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Abstract

Consider the following stochastic heat equation,

Oug ()
ot

Here —v(—A)*/? is the fractional Laplacian with v > 0 and a € (0,2], ¢ : R — R is
a globally Lipschitz function, and F (t, x) is a Gaussian noise which is white in time
and colored in space. Under some suitable additional conditions, we explore the effect
of the initial data on the spatial asymptotic properties of the solution. We also prove
a strong comparison theorem. This constitutes an important extension over a series of
works most notably [9], [10], [5] and [4].
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= —v(=A)?u(z) + o(u(x)F(t, ), t>0, z e R
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1 Introduction and main results

Consider the following stochastic heat equation,

Ouy(x)
ot

= —v(=A)uy(z) + o(ue(x))F(t, z), t>0, z€RY, (1.1)

where —v(—A)*/? is the fractional Laplacian, that is, the infinitessimal generator of a
symmetric a-stable process with density p;(x), where a € (0,2], and v > 0 is a viscosity
constant. The noise F'(t, z) is white in time and colored in space satisfying

Cov(F(t, x), F(s, y)) = do(t — s)f(z —y),
where f is the spatial correlation function which we take to be the Riesz kernel
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The function o : R — R is a globally Lipschitz continuous function with o(0) = 0, that is,
there exists a constant L, > 0 such that

lo(z)] < Ly|z|, for all z € R%

The initial condition wg is always going to be a nonnegative function in R such that

Uo := sup up(x) < co.
zeR4
Following Walsh [20], if one further assume that
B < min(a, d),

then (1.1) has a unique mild solution {u;(x),t > 0,z € R%} which is adapted and jointly
measurable and satisfies

ur(z) = (pe * ug)(z) + /0 /Rd pr—s(x — y)o(us(y)) F(dsdy), (1.2)

where

dm@—dew@,

(e o)) = [

R

and
sup  Elu(z)|* <oco forall k>2 and T < oo.
zeR4,t€(0, T

For more information about existence-uniqueness considerations, please consult [20], [11]
and [10].

The results of this paper are motivated by two comparison theorems proved recently in
[13] for the solution to (1.2). The first one is the following moment comparison theorem.

THEOREM 1.1. [13] Let u and v two solutions to (1.2), one with o, the other with another
globally Lipschitz continuous function & such that 3(0) = 0(0) = 0 and o(z) > a(z) > 0
for all x € Ry. Then for any k €N, x € R%, and t > 0,

Efur(2)"] > Efv(2)"].

An important consequence of Theorem 1.1 are the following sharp estimates on the
moments of the solution to (1.2), when the initial condition is bounded below and under
the additional assumption that there exists a constant [, > 0 such that

o(z) > ly|z|, forall ze R (1.3)

This was unknown till the work of [13].



THEOREM 1.2. Let u be the solution to (1.2). Assume (1.3) and

0<uygy:= xienlid up(x). (1.4)

Then there ezists a positive constant A such that for all x € R and t > 0,

k 1 208 _ B8 20 f, __B_
Lo exp ( —kop tv" a7 | < Elug(z)|* < A¥ak exp (Ak: =Bty a—ﬁ) .
Ak A
The upper bound holds for k > 2 while the lower bound holds for k > ko, where ko is some
large positive number.

For the case o(z) = = (known as the Parabolic Anderson model), the above is given
by [17, Lemma 4.1]. The scaling property of the heat kernel gives the dependence of the
bounds on the parameter v. An immediate consequence of Theorem 1.2 is that the solution
to (1.1) is fully intermittent meaning that for all & > 2, the function

1 1
k — —~(k) :== = limsuplog E|u(x)|¥  is strictly increasing.
k k t—o0

Intuitively, this means that the solution develops many high peaks distributed over small
a-intervals when ¢ is large (see [12] and the references therein). The fact that the solution
to (1.1) is weakly intermittent was already known (see e.g.[14] and the references therein),
meaning that

v(2) >0 and (k)< oo, forall k > 2.

The previous results concern the moments of the solution to (1.1), but much less is
known about the almost sure asymptotic behaviour of the solution, which is crucial to
understand better its chaotic behaviour. The main purpose of this paper is to explore
how the almost surely spatial asymptotic behaviour of the solution to (1.1) depends on the
initial function ug. We start with the case that ug is bounded below as in Theorem 1.2. A
first observation is that, since ug is also bounded above, then we can easily see that

Eut (Jj) < ¢,

where c is the upper bound of ug. Since wug is bounded below, it is not trivial to say more
about this. However, this is sufficient to show that almost surely, liminf ;| ut(z) is
bounded as well. This is in sharp contrast with the behaviour of supremum of the solution
as described by the next theorem.



THEOREM 1.3. Let u be the unique solution to (1.2), and assume that (1.3) and (1.4) hold.
Then there exist positive constants c1, co such that for every t > 0,

(a=B)/(2a—p) log su w(x
t < liminf €SUPzeB(0, R) +(x)

ATUBRaE T S RA (log R)V@e )

log sup,c (o, r) ut() . t(a=B)/(2a—p)
S B/ ap)

< lim sup

a.s.
Rooo  (log R)/(2a=A)

This theorem is a major improvement of [9, Theorem 1.3] (space-time white noise case)
and [10, Theorem 2.6] (Riesz kernel spatial covariance). See also [7] for exact spatial
asymptotics when then noise is fractional in time and correlated in space. All these papers
deal with the Parabolic Anderson model and the usual Laplacian (o = 2). Moreover, in
[9, 10] the dependence in time of the bounds is not explicit. The case o(z) = x, fractional
Laplacian and Riesz kernel spatial covariance is considered in the preprint [17, Theorem 1.2],
without the dependence on v and constant initial data. Obtaining the exact dependence on
the viscosity constant v is important to understand in which universality class the equation
can be associated (see [9, Remark 1.5]). A key ingredient of the proof of Theorem 1.3 are
the moment bounds of Theorem 1.2, that will allow to obtain some tail estimates for the
solution.

