (b). When k = 1, we will use (3.3) written as a matrix
product:

Dy; Y =yv;'Dy2v,". (6.8)

Writing (6.8) in bloc product matrix notation with blocs (1), (2), (3) and (4), we get
that

D((r;HM = v H YD H Y + v H VD) (v HD
+H e HY + YO D H?,
D((r;H®) = v H D HP + YD) (v H @
+ DY + i HP D) v H®,
D((r;H) = v H D HY + v HO D) (v HE
+ DY + YYD, HY,
D((r;H) = v HO D HP + v H O D) (v HW
+ YYD )Y + YD) v HW.
It now suffices to apply Holder’s inequality to each block and use the estimates of the

case k = 0 and Proposition 6.7 to obtain the desired result for k = 1. For instance, for
(m,1) € (),

m,l

2p
< sup EU((V )(2)>m .
1,41

mi,l

X sup EU(WZU“))M 1

m3,13

p ql/p
[H vz D HY) }
H

1/(2p)
[ el

ma,lp

41,} 1/(p)

<c(t— sV x =y =g — V2 g — )2,

4p /@)

Fork > 1,in order to calculate D¥ ! (yé')), we will need to compute Dk(yzf1 D(yz)
yz_l). For bloc numbers i1, i3, i3 € {1,2, 3,4} and kK > 1, we have
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Dk ((yz—l)<i.>D(ygz>)(yZ—1)<i3>)

= 3 () P (020) % (p0) 07 (0797

Ji+i+i=k

Note that by Proposition 6.7, the norms of the derivatives D/? (D(ygé)) of yéiz) are of

the same order for all j,. Hence, we appeal again to Holder’s inequality and Proposi-
tion 6.7, and use a recursive argument in order to obtain the desired bounds. O

Proof of Proposition 6.6 The main idea for the proof of Proposition 6.6 is to use a
perturbation argument. Indeed, for (¢, x) close to (s, y), the matrix yz is close to

o -
yé )
39 =
0 :0
The matrix p has d eigenvectors of the form ():1, 0),..., (id , 0), where 5»1, e, 2 e
RY are eigenvectors qf yél) = Yu(s,y)-and0 = (0,...,0) € R4, and d other eigenvec-
tors of the form (0, ¢') where el ..., e?isabasis of R?. These last eigenvectors of

are associated with the eigenvalue 0, while the former are associated with eigenvalues
of order 1, as can be seen in the proof of Proposition 4.2.
We now write

2d
detyz = [ [N yz&", (6.9)
i=1
where & = {& Lo & 2“'} is an orthonormal basis of R?4 consisting of eigenvectors

of yz. We then expect that for (¢, x) close to (s, ), there will be d eigenvectors close
to the subspace generated by the (A, 0), which will contribute a factor of order 1 to
the product in (6.9), and d other eigenvectors, close to the subspace generated by the
(0, ¢'), that will each contribute a factor of order (|t — s|'/? + |x — y|)~!7" to the
product. Note that if we do not distinguish between these two types of eigenvectors,
but simply bound below the product by the smallest eigenvalue to the power 2d,
following the approach used in the proof of Proposition 4.2, then we would obtain
C(|t — s|"? + |x — y|)729P in the right-hand side of (6.7), which would not be the
correct order.

We now carry out this somewhat involved perturbation argument. Consider the
spaces E1 = {(A,0) : 1 € R?,0 € R4 and E> = {(0, ) : o € RY, 0 € R}. Note
that every &/ can be written as

£ =00 u) = (0, 0)+ /1 —a? (0, i, (6.10)
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where A, uf € RY, (W1, 0) € Ey, (0, i) € Ep, with [|A7]| = [|3']| = 1and0 < o; < 1.
Note in particular that [|£/||2 = ||A[|2 + ||/ ||> = 1 (norms of elements of R? or R??
are Euclidean norms).

Lemma 6.8 Given a sufficiently small oy > 0, with probability one, there exist at
least d of these vectors, say §'', ..., &', such that o;; > o, ..., a;; = Q.