Let us now consider an example where ug is not bounded below.

REMARK 1.4. If up(w) := 1p,1)(x), then one can show that for x € B(0, R)® and R large

enough, we have
ct
Eus(z) = (pe * up)(x) < Ta

If we further assume that o > 1, then a Borel-Cantelli argument shows that

lim inf u;(z) = 0.

|x|—o00
This indicates that having initial conditions which are not bounded below can influence the
behaviour of the solution drastically.

The above remark can be seen as a motivation for us to drop the assumption that the
initial function is bounded below. We have the following trichotomy result, that studies the
amount of decay that the initial conditions needs to ensure that the solution is a bounded
function a.s. For this result, we restrict ourselves to the case a = 2, so that the operator is
the usual Laplacian instead of the fractional Laplacian.

THEOREM 1.5. Let u be the unique solution to (1.2) with o = 2. Assume (1.3) and that
uo(x) is a radial function satisfying

lim ug(z) =0 and wup(x) <up(y) whenever = =vy.
T—r00



St |1 ()|
. og upl\x
A= 1 —_—
\x|1£>noo (log |x])2/(2=8)

Then, if 0 < A < 0o, there exists a random variable T such that

P| sup u(z) <oo, VE<T and sup w(x)=o00, Vt>T|=1.
zeR4 rzeR4

Moreover, if A = oo, then

Pl sup w(z) <oo, Vt>0| =1
zeR4

Finally, if A =0, then

P | sup w(z) =00, Vt>0| =1
zeR4

This result is an extension of [4, Theorem 1.1], where the case a« = 2 and space-time
white noise is considered. The proof of their result is based on the technical Lemma [/,
Lemma 2.3] which follows the ideas of [2]. Here, we use the extension to the spatially
colored noise case developed in [6]. The extension of those techniques to the fractional
Laplacian are not straightforward and thus remain open for future work.

Observe that when ug has compact support corresponds to the case where A = oo, and
Theorem 1.5 shows that the solution is bounded for all times a.s.

The second part of this paper is motivated by the following weak comparison principle.

THEOREM 1.6. [13] Suppose that u and v are two solutions to (1.2) with initial conditions
ug and vy respectively such that ug < vg. Then

P(us(z) <vi(x) forall xz€RY t>0)=1.

Theorem 1.6 ensures nonnegativity of the solution, since the initial condition is assumed
to be nonnegative. For the Parabolic Anderson model, this fact can be deduced from the
Feynman-Kac representation of the solution. However, for the general non-linear case, this
property for the solution to (1.2) was unknown until the work of [13].

In this paper we use Theorem 1.6 in order to show the following strong comparison
principle.

THEOREM 1.7. Suppose that u and v are two solutions to (1.2) with initial conditions ug
and vg respectively such that ug < vg. Assume a > 1. Then

P(us(z) <wvi(z) forall zeRY t>0)=1



The (strong) comparison principle for equation (1.1) with space-time white noise and
a = 2 is the well-known Mueller’s comprison principle (see [19]). Recently, several exten-
sions have been developed. In [5] the authors extend Mueller’s result when the initial data is
more general and there is a more general fractional differential operator than the fractional
Laplacian. In [3] the authors consider the non-linear heat equation in RY with a general
spatial covariance and measured-valued initial data. The proof of our strong comparison
principle uses the same strategy as in the papers mentioned above. But the presence of the
fractional Laplacian and the colored noise makes it that we have to work a bit harder to
prove our result. Moreover, the method of the proof does not seem to extend to the case
a < 1; see Remark 5.2 for more details. Among other things, we provide a simplification
of the proofs of [3] and [5]. For the sake of conciseness, we only consider the Riesz kernel
spatial covariance. The extension to general spatial covariances as in [3] is left as further
work.

As another consequence of the weak comparison principle (Theorem 1.6), we show the
next quantitative result on the strict positivity of the solution, which is an extension of
[8, Theorem 5.1] (space-time white noise and o = 2). See also [5, Theorem 1.4] and [3,
Theorem 1.6]. Not that « is not required to be bigger than 1.

THEOREM 1.8. Let T > 0 and K C R? be a compact set contained in the support of the
wnatial condition ug. Then, there exist constants ¢y and ca depending on T and K such that
for all € > 0, we have

2a—0
P( inf inf < (—e1{l10g €l og [log e} ).
(tel[{)l,T] xngut(x) < e) caexp (—ci{|loge|log|loge|}

We now give a plan of the article. In Section 2 we give some preliminary results needed
throughout the paper. Section 3 is devoted to an approximation result needed for the proof
of Theorems 1.3 and 1.5. These theorems are proved in Section 4. Finally, Section 5 gives
the proof of Theorems 1.7 and 1.8.

2 Preliminary results

Let X; be the symmetric a-stable process associated with the fractional Laplacian —u(—A)O‘/ 2
and let py(z) denote its heat kernel. We will frequently use the following properties.

e Scaling property: For any positive constant a, we have
pt(z) = a%paas(azx), for all z € R4t > 0.

This property follows from

pe(x) = (27r)_d/ emw e gz,
Rd
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e Heat kernel estimates (see [18] and references therein): For 0 < a < 2, there exist
positive constants ¢; and co such that for all x € R% and ¢ > 0,

1 t < < 1 t
C1 WAW \pt(l')\CQ WAW .
REMARK 2.1. The proofs of Theorems 1.3 and 1.5 will only use the upper bound
t .
pe(x) < CQW, for sufficiently large |z|, (2.1)
while the proof of Theorems 1.7 and 1.8 will only use the lower bound

1
pe(x) = e for sufficiently small |x|. (2.2)

Both are also valid for o = 2.