Proof Observe that as & is an orthogonal family and for i # j, the Euclidean inner
product of £’ and &/ is

£ 8 =i A A +/1 —a? 1—0612(11i'ﬁj)=0~

Forag > 0,let D = {i € {1,...,2d} : &; < «ap}. Then, fori,j € D,i # j,if
a0<%,then

o

2
P e o P 1
i il = A< 0 ||Al||||w||s§a§.

2
2 2 l—«
1 —a; 1—ozj 0

Since the diagonal terms of the mat_rix (at-p’ )i,jep areallequalto 1, for o sufficiently
small, it follows that det((a' - /1/_),-, jep) # 0. Therefore, {ji', i € D} is a linearly

independent family, and, as (0, ') € E,, fori = 1,...,2d, we conclude that a.s.,
card(D) < dim(Ej) = d. Therefore, there exists a set of indexes {i, ..., iz} C D¢
and so o, > ag,...,0, > Ap. O

By Lemma 6.8 and the Cauchy—Schwarz inequality, one can write

_ap\ /@)
! ~ ~
E [(dety2)~"]"" < > E | 144 (H@’)Tyzs')
Kc{l,...,2d}, |K|=d ieK
—2dp—\ 1/2p)
x | E inf  &TyuE ,
£=(h,u)eR¥:
A2+l l2=1
(6.11)

where Ax = Njex{a; > ap}.
With this, Propositions 6.9 and 6.13 below conclude the proof of Proposition 6.6.
O

6.4.1 Small eigenvalues

Let 7 and J two compact intervals as in Theorem 1.1.

Proposition 6.9 Fix n, T > 0. Assume P1 and P2.
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(a) There exists C depending on n and T such that forall s,t € I,0 <t —s < 1,
x,yelJ,(s,y) #(t,x),and p > 1,

—2dp
E inf  ETysE < C(t — 5|2 4 |x — y|)~2dr0+m)

£=(1, )R
A2+l ?=1

(b) There exists C depending only on T such that foralls =t € I, x,ye J,x # Y,
and p > 1,

—2dp

E inf &TyzE < C(lx — yh~2.
£=(.,)eR:
12+l pl?=1

Proof We begin by proving (a). Since yz is a matrix of inner products, we can write
a T 1
k= [ar | dv( (14 DY) wits. )
0 0 i=1
2
i (D) i1, 0) = DR wi(s. D))
From here on, the proof is divided into two cases.

Case I In the first case, we assume that 7 — s > 0 and |x — y|*> < ¢ — 5. Choose and
fixane € (0, (t —s5) A (%)2/"). Then we may write

ETyzE > Ji + o,

where
d s 1 d 2
J1:=Z/dr/dv(2(ki—ui)[Gsr(y, )ik (u(r, v)+ai (k, r, v,s,y)]+W),
=1, g i=1

P 1
N :=Z/dr/dvW2,
k=1;"¢ 0

ai(k,r,v,s,y) is defined in (4.3) and
d
W= > [iGir(x, v)ouk (u(r, v) + piai (k. v, v, 1, )] .

i=1
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Therefore,

inf &1yz& > min( inf J, inf J1) .
HE! lel=1lulzen? = g l=1.]unl<en?

We are going to prove that

inf 5> et _ Yie,
lEI=1, ]l =en/? o
inf J1 =€ -1,
lElN=1 Il <en/?
where, for all g > 1,
1
E[[V1.e|"] < c1()e? and E[[Y2.e|"] < c2(g)e? 2. (6.13)

We assume these, for the time being, and finish the proof of the proposition in Case 1.
Then we will return to proving (6.12) and (6.13).
We can combine (6.12) and (6.13) with Proposition 3.5 to find that

~2pd 1\2/7 —2pd(5+n) 1
’ |:('5il”]f1 é):T)/Zé) :| - C((I o (Z) ) < (1 —s)72pdGHD

]prd (142n)

’

=éfe—9"+1x -y

whence follows the proposition in the case that |x — y|> < r—s < 1. Now we complete
our proof of Case 1 by deriving (6.12) and (6.13).
Let us begin with the term that involves J;. Inequality (4.4) implies that

inf Jr=Yie—Yie,
IENI=1.1lll=€n/?

where

d t 1 d 2

A 2 .

Yie:= 3 inf ;/dr/dv (izl:uiaik(u(r, v))) G?_,(x,v),
=lt—e 0 =

lel|=en/?
d t 1 d 2
Yie: =2 sup Z/dr/dv Z;Liai(k,r,v,t,x) .
lelizen? = i=1
t—e 0

In agreement with hypothesis P2, and thanks to Lemma 7.2,

A~ 1
Yie>c inf [u|?e? > cex ™.
el =enr?
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Next we apply Lemma 6.11 below [with s := ¢] to find that E[|Y] ¢|9] < ce?. This
proves the bounds in (6.12) and (6.13) that concern J, and Y7 .

In order to derive the second bound in (6.12), we appeal to (4.4) once more to find
that

inf Ji =Y — Yo,
(HESN AR

1

72 —§” inf /QZ/dr/dv(Z(x — uow (ur, v))) 2 (v0),
o <el

0

2 :=6(Wi + Wr+ W3),
where

N

J 1
Wi = sup Z/d / (Z“’G’ r(x, V) ok (u(r, U)))
0

2

n/2
lull=e”= g1 7 i=1

d s 1 d 2

Wy := sup /dr/dv (Z(M —,ui)ai(k,r,v,s,y)) ,
lEN=1;_ i
=ls—e 0 i=1

W3 := sup /dr/dv (Zmal(k r,v,t, x))
Il <en/? =i

Hypothesis P2 and Lemma 7.2 together imply that 1}2,5 > ¢||A — u|l€!/?. Therefore,
because || % + [|]? = 1 and [|u]l < €"/? < |

inf =€ 6(Wi+ Wat Wa). 6.14)
ENI=1, ||l <en/?

Next, we apply the Cauchy—Schwarz inequality to find that
q

d 3 1 d
E[[W19]< sup [ul®xE||D] / dr / dv > (o (u(r,v))* G7_,(x, v)
=ls—e 0 i=1

llll<ens?
d 8 ! 1
< ced" Z/dr/dvcf_,(x,v) ,
k=13"¢ 0
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thanks to hypothesis P1. In light of this and using the change of variables r’ =1 — r,
Lemma 7.4 implies that E [|W;|7] < cedGHn|

In order to bound the ¢g-th moment of | W>|, we use the Cauchy—Schwarz inequality
together with hypothesis P1, and write

al-z(k, r,v,Ss,y)
el <en/?

d
E[|W219] < sup ||x—u||24xl{z

[ —
Y

o
~
M=

We apply Lemma 6.11 below [with s := ¢] to find that E [| W2|‘1] < ce?.
Similarly, we find using Lemma 6.11 that

s q

d
E[[Wsl9] < sup [u)* xE| D]

lull<en =1

1 d
dr/dv Za?(k, r,v,t,Xx)
0

s—e i=1

< cel (t — s +€)1/2e/?

1
< Ce‘](j""ﬂ)_

The preceding bounds for Wy, W,, and W3 prove, in conjunction, that E[|Y2 (]9] <
cz(q)eq(%'m). This and (6.14) together prove the bounds in (6.12) and (6.13) that
concern Jj and Y3 ., whence follows the result in Case 1.

Case 2 Now we work on the second case where |x — y| > Oand |x — y|> > t —s > 0.
Let € > 0 be such that (1 + «)e!/? < %Ix — y|, where o > 0 is large but fixed; its
specific value will be decided on later (just before (6.27)). Then

ETys6 > I + b,

where

/ /dv (A + AP,
= / dr/dvyz,

= l €)Vs

i
= 7 M&
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and
d
A= > (i = 1) [Gomr (3 001, ) +ar(k, 70,5, 9)]

i=1

d
S = Zui [G,,r (x, v)oir(u(r,v)) + a;i(k,r, v, t, x)] .

i=1
From here on, Case 2 is divided into two further sub-cases.

Sub-Case A. Suppose, in addition, that € > ¢ — s. In this case, we are going to prove
that

it §Tyz6 z ce!? = Z1c, (6.15)

where forall ¢ > 1,
E[|Z1.c]"] < c(@)ef. (6.16)

Indeed, we apply (4.4) to find that

2 .
I > §A1 - Bfl) - 31(2),

2

d 3 1 d
A=y / dr / dv(z [Gimtt)Gor (. VY412 Gry (5. )] 0 v))) ,
— 0

i=1

d 3 1 d
BV =4 —pu)? > / dr/dv > aFk.r.v.s. )., (6.17)
k:ls,_€ 0 i=1

d ! d
3{2) = 4||,u||22 / dr/dv Zaiz(k, r,v,t,x). (6.18)
k=17 ) i=1

Using the inequality
(a +b)?* > a® + b> —2lab|,
we see that
Al > AL+ Ay — |Bl(3)|,

@ Springer



412 R. C. Dalang et al.

where

2

1
dr/d (Z()Ll - H/i)Gs—r(ys U)O'ik(l/l(r, U))) s

N

I

k=15" 0 i=1
s 1 2
n= [ar [ (ZmG,_Ax,v)oik(u(r, v))) ,
k=13~ 0 i=1
K 1 d
=2y [ar [ (Z()»i—lli)Gs—r(y, V)0 (ul, v)))
=17 g i=1

d
x (Z 1i G (x, V)0 (ur, v))).

i=1

We can combine terms to find that
2 1 2 3
1= S(A1+ A — (BY + B® +1BY)).