The next result provides some estimates that involve the above heat kernel and the
correlation function f. They will be useful for proving Lemma 3.2.

LEMMA 2.2. There exist positive constants c1,ca and c3 such that for all t > 0, z € R?,
and R > 0, we have

2
pe(z —y)pe(z —w) fly —w)dydw < ¢ ——, 2.3
/B(:c,R)CxB(:c, R)e g P e ) " R2oHS (23)
tl—B/a

/ pe = ol — w)fly — w) dydw < e ——, (24)
B(z,R)°xB(z, R)

/ pe(z —y)pe(z — w) f(y — w) dy dw < st P/, (2.5)
RexR4

Proof. We start with (2.3).

/ P — y)pe(z — )y — w) dy dw
B(z, R)xB(z, R)°

< / pe(y)pe(w) f(y — w) dy duw.
B(0, R)ex B(0, R)°

From (2.2), the above quantity is bounded by a constant times

t? / 1 1
R2HB [ g0, 1)ex B0, 1) [Y|4T w|de [y — w|P

dwdy.



The above integral is finite so the proof of (2.3) is complete. For (2.4), we write

/ pe(z — y)pe(r — w) f(y — w) dy dw
B(z,R)xB(z, R)

</ Pi(w)pe(w) f(y — w) dy du.
B(0, R)°x R4
By the scaling property,
[ i)y ) duw = B P < 40 0m0
Rd

Finally, proceeding as before, we get

/ (y)dy < o
pt\y)ay x C—~.
B(0, R)¢ L

Combining the above estimates, we obtain (2.4). For (2.5), it suffices to use the semigroup
property

/ pe(z —y)pe(r — w) f(y — w) dy dw = / pat(w) f(w) dw,
RexR4 Rd

and using the scaling property as before we obtain the desired bound. O

We now return to w(x) the solution to (1.2). Our next property can be read from [1].
For any k& > 2, there exists a positive constant ¢ := ¢(k) such that for all s,¢ > 0, and
z,y € R4

Elug(@) = u(@)|* < (o =y +]s - 1),

where n = # and n = % The above together with the upper moment bound of

Theorem 1.2 has the following consequence.

PROPOSITION 2.3. u:(z) has a continuous version, that is, for any k > 2, there exist positive
constants c1,co = ca(k) such that

E|  sup |us(z) — ut(y)!k~ < cpe1kB @) B /By
eyt |T— Y|+ s — t[k
z,yEKCRY
Proof. The proof is very similar to Theorem 4.3 of [11] and is therefore omitted. O



We also have the following property.
LEMMA 2.4. Fiz 2 € R?, then the solution us(x) satisfies the strong Markov Property.
Proof. We omit the proof since it is very similar to [19, Lemma 3.3]. O]
We end this section by recalling the following fractional Gronwall’s inequality.

PROPOSITION 2.5. [15, Lemma 7.1.1] Let p > 0 and suppose that f(t) is a locally integrable
function satisfying

t
fit) <e+ k/ (t —s)P"Lf(s)ds forall t>0,
0
for some positive constants c1,k. Then there exist positive constants co, cg such that

ft) < 626031“1/% forall t> 0.

3 An approximation result

Theorems 1.3 and 1.5 are almost sure limit theorems and rely on some Borel-Cantelli
type arguments. To be able to carry out the proof, we will need to find an appropriate
independent sequence of random variables and it is apriori not clear how to find such a
sequence. We follow [9] and [10] where this issue was successfully resolved.

Let n > 1 and consider the following approximation F(™ of the measure F' appearing
in (1.2). Recall that the covariance of F is given by f(z) = ﬁ, r € RY. This can be

written as f = h * h, where h(z) = —irz and h(z) := h(—x). Define h,(z) := h(2)Qn(x)
B |z 2"

and fn(z) = (h — hy) * (h — hy,), where

We take F(™) to be the noise satisfying
COV(F(n)(tv x)7F(n)(37 y)) - 60(t - 8)971(‘73 - y)7

where g, = h, * ﬁn
By an argument similar to that of the proof of [10, Lemma 9.3], we have that for any
v € (0, B A1) there exists a positive constant ¢ such that for all s > 0 and n > 1,

1 1

(ps * fn)(()) < CHW.
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As a consequence, using the semigroup property, we obtain that
¢
/ [ pesle = ppee = )l — ) dydzds
RIxR4
// pa o) fale) dzds = [ (oar £) 0 (31)

1—
Lcet e —.

Next, consider the following integral equation,

U () = (pe o) ( / / i P @ —yoUM()FM (dsdy).  (3.2)

The unique solution to this integral equation can be found via a standard fixed point

argument. Fix n > 1. Set U, (n0) = ug and for each j > 1, the jth Picard iteration is given
by

U e) = [ o= o) dy+ [ [ pr-s(e = y)o (UMD () F™ (ds dy).
Rd 0 (z, (nt)1/«)

Moreover, one can show that under our current standing conditions, the unique solution
satisfies for all t > 0 and k > 2,
a—pB)/(a—p
sup sup sup E|UM (z)|F < coerk@ e
nz1 s€0,t] R4

9

for some positive constants c1, co(k). As a consequence, for all t > 0, k > 2, and sufficiently

large n,
sup sup E[US"D ()[F < epe T, (33)
s€[0,t] zeR4

for some positive constants cq, ca(k). We also have the following result which gives us the
independent quantities we need.