Finally, we appeal to (4.4) to find that

L > 2A B
22 343 2,
where
a ! ! d 2
Az = Z / dr/dv(Z/LiGzr(X,U)Uik(M(h U))) ,
k=l;_cpvs 0 i=1
d ! ! d 2
By:=2>" / dr/du(zmai(k,r,u,t,x)) ) (6.19)
k=1(t—e)\/s 0 i=l
By hypothesis P2,

K 1
Al + Ay + Az > p? ||x—u||2/dr/dvG?_,<y, v)
0

S§—€

K 1 t 1
+l)? / dr/dv G2 (x.v)+ ||;L||2/dr/dv G2, (x,v)
0

s—€ 0 K
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Note that we have used the defining assumption of Sub-Case A, namely, thate > ¢ —s.
Next, we group the last two integrals and apply Lemma 7.2 to find that

t 1
Al + Ay + Az > c [ Ia— P + [u)? / dr/dv G7_,(x,v)
t—e 0
> ¢ (1% = ml + ul?) €2
> cel/?, (6.20)

We are aiming for (6.15), and propose to bound the absolute moments of Bfi),
i =1, 2,3 and By, separately. According to Lemma 6.11 below with s = ¢,

E|: sup |BQ|Q} < c(g)el. (6.21)
IEN=1

Next we bound the absolute moments of Bfi), i = 1, 2, 3. Using hypothesis P1 and
Lemma 6.11, with t = s, we find that for all ¢ > 1,

q
E| sup ’B{”’ < ced. (6.22)
&lI=1
In the same way, we see that
q
E [ sup ’31(2)( } <c(t — s+ e)/2e4/2, (6.23)
lIE]=1

We are in the sub-case A where t — s < €. Therefrom, we obtain the following:

q
E [ sup ‘sz)‘ } < ced. (6.24)
gl=1

We can combine (6.22) and (6.24) as follows:

E| sup (Bf”+3§2’)q < c(q)el. (6.25)
g1
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Finally, we turn to bounding the absolute moments of B ](3). Hypothesis P1 assures
us that

K 1
B <c / dr / v G—r (v, 0)Gy—p (x, V)
—€ 0

N
N

:c/ert+s—2r(xa y)!

S—€

thanks to the semi-group property [14, (3.6)] (see (6.40) below). This and Lemma 7.1
together prove that

€
2
‘B(3>‘<C/d—”exp I L
O J Jt—s +2u 2(t — s + 2u)
2

€
- / du . ( ace )
¢ | ———exp|l ——— ),
- J Jt— s +2u P 2(t — s + 2u)

since [x — y| > 2(1 +a)el’? > qel/2 Now we can change variables [z := 2(t — s +
2u)/(oz26)], and use the bounds 0 < r — 5 < € to find that

6/a®
‘31(3)‘ < ce'?W(a), where V(a) =« / 772712 gy, (6.26)
0

Now, by (6.20), (6.21), (6.26) and (6.25),

: >
nf §Tyz6 = 5 (A A+ a9 = (8] + 87 + 18]+ B2)

> cre!? — ey W(we'? - 7,

where Z;. = Bl(l) + Bl(z) + B satisfies E[|Z1¢]|7] < ci1(g)e?. Because

lim,_, o ¥(v) = 0, we can choose and fix « so large that c; W («) < c/4 for the
c1 and ¢ of the preceding displayed equation. This yields,

HsiI”lfISTVzé >ce'?~ 7, (6.27)
as in (6.15) and (6.16).
Sub-case B. In this final (sub-) case we suppose that € <t —s < |x — y|?. Choose
and fix 0 < € < r — 5. During the course of our proof of Case 1, we established the
following:

inf £Tyz¢ = min (ce?™ =V ce'? = 12), (6.28)
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where
E[[Y1.c]] < c@)e? and E[|¥2.c]"] < c(g)e? 7.

See (6.12) and (6.13).
Combine Sub-Cases A and B, and, in particular, (6.15) and (6.28), to find that for
all0 < e < %(1 +a) 2 x — y|?,

1
Jnf £Tyz& > min (ce7+” —~Yie, ce?— Yy — Zl,el{t—s<e}) :

Because of this and (6.16), Proposition 3.5 implies that

—2pd .
E (| nf sTyzs) < ey — y PG

< c(t — 5|2 + |x — y|) 2P0,

This concludes the proof of Proposition 6.9(a).
If + = s, then sub-case B does not arise, and so we get directly from (6.27) and
Proposition 3.5 that

—2pd
E [(lg?fl éTVz«S) } < cle =y

This proves (b) and concludes the proof of Proposition 6.9. O

Remark 6.10 1If ¢ and b are constant, then @; = 0, so n can be taken to be 0. This
gives the correct upper bound in the Gaussian case, which shows that the method of
proof of Proposition 6.9 is rather tight.