LEMMA 3.1. Let t >0 and n > 1. Suppose that {x;}32, C R? with |v; — x| > 2n't1/atl/e

for alli # j. Then {Utnn (x)}22, are independent random variables.
Proof. The proof is similar to that of [10, Lemma 5.4] and is omitted. O

We will also need the fact that the random variables defined above approximate the
solution to (1.1). We provide a proof of this fact next.
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LEMMA 3.2. For oll T > 0 and k > 2, there exist positive constants ¢1 and ca such that for
large enough n,

sup sup E|ug(z) — Ut(n’n)(a;)\k < e crkteR/(efy

t€[0,7] zeRd nk/2
Proof. Consider the following integral equation,
V™ (@) = (pe * uo)( / /B( o Preal@ =y (VI ) Flds ).
z, (nt)1/®)

We first look at V( )( ) — U(n n)( and its moments.
V@) -0 = [ e o) Py
(nt)l/e)

- / / pi_s(z — ) (UMD (y))FM (ds dy).
0 (x, (nt)t/@)
We rewrite the above as

) () — g oz M) () — (U= s
V) - U@ = [ L oy s =DV UV sy

- / / Prs( — )o (U D () [F® (ds dy) — F(dsdy)
0 JB(z,(nt)l/e)
=11 + I,

We start bounding I>. Using Burkholder-Davis-Gundy inequality and Minkowski’s inequal-
ities together with (3.3), we get that

t k/2
E|L[F < cpectk ™/t ( / / pt_s«e—y)pt_s<x—z>fn<y—z)dydzds) .
RIxR4

Appealing to (3.1), we conclude that

perk(a=8)/a=by

k
sup sup E|ls|" < co(T)
te[0,7] zeR4 h nk/2

We next treat I;. We look at Ut(n’n) (x) — Ut(n’n_l)(:c). Using Burkholder-Davis-Gundy
and Minkowski’s inequalities together with Lemma 2.2(c), we obtain

t k/2
E|U () — U D (@) < e(k) sup sup EJU™D(z) — U= ()]} < / s—ﬁ/ads> .
s€[0,t] zeRd 0
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Iterating n times this procedure and choosing T < 1/2, we get

n,n nn— ]- nk/2
sup E[U™ () — U (@) F < e(R)T™? < c(k) ()
te[0,T 2
1
c(k)r/kﬂ.

Splitting the interval [0, 7] into subintervals of length 1, we deduce that for all T' > 0,

1

sup B[O () — U V(@) < ek T) s

te[0,7)

We next set
DI = sup B[V, (z) — U (2)".
rzeR4

Using Burkholder-Davis-Gundy inequality and Minkowski’s inequalities, together with Lemma
2.2(c), and adding and substracting the term ylnm) (y), we obtain

t Dg + n—7k/2

ElLF <k, T) | =2 —
’1| C( ) 0 (t—S)fB/a

S

Using Proposition 2.5,

t Dn eclk’@afﬁ)/afﬁt
kg s - .
ELl<e| [ sy BT T
Combining the bound for I> and I;, we obtain
eclk(%ﬁﬁ)/aﬂﬁt t ,Dn
n g - .

By an appropriate use of Proposition 2.5, we conclude that

perk(za=9)/a=p

D? S € nk/2 (34)
We now look at uy(z) — V(n)( to obtain
wle) v = [ ettt = V)] Fasdy
(nt)t/e)

+ / / Pra(z — )0 (ua(y)) F(ds dy),
0 JB(z, (nt)l/a)c

12



which gives us

k
Blu(s) - V@)l < B

/ / Prs(z — 1) [0 (ualy) — VP ()| F(ds dy)
0 JB(z, (nt)l/«)
k)

We bound the second term first. Using the bound on the moments of the solution together
with Lemma 2.2(a), we obtain

+E

t
/ / prsr — )0 (us () F(ds dy)
0 JB(z, (nt)t/®)c

=11 + Is.

k/2
t
o1 k(2a—B)/(a—B)
I < cpeetk /@ [ | Do — )prs(o — w) Fy — w) dydwds]
0 JB(z, (nt)l/®)2e

. 1 perk(2a=B)/ =0y
2 @TB/a)k/2 '

N

We now consider the first term.

t
L<e / sup Elus(y) — V.0 () F / Pres(t — )pe—s( — ) F(y — w) dy dw ds
0 RIx R4

yER4
' (m) (b L
<e / sup Elus(y) — V. (y) ds.
0 ycRd (t - 5)/3/04

Putting these two bounds together and using Proposition 2.2, we obtain

1 o)/ (o
sup sup Elug(z) — V" (2)|F < e1kZa=B)/@=8)¢.

X 270 8/a)k/2 3.5
s€[0,T] zeR4 ® 2 n(2+8/a)k/2 € (3.5)

Combining the estimates (3.4) and (3.5) and using the fact that v < 24 3/« we obtain the
required result. ]

4 Proof of the spatial asymptotic results

In this section we give the proof of Theorems 1.3 and 1.5. We start with several preliminary
results.

4.1 Tail estimates I

This subsection is devoted to the proof of two tail estimates which are a consequence of the
sharp moment estimates in Theorem 1.2.
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LEMMA 4.1. There exists a constant ca o, > 0 such that for all X >0 and t > 0,

( CAozBVB/a (2aﬁ)/a>

lo A
& Aty

sup P(us(x) > A\) <exp

o =B/

where A and ug are defined in Theorem 1.2.

Proof. We start by using Chebyshev’s inequality to obtain,

1
Pui(z) > A) < EE\ut(m)\k
<Akalg)\—keAk(Qa*f’)/(“*B)V*B/W*ﬁ)t
AN
2«

< exp (Ak asp Bl a=B)y _ klog A):> .

Uuo

20-8 \
The function F(k) := Ako=r p=8/(e=F)t _ klog Zu, is optimised at the point

VPle=B) /o8 | A\
i (aamr) (o)

Some computations then give

(a=p)/a

A

Bl
CA7a7ﬁl/ log —
AUQ

P(ut(x) > )‘) < exp <_ t(a*,B)/a

(2a—ﬂ)/a>

(a=B)/c
where ¢ = ﬁ [% (20;__%)} . O

LEMMA 4.2. Fiz t > 0. Set \ := Qg—getka/(a_m”_ﬁ/(a_ﬁ)/“ for k > ko, where kg is a large
number. Then there exists a constant ca 5 > 0,

, 1 Eaaprile IAA 2oh)/a 1
P At == — .
xlenédP(ut(x) >A\) > 1 &XP ( a—B)/a log " 1+ log D4
%)
The quantities A and ug are defined in Theorem 1.2.
Proof. By Paley-Zygmund inequality, we have for all £ > 2,

1 E|uy (z)[2F)2
P(u(x) > iHUt(x)HL%(Q)) > W'
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Set A\ := g—getka/(%ﬂ)fﬁ/(aim/"‘. Taking into account the bounds on the moments, we
obtain
1 ~4
P(ut(x) > >\) > 1 exp <—CA@”B]C(QQ_B)/(O‘_B)I/_’B/(a_ﬁ)t -+ klog <j;08>> , (41)

where c4 o 5 1= 22070/ (@=B)[A2(2a=h)/(a=F) _ 2] and @ = %—g. Finally, some computations
we get the desired bound. O

4.2 Insensitivity analysis

The next theorem is crucial in the proof of the spatial asymptotic result when the initial
condition is not bounded below. Intuitively, we study how the solution is sensible to changes
to the initial data, and we conclude that when R is large, the values of the solution in a
given ball of radius R are insensitive to the changes of the initial value outside the ball. Here
«a = 2, so that the operator now is the usual Laplacian instead of the fractional Laplacian.

THEOREM 4.3. Let a € R? and R > 1. Let u and v be the solution to (1.2) for a = 2
with respective initial conditions ug and vg. Suppose that on B(a, 2R), uo(xz) = vo(z) and
vo(z) = uo(z) or vo(x) < up(x) everywhere else. Then, there exists a function g(t) such
that for all t > 0,

_r?
sup  Elur(x) — vr(@)[2 < g(b)lluo — ol 2 g€
z€B(a, R)
Proof. The proof will relies on computations done in [6]. More precisely, we make use of

the proof of part(2) of Theorem 2.4 of that paper. We first introduce some notations. Set

Ei(x) = (Guo)i(x) — (Guo)i()
Dy(x, ) := Elug(x) — v ()] [ue(2) — ve(2)]
Df (2, ) = Elo(ut(x)) — o (ve(2))][o(us () — o (ve(2))]-

From the mild solution and the fact o is globally Lipschitz, we have

Dt(l', i’)
t
= Ei(z)Ey(Z) +/0 //Rd o Pi—s(® — y1)pe—s(x — 1) f(y1, 1) DY (y1, 1) dy1 dgjuds

t
< Ef(2)El(Z) + 1 / // P—s(x —y1)pi—s(x — 91) f (Y1, 91) Ds(y1, §1) dy1 dgnds.
0 RIx R4

The recursive argument used in the proof of Theorem 2.4 of [(] together with inequality
(2.19) of Lemma 2.7 of the same paper yield the following bound,

Di(z, &) < F(t)Er(z) E(T),
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where F'(t) is some function of ¢. Other than the fact that it is well defined for any ¢ > 0,
we won’t need any other information on this function. We now use Lemma 2.2 of [1], to
see that

_p2
sup  Ey(z) < e2fluo — voll poo (raye RE/(2t),
z€B(a, R)

We combine the above estimate with z = Z to see that there exists a function g(¢) such
that

Rr2

sup Efu(z) — (@) < 9lluo — 00l2 oy
z€B(a, R)

4.3 Tail Estimates 11

In this subsection we are going to prove tail estimates when the initial condition is not
bounded below. The next result is an extension of [1, Theorem 2.4]. Here, we are still in
the case o = 2.

THEOREM 4.4. Suppose that u and ug are as in Theorem 1.5. Then, there exist positive
constants K1, Ko such that for all X > 0,

2-8/2 2-8/2
A < liminf log P(ui(z) > A) < lim sup log P(ui(z) > A) o A

K Ko
! t1=h/2 |z| =00 log |I” || =00 log ‘l" h ? ti=p/2"

uniformly for all t in every fixred compact subset of (0, 00).

Proof. We prove the lower bound first. Fix a € R%. Let w; be the solution to (1.1) when
the initial condition is given by the following

wo(z) := uo(|z| v (3|a])) for all z e RZ

Since wy < ug, the weak comparison principle Theorem 1.6 tells us that for all £ > 0 and
z € RY,

we(z) < ue(z).

This means that finding a lower bound on the tail distribution of u;(z) amounts to finding
a lower bound for the corresponding distribution of wy(x).

Now, let uf(x) be the solution to (1.1) with initial condition ug(3|al). Fix A > 0. Then,
by Theorem 4.3, whenever R = |a| > 1,

E 'LLa ) — w+x 2
sup  P(juf(z) —wi(z)] > \) < sup |ug ( ))\2 t(z)]
repte e =€ B(aal)

1 a2
<g(t)ﬁe lal /t7

16



where ¢(t) is independent of a.
Recall that ug(3|al) is decreasing in a and

alggo up(3|al) = 0.