We finally prove a result that we have used in the proof of Proposition 6.9.

Lemma 6.11 Assume P1. For all T > 0 and q > 1, there exists a constant ¢ =
c(q, T) € (0, 00) such that for every) < e <s <t <T and x € [0, 1],

q

d S I d
E Z/dr/dv Zaiz(k,r,v,t,x) <c(t — s+ e)1/%e4/?,
k=1 i=1

Proof Define

S

A::Z/dro/dv.

2
aj (k,r,v,t,x).

d
=1

k=13"¢ i
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Use (4.3) to write
E[|A] < c(E[IA117] + E[1A217]).

where

2

d 1
A=Y / [ / / Gr—o(x, DY) (01 u(®, ) Wi(de, dn)| |
— 0

i,j.k=lg

and

K 1 t 2

1
/ / / 46 / dn G_g(x. ;D) (bi (@, n)))
= 0

——e 0 r

We bound the g-th moment of A; and A, separately.
As regards A1, we apply the Burkholder inequality for Hilbert-space-valued mar-
tingales (Lemma 7.6) to find that

d t Ky 1 q
E[|A11] <c E /d@/dn/dr/dv®2 , (6.29)
i,j.k=1 s—€ 0 s—€ 0

where

© = 191G o (x, ) | DY) alj<u<e,n>))\

ZDS‘J i (®, )|,

=1

= 61{6>r}Gt79 (x,n)

thanks to hypothesis P1. Thus,

d
E[lA] e’

k=1

t 1 SAB 1 d 214
x E /d@/dn G?_,(x,n) /dr/dv(z p%) (u,(e,n)))
- 0 s—€ 0 =1

§—€
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We apply Holder’s inequality with respect to the measure Gtzfe (x,n)dOdn to find

that
E[jA114] < / /dnG (e m)

t SAO

1 1
x/de dnG? ,(x, n)ZE / /dv T2 ., (6.30)
- 0

s—€ 0 s—e

q—1

where T = Zf | (k) v (up(0, n)). Lemma 7.3 assures us that

qg—1

t 1
/de/dn G?_,(x, 1) <c(t—s+e)a b2, (6.31)
0

On the other hand, Lemma 7.5 implies that

SAO 1 4q
/dr/dvT2 < cel/?,
s—€ 0

where ¢ € (0, co) does not depend on (0, 1, s, t, €, x). Consequently,

t 1 d sA0 1 q
/d@/dncf_g(x,n)ZE /dr/dvT2
s—€ 0 k=1 s—€ 0

1 1
fce"/z/dé/dnGtzfe(x,n)
0

< cel?(t —s+ €)% (6.32)
Equations (6.30), (6.31), and (6.32) together imply that
E[1A1]9] < c(t — s + €)1/ 2/2. (6.33)

This is the desired bound for the g-th moment of A;. Next we derive a similar bound
for A;. This will finish the proof. By the Cauchy—Schwarz inequality

[IAzlq]<C(l—S+€)"zE /dr/dv/d@/dmbz ,

i,k=1
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where ® := G;_¢(x, n)IDﬁ,kU) (bi(u(0, n))) |. From here on, the g-th moment of A, is
estimated as that of A| was; cf. (6.29), and this yields E[|A5|7] < c(t —s +¢€)34/%€49/2.
This completes the proof. O

Remark 6.12 1t is possible to prove that E[|A1]|] is at least a constant times (f — s +
€)!/2¢1/2 1In this sense, the preceding result is not improvable.

6.4.2 Large eigenvalues
Let I and J be two compact intervals as in Theorem 1.1.

Proposition 6.13 Assume P1 and P2. Fix T > 0 and p > 1. Then there exists
C =C(p,T) such that forall s,t € I with) <t —s < % x,yelJ, (s,y) #(t,x),

P
E {IAK (H(gf)Tyzsi) } <C, (6.34)
ieK

where Ak is defined as in (6.11).