Let ko to be as in Lemma 4.2, we can take |a| large enough so that
Av?s s\ "
2=
k=2 log ( ) > ko,
t uo(3[al)

’1 < ANA )‘ - 1
og| —— || = =.
#\uw@a) )| ~ 2
We now use Lemma 4.2 to obtain

1 B2 1 4NA\ZTP?
inf  P(uf(x) > 2X) > —exp (—CA”EI_V <log ) .

and

w€B(a,]a]) 4

Upon taking |a| larger if required so that

40A
log ————| < 2|logug(3lal),
hog s | < 2ogua(3la)

we can use the above together with the definition of A to write

inf  P(u(z) > A) > inf Puf(z) >2\)— sup P(|luf(z) —wi(x)| > A)
z€B(a,|al) z€B(a, |al) z€B(a, |a|)

1 T i S L a2/t
> —exp (— pYE:r log |al —g(t)ﬁe at/r,

4

The above immediately gives the lower bound needed. We now turn our attention to the
upper bound. The proof uses a similar strategy to the one of the upper bound. We look at
wy, the solution to (1.1) but this time, the initial condition is defined by

wo(@) = uo(|2| A 2[al),

so that now we have wg(z) > ug(x) which gives us wy(z) > u(x) by the weak comparison
principle. Now consider u{ a solution with constant initial condition given by

z0(x) = up(2|al).

17



We choose a large enough such that

_ [logup(2lal)

1 >
8 2Au0(2|a|)‘ 2

Then, by Theorem 4.3 and Lemma 4.1, for |a| large enough

sup  Pu(x) >A) < sup  Plw(z) > A)
z€B(a,|al) z€B(a,lal)

< s Pi@) > A2+ sup P(lul(n) — wia)] > A2)
z€B(a,lal) z€B(a,lal)

cA, A2-B/2 1 2
< exp (—Mlog|a| +g(t)ﬁe lal?/t,

which implies the desired upper bound and thus finishes the proof.

4.4 Proof of Theorem 1.3
Proof of Theorem 1.3. Let t > 0 and set

_ Yo (a—B)/(2a—B) a/(2a—B)  —B/(2a—B)
L: o4 &P [51t [log R v } ,

where 01 be a positive constant. Then, we choose

(a—B)/(2a—8)
k= (48))@B)a (’logt<R>’> 5/(20—)
so that L becomes

I = @etka/(a—ﬁ)y—,@/(a—ﬁ)//;
= GA .

We now apply inequality (4.1) to obtain for sufficiently large R,

P(ut(x) > 3L)

> %exp ( — CA,a,ﬁ(A(Sl)(2a75)/a| log R|

—log (A%) (461) @A)/ (|1og R|/t)(e=8)/(2a=p) Vﬁ/(2a—,3))
S 1
~ 4R%2’

where §7 is chosen such that dy < 2.

18



Let N > 0 and choose x1,%2,...,zy € R? such that |z; — ;| > onptti/atl/a for § £ ;.

Lemma 3.1 then implies that the Ut(n’n) (x;)’s are independent for large enough n. We have

P( max w(z;) < L) < P(max |[U™™ (2;)| < 2L)

1<i<N I<i<N
+ P(lug(z;) — Ut(n’n)(xi)\ > L forsome 1<i<N)
=11 + I.

We will look at the second term first. By Lemma 3.2, for all k£ > 2 and large n,

o NEJuy(x;) — U™ (i) N j2a=8)/(a-p);

I " < o ka® ;

where we have chosen R large enough such that L > 1.
We now choose n > N 10/(37) g0 that we have

(2a=B)/(a=B)
I2 g 02 Clk t‘

N2/3
Upon choosing N to be an integer greater than R3, we obtain

1

IQ § C(T7 /{7) R2 .

To bound I, we have for large enough R,

P(UM™™ (2:) = 2L) > P(Jug(wi)| = 3L) — P(lug(w) — U™ ()] = L)
1 1 c
A\ R R
By independence, we have
N
I < (1 PO () = 2L)> .

Combining the above and bearing in mind that NN is larger than R3, we obtain

p VD)< (1-PU™ @) >on) + C
(max (i) < L) < (L= PO (@) 2 2L)) " + 5
Cc
SR

for R large enough. And hence by a standard monotonicity argument, we have

U o C
P < =0 ) t(a—ﬂ)/@a—ﬁ) log R) @a—5) —B/(2a—p) < —.
(:EE]S;(I(E): R) Ut (x) 64 P (log ) Y } R
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We now use Borel Cantelli lemma to obtain that almost surely, for R — oo, we have

sup  w(x) = Lo exp [511;(04—,3)/(204—5) (log R)ﬁ} :
2€B(0, R) 64

which concludes the proof of the lower bound. We now prove the upper bound. Set
U := Atgexp [53t(a—ﬂ)/(2a—6) (log R)ﬁ V—,B/(2a—,3)} ’

for some positive constant 3. For z € Z%, denote the cube of side length 1 by Q,. Let R be
a positive integer and decompose [—R, R]? into cubes of the form @, so that [-R, R]¢ =
Uzes@e where S is some set of finite cardinality. By Proposition 2.3, for any z € R% and
k > 2, we have

E

sup |ug(w) — ut(y)|k] < cgexp [clk@a*ﬁ)/(a*mt} . (4.2)
W, YEQg

We can now write

P sup  w(x) >2U | <P (maxut(x) > U) + P | max sup |ut(y) —ue(z)| > U
z€|-R, R4 z€S €S yeQy

=11 + 5.