Proof Let0 < e <s < 1. Wefixig € {1,...,2d} and write 210 = (X", ..., %"%) and

pio = (i, ..., [L;O). We look at (£70)Ty,£% on the event {a;, > ap}. As in the proof
of Proposition 6.9 and using the notation from (6.10), this is bounded below by

K} 1 d
/ /dv (Z [(aioifoGsr(y, v)
k=1 e 0 i=1

+~l° 1 —af o (Gi—r(x,v) — Gs—r(yvv))) oik(u(r, v))

Faiha;(k, 1 v, s, )
2

t

i=1

1 d
/ (Z[ L —a? Gir(x, V)0 (u(r, v))
0

vv(t €)
2

+il0\ /1 — a2 aik.r v, 1, x)D . (6.35)

We intend to use Proposition 3.5 with g9 > 0 fixed, so we seek lower bounds for this
expression for 0 < ¢ < gg. In the remainder of this proof, we will use the generic
notation «, A and [t for the realisations o, (w), A" (w), and " ().
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Case 1 t —s < €. Then, by (4.4), the expression in (6.35) is bounded below by

2 . -
g(fl(S, e,k b, x,y)+ fols, t, e, 0, A, [, x,y)) — 21,

where, from hypothesis P2,

s 1
- 2
A= cp? / dr / dv |@iGy-r (v, 0) + VT =02 i (Grr(x,0) = Gy 0|
‘ 0
(6.36)
’ 1 ,
fr > cp? / dr/dv H[L\/l — a2 Gi_p(x,v) H , (6.37)
sV (t—e) 0
and I =3([1¢ + Dbc + I3,¢), where

K 2

d ! d
Z/ / (Z oek —/LIM]ai(k,r, v,s,y)) ,
k= 0 =

Ze =

126._Z/dr/ (i 1 —a? al(krvtx))

136:—Z/dr/dv (Z,u, 1 —a?aik,rv,t, x))

k=1~

2

There are obvious similarities between the terms /1  and Bfl) in (6.17). However, we
must keep in mind that or, A and [ are realisations of o), 210 and i/o. Therefore,

2

IIG—Z/d”/dU( Olzo —,ul m]ai(k,r,v,s,y)) ,

d N
Z/dr/deaz(krvsy)
k=1

Thus, we apply the same method that was used to bound E[|Bl(1) |9] to deduce that
E[|11 <|9] < c(q)€. Similarly, since I . is similar to B{? from (6.18) and r — s < ,
we see using (6.24) that E[| 1> ¢|7] < c(q)€?. Finally, using the similarity between /3 ¢
and B; in (6.19), we see that E[|15.¢]|7] < c(q)€1.

We claim that for every o9 > 0, there exists g > 0 and ¢ > 0 such that
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fi+ f2 = cov/e foralla € [, 1], € € (0, €], 5,1 € [1,2], x,y € [0, 1].
(6.38)

Using this for the og from Lemma 6.8, this will imply in particular that fore > ¢ — s,
N\T . 12
(E’“) vz E9 = coe'/? =21,

where E[|1|7] < c(q)e?.
In order to prove (6.38), first define

pi(x,y) 1= (dme) =1 2em /D,

In addition, let g;(s, ¢, €, , i, i, x,y)and g2(s, 1, €, a, i, [, x, y) be defined by the
same expressions as the right-hand sides of (6.36) and (6.37), but with G;_,(x, v)
replaced by ps_,(x — v), and fol replaced by ff;o .

Observe that g1 > 0, g» > 0, and if g; = 0, then for all v € R,

o por & =R+ VT =02 (9 (6 = v) = pyr (v =it =0, (6.39)
If, in addition, A = [, then we get that for all v € R,
(« = VI=a?) pyr(v = v) + V1= @2pi(x — ) =00

We take Fourier transforms to deduce from this that for all £ € R,

(oz —V1- otz) e = /1 — a2i8%els0E,

If x = y, then it follows that s = f and @ — /1 —a? = —+/1 — a?. Hence, if @ # 0,
x =yand A = fi, then g; > 0. We shall make use of this observation shortly.
Because ||A|| = ||| = 1, fi is bounded below by

K 1
cp? / dr / dv (azci_,@, v) + (1 —oﬂ) (Gi—r(x, V) = Gy—r (¥, V))?
s—€ 0
+20v/T = @Gy (v, 0)(Gi—r (¥, v) = Gy (v, ) G- )
K 1
= cp? / dr/dv ((a —V1- a2)2 G2, (y, v)) + (1 — 042) G?_,(x,v)
S—€ 0

2 (a V1= al) V1= 626, (3, )Gy (x, V)
+20v/T = @2Gy (v, 0)(Gir (¥, 0) = Gy (v, )G o = ).
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Recall the semigroup property

1
/ dv Gy (. 1)Grr (1, V) = Gysr_2,(x, y) (6.40)
0

(see [14, (3.6)]). We set h := t — s and change variables [r := s — r] to obtain the
following bound:

€

fi > sz/dr ((a —V1- a2)2 Gor(y,y) + (1 - az) Gopyor(x, X)
0

42 (Ol —V 1= az) V1 —a2Gpior(x, y)
+20v/T = @ (G (v, 3) = Gar(yo ) (R = 1))
Recall ([14, p.318]), that

Gl(-x» )’) = pt(xs )’) + Ht(xs y)v

where H;(x, y) is a continuous function that is uniformly bounded over (¢, x, y) €
(0, 00) x (0, 1) x (0, 1). Therefore, f; > cp*g1 — ce, where

gl = gl(h,é,a,}:, /:L’xs )’)

€

= /dr ((a —V1-= az)zpzr(y, y) + (1 — az) Don+2r (X, X)

0
+2 (o0 = V1=a?) V1= a2 ppaa(a,3)
+20v/1 = (prsar (e, 3) = pr(vo ) (R 2= 1))

We can recognize that

Phiae () — pa(y yy = SREC W AR ) L,
e T VAT (h +2r) JaAr @2 ~
Also, X - i — 1 <0. Thus,
81> g1,

where

g1:= gith,e,a,x,y)

= /dr ((a V=) o)+ (1 - ) par )
0
+2 (a —v1- az) 1 —a?ppior(x, y)) .

@ Springer



422 R. C. Dalang et al.

Therefore,

€

1 1
~ _ 22 2
gl_o/dr((ot H)M+(1 a) —
+2(a = V1= a2)V1 = a2 ppia (x, y)) .

On the other hand, by (6.40) above,

eNn(t—s)

fr= / dr (1 — 062) G2 (y,y)

0

> & :=/dr l—az)pzr(y,y)—Ce
0

Finally, we conclude that

fi+fa=8g1+ 8 —2Ce

eV X (e Vi
V2r

+2((x—\/1—a2)\/1—a2

9

dr ppyar(x,y)

O\m

1 —a?
+ Ve nh—2Ce.
21

Now we consider two different sub-cases.
Sub-case (i). Suppose @ — +/1 — a2 > 0, that is, & > 27!/, Then

e h
e (g1 +82) = ¢ (a, ;) —2Ce'/?,

where

b1 2) = —— ((a _ m)z

Nt
+(1_a2)ﬂ_++ﬁ+(1_a2)m).
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Clearly,
2
(a—vl—az) +CO(1 —«a )
inf inf ,z) > inf
a;?*l/z ;I>10 dr(@.2) = oz>1£1*1/2 V21
> ¢o > 0.
Thus,
inf e 1/? (81 + &) > 0.

a>2"1/2 h>0, 0<e<eg

Sub-case (ii). Now we consider the case where @ — /1 — a2 < 0, that is, @ < 27 1/2.
In this case,

_ “ - h
e 2 (61 + &) = ¥ (a, Z) —2Ce'2,

where
wl(a,z):zJ%((a \/1—0{)2—i—(1—052)\/1_++\/E
—2(Vi—a?—a) V1= \/%_J“/_ (1—042)«/1_“).

Note that | (o, z) > 0 if @ # 0. This corresponds to the observation made in the
lines following (6.39). Moreover, for z > 1, we have ¥ (¢, z7) > (2m)~ 1242 so that

inf 1nf Ve, 2) > m1n[(271) 1263, inf inf]lpl(o(, z)].

a€lag, 2™ 1/2] 7= aE [aO,Q*l/z] z€[0,1

Since lim, o Y1 (o, ) > 27)"120? > (27)71/2af and ¥ (o, z) > 0, there exists
Cqo > 0 such that

inf Y1(e, 2) > coy,s
welag, 2-1/2] ze[o 1] 0

and hence

inf Yi(e, z) > 0.

a€lag, 271721, z>0

This concludes the proof of the claim (6.38).
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Case 2 t — s > €. In accord with (6.35), we are interested in

N\ T .
inf (§7) yz&° = min(E1 e, Eao),

1>a>aq
where
A\T ]
Eie:= inf (Slo) yzé;'lo,
ap<a<+l—€
N\NT .
Erei= _inf (§0) yzg".
V1—el<a<l
Clearly,

2
El,e = §f2 - 213,6'

Since ¢ < /1 — €M is equivalent to /1 — a2 > "2 weuse hypothesis P2 to deduce
that

t 1
1
fr > cp’e” / dr/dv G,z_r(x, v) > cplext.
t—e 0

Therefore,

1
Ei1e > CP262+7) — I3,

and we have seen that I3 ¢ has the desirable property E [| I3 ¢|] < c(¢)eq.

In order to estimate E» ¢, we observe using (6.35) that
2 - ~ - - -
E2,e = gfl - ]l,e - J2,6 - J3,e - J4,€1

where

1 d 2
il > a22/dr/dv (Ziimk(u(r, v))) G?_,(y, v),
) ,

2

! d
[a (Z o w(r, v))) G2, (x, ),
s—€ 0 i=l
1 d 2
fan( 2
0 i=1

dv ( o (u(r, v))) G2, (y,v),
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1 d 2
J3€:2Z/dr/dv (Z ozA —/L,\/l—az)ai(k,r,v,s,y)) ,
i=1

2

d 3 ! d
Jae=2 (1 - az) ]; / / (; piai(k,r,v,t, x)) .
=7 % =

Because o> > 1 —¢e"ande <t — s < %, hypothesis P2 and Lemma 7.2 imply that

fl > cel/2. On the other hand, since 1 — a? < €', we can use hypothesis P1 and
Lemma 7.4 to see that

~ q
£[Jn.

and similarly, using Lemma 7.3, E[|J~2,e |91 < c(q)e(%“)q. The term J~376 is equal to
21 ¢, sO E[|J~3,€|q] < ce4, and J~4,8 is similar to Bl(z) from (6.18), so we find using
(6.23) that

] < c(q)etel/? = ¢(q)ezHma,

£[ 1.

q] < et — 5 +€)1/2e8/? < G

We conclude that when ¢t — s > €, then Ey > cel/2 — J;, where E[|J~5|‘1] <

1
c(q)e(7+’7)q. Therefore, when t — s > €,

l{aiOZao} (élo) yz&'" > l{aiOZao} min (QOZETH] — 3¢, ce2 — Je) .
Putting together the results of Case 1 and Case 2, we see that for 0 < € < ¢,
io T i
Haig >0} (%' ) vzE" = Najy>a0) Z,
where
_ . 2 l_;,_n l s
Z =min (cp €2 — I3 ¢, c€? =2 je>t—5) — Jedjecs—5) ) -

Note that all the constants are independent of i¢. Taking into account the bounds on
moments of /3¢, Ic and J, and then using Proposition 3.5, we deduce that for all
p > 1, there is C > 0 such that

N\T \TP
E [(1{%2%} (E"’) yzé’“) } <E [1{%3%} Z*P] <E[z7P]=<cC.

Since this applies to any p > 1, we can use Holder’s inequality to deduce (6.34). This
proves Proposition 6.13. O
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7 Appendix

On several occasions, we have appealed to the following technical estimates on the
Green kernel of the heat equation.

Lemma 7.1 [2, (A.1)] There exists C > 0 such that forany 0 < s < tand x,y €
[0, 1], x #

Gi—s(x,y)<C ! e ( ¥ = y|2)

s, ) < C—————=exp | — .

Y = =y P\ 20—

Lemma 7.2 [2, (A.3)] There exists C > 0 such that foranyt > € > Qand x € [0, 1],

t x+ie
/ / Gi_s(x, y)dyds = C+/e.
1—€ x— /e

Lemma 7.3 [2, (A.5)] There exists C > 0 such that for any € > 0, ¢ < %, t > €and

x €[0,1],
// 4 (x, y)dyds < Ce3/*71,

t—e 0

Lemma 7.4 There exists C > 0 such that for all 0 < a < b and x € [0, 1],

[ feromansc iz

Proof Using Lemma 7.1 and the change of variables z = Ty we see that

b 1 boo1
2
//G?(x,y)dydst//ﬁe “ dzds
a 0 —00

e

which concludes the proof. O

ds =2C (Vb — a),

a|~

The next result is a straightforward extension to d > 1 of Morien [8, Lemma 4.2]
ford = 1.
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Lemma 7.5 Assume P1. Forall ¢ > 1, T > O there exists C > 0 such that for all
T>t>s>e>0and0 <y <1,

2N\ 49

d s ! d
>'E /dr/dv > DY) it y)) < Ce?/?,
k=1 s—€ 0

i=1
The next result is Burkholder’s inequality for Hilbert-space-valued martingales.

Lemma 7.6 [2,Eq.(4.18)] Let Hy ; be a predictable L2(([O, t] x [0, 1D™, da)-valued
process, where m > 1 and do denotes Lebesgue measure. Then, for any p > 1, there
exists C > O such that

2 p

r 1
E / (//Hs,y(a)W(dy,ds) da
00

([0,2]x[0,1])™

t

1
<CE / / / H} () | dyds
0 0 ([0,£]x[0,1])™
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