To bound I;, we use Lemma 4.1 to obtain

c
I < |S|P(u(z) 2 U) < o
where the constant d3 is chosen so that d4 > 1. We now bound Iy by making use of (4.2),
ca|S|exp(cy ka—B)/(@=B)p)
< — > <
L<IsIP (;élsz furly) = ()] > U) S oxp(kogtio—5@a—P) (log R)*/ @By /a5

)(a—ﬁ)/(%t—ﬁ)
v

We now set k = J5 (logR B/(2a=6) o obtain

t
c
R’

where we choose d3 so that dg > 1. We can conclude that

I <

Z P sup  w(x) >2U | < oo.
R=1 :DG[—R, R}d

We can now use Borel-Cantelli and the fact that B(0, R) C [~ R, R]? to finish the proof. [
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4.5 Proof of Theorem 1.5.

Proof of Theorem 1.5. We split the proof into two parts. In the first part we assume that
A > 0, although A = oo is also possible as a particular case. Consider a sequence {x, }n>1 C
R< such that |z,,| = n'/2 and all z,, lie on a straight line through the origin. We next choose
A€ (0, A),
and consider -

. J . .nT
t(7, =, f € |—,
(G, n):=7"—, for jeln

We look at the following parameters 7 and 1" such that

n|NZ.

K2/C7P) \4=8)/(2-)

where K is the constant in the statement of Theorem 4.4. Then, by Theorem 4.4, for all
0 >0,te (r, T) and large enough n,

P ( max ut(%n)(xn) > 9) < Z P (ut(j,n)(xn) > 9)
Jel

€[, n
JE[TF,n] Nz

(4-pB)/2
Sc | Z exp <—£’22)(2_5)/210g’$n’>
JEIF,n]NZ
Ko \(4=h)/2

< cnexp <_2T(2—5)/2 log n>

< £

X n3
An application of Borel-Cantelli lemma gives us

lim max ;) (zn) =0 as.
n—00 je[7F, njNZ G ()

We now use Proposition 2.3 to obtain for all 8 > 0,

P su min Up(im) (Tn) — wg(xn)| > 0

< P{ sup |us(l‘n) - Ut(i'?n)| > 9}
te(r, T):ls—t[<T/n
CTk
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By choosing k large enough, we can apply Borel-Cantelli and use the above to see that

lim sup w(z,) =0 as. (4.3)
N0 e (r,T)

We next use Proposition 2.3, to get for all § > 0,

P{ sup sup  |ug(zy) —w(z)| = 9}
tE(’nT) me[ﬁn,m'nnkl}

< Cn1/2P{ sup  sup |ug(x) —ug(y)| > 9}
te(r,T) \w—y\é%

nl/2

<c—o.

We then take k large enough, use Borel-Cantelli again and (4.3) to conclude that

lim sup w(z) =0 as,
|z[ =00 te (7, T)

where in the above, z tends to infinity along a fixed straight line. Since the line is arbitrary
and w is almost surely jointly continuous (Proposition 2.3), it follows that

P | sup w(z) < oo, forallte (r,T) | =1.
zeR4

We next assume that A < co. Fix 6 > 0 and set
Ei(z) = {w e Q:uz) <O} forevery t>0,z¢eR%
We will show that solution is almost surely unbounded for large enough times. Let
7> (2K, A% 82228 and T > 7.

According to Theorem 4.4, for every A € (A, (r777/2/(2K))?/(*=5)], we can find a real
number n(A,0) > 1 such that

R \2—B/2 j41-B/2 1
P(Eu(a)) < (1= [of 57 /07) (1_W>, (4.4)

uniformly for all |z| > n(\,6) and t € (7, T'). Consider the events

Eﬁn) () ={weQ: Ut(n’ ") (z) <20} forevery zeR%4n>1.
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By Lemma 3.2, we get

sup P(Ei(x)\E{(z)) < sup P (‘ut(x) — Ut(n’n) (x)‘ > 9)
te(r,T) te(r,T) (4.5)
CT k
= nyk/2°
Therefore,
P ﬂ Eyz) | <P ﬂ Ey(€)
z€[n4, 2n4]d Len?, 2n4]dnZd
(n) ¢

<P ﬂ Ey(0) | + k2

Le[n, 2n4]dNZd

uniformly for all n > 1 and t € (7,7). We will now look at the first term of the above
display. Set z1 := (n*,...,n?) € R? and define iteratively for j > 1,

Tjp1 =T + (232612 2n®2t1/2),
Let
Y = max{j >1:x5; < ont, for all i = 1,...,d},
where z; = (2;,1,...,%4). Observe that
n5/2
Y 2 ST

By independence (Lemma 3.1), (4.5) and (4.4), we get

Tn Tn

Pl N BP0 <P NE @) | =T]P(E" @)
te[nt, 2n4]dNZd j=1 j=1
Tn
c
< H1[P (Ei(ry)) + W]
]:
1 c Tn
< |:1 o 2n4 n“/k/2:|

We now take k larger if necessary to obtain

P N EPO ] <exp(-en'?),

te[nt, 2n4]dNZ
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Combining the above estimates, we have for large enough k,

¢
sup P < sup }dut(aj) < 9) < PETYER (4.6)

te(r,T) z€[n4,2n

We next write

t€(r, T) ge[nt, 2n4)d LSISP pend, 2n4]d

P ( inf sup  w(x) < 9) <P ( inf sup  uy(z) < 29)

+P ( inf sup  |ug(x) —u(z)| > 0) =10 + 1.

[t—s|<1/n z€[n4, 2n4]d

From (4.6), we can bound the first term as follows
oo

We now look at the second term. Using Proposition 2.3 we obtain that

14nt

I, < Z P inf sup  |ug(x) —w(z)| =0 | < —,
1 |t—s\<1/nm€(k’k+1)d

where k can be made as large as possible. Combining the above estimates, we conclude

that

P < inf  sup u(z) < 9) =0.
te(7,T) zeRd

For each N > 1, set
Ty :=inf{t > 0: sup u(z) > N}.
zeR4

And let T := limy_.oo Tn. By the above computations, we have t; < T < ty, where t; and
to are deterministic constant depending on A. For any ¢t < T, we have sup,cgra ut(z) < 00
otherwise this would contradict the definition of T. On the other hand, if we have ¢t > T,
we then have sup,cra ut(x) = oo. O

5 Proof of the comparison principle and strict positivity

In order to prove the strong comparison principle (Theorem 1.7), we need the next two
preliminary results which are extensions of [3, Lemmas 7.1 and 7.2] (see also [5, Lemmas
4.1 and 4.3]). In particular, the proof of the next proposition is new compared with that
of [3, Lemma 7.1 or [5, Lemma 4.1].
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ProroOSITION 5.1. Let M > 0. For all R > 0 and t > 0, there exist constants 0 < cgp < 1
and 1 < mg(t, R) < oo such that for all m > my,

/ pla—y)dy>cr forall (s,2)€ Amir,
B(0,R)

where t .
At R = 2 €B M(t/m)Ye d — <s< =)
LR =1{(s,7) 12 € B(0, R+ M(t/m)"'*) an 5 < m}

Proof. We take m large enough so that (%)1/0‘ < R. Then, using the the lower bound (2.1),
we obtain

/ ps(w—y)dy>/ ps(z —y)dy
B(0,R) B(0, R)NB(z, 2M (t/m)1/<)

d/a
¢ (t) S—d/a
m

Zc

WV

where the constant ¢ might depend on R and M but can be chosen to be strictly less than
1. O

REMARK 5.2. While the above result holds for all o € (0, 2), we were unable to use it to
prove strict positivity for o < 1. Ideally, we would need Lemma 4.1 of [5] for a < 1 as well.
Let d = 1 and set up(x) = 1p 1)(z). We now choose v =1+ Loand 5 < s < L osothat
we are exactly in the setting of Lemma 4.1 of [7]. We now use the usual bound on the heat
kernel to find that

S

1
ps(x —y)u ydy</ T e W

t I\
< c—
m \ |z| -1

a—1
<cm .

Since a < 1, the right hand of the above inequality goes to zero as m — oco. We have thus
proved that for Lemma 4.1 of [5] cannot hold for o < 1 and therefore the strict positivity
result cannot follow directly from the method of that paper. The failure of this method can
also be seen by the fact that as m tends to infinity, B defined in the proof of Theorem 1.7
tends to B(0, R) when o < 1.

ProroSITION 5.3. Fix R>0,t >0 and M > 0 and assume that
uo(z) = 1p(o, r)(T)-
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Then there exist positive constants c1(R), ca(R), and mo(t, R) such that for all m > my,

and x € RY)

t t
P('U,5<l') =z CllB(O,R—FM(t/m)l/a)(x) fO?" all % <s <K E

21—Cm,

where
Cm 1= €Xp (—02m(°‘_5)/°‘[log m](%_o‘)/o‘> .

Proof. From the mild formulation of the solution of the equation, we have

ww) = [ pe—wuatdvs [ [ pite - wotut) Fiaya.

By Proposition 5.1, there exists a 0 < ¢; < 1 such that for large enough m,

t t
d
/Rd ps(@ = y)uo(y) dy = 2c1l g gyri(eymy/ey(z) forall =€ R® and - <s < o
By using the mild formulation and the above, we obtain
t t
<

P(us(z) < c1lp, gyrr(eymyi/ey(x) for some - < s < E)

/ / ps—i(x —y)o(u(y))F(dydl) < —ec;  for some (s,z) € Am7t7R>

ps-1(z —y)o(u(y)) F(dy dl)‘ >c1 for some  (s,2) € Am,t,R)-
Rd

The term in the above display can now be bounded by

// Po iz — y)o(ui(y)) F(dy d)

The above in turn can be bounded using Proposition 2.3 to obtain
sup

sx)eAmtR// Ps-i(x — y)o(u(y))F(dydl)

< cp™ exp(Ak2o—R)/(@=B) 5,

k
01_ sup
5 :L‘)EAm t,R

k

where p :=t/m and 7 := % We now optimise the above quantity with respect to k and
combine all our estimates to end up with the result. See [3] and [5] for details.
O
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5.1 Proof of Theorem 1.7

We next prove the strong comparison principle. We leave it to the reader ro consult [19]
for the original idea and to [3] and [5] for further details.

Proof. Tt suffices to show that if ug has compact support then u(x) > 0 for all ¢ > 0 and
2 € R? a.s. The general case will follow as in [3] and [5]. Assume that ug(z) = 15, g)(2),
for some R > 0. Choose M > 0,t >0 and m > 0. Define for k=1,...,2m — 1,

Kkt (k+ 1)t
om’  2m

Ap = {us(x) > c]erllBZL(x) forall se ] and x € Rd} ,

where B" = B(0, R+kM(t/m)'/) and ¢, is as in Proposition 5.3. Tt is clear that if & > 1,
then as m gets large, the sets B} cover the whole space. For a = 1, the sets B} cover
B(0, R+ Mt'/®). We write

P(us(z) >0 forall t/2<s<t and =z € B(0, M/2))

> lim P(Ni<k<om—14%)
m—r0o0

(5.1)
= lim P(A) I PAAein--nA).
2<k<2m—1
Proposition 5.3 can be used to obtain
P(A1) 21— cp, (5.2)

whenever m is large enough since c¢; > c%. On the other hand, on the event Ay_1, k > 2,

ke (x) = lelBi"_l(w)7 for all z € RY.

2m
By the Markov property, {u,, & (7),5 > 0,2 € R} solves (1.1) with the time-shifted noise
2m

)
Fi(s, z) == F(s+ 2%, x) starting from u x: (x). Let {vgk) (z),5 > 0,2 € R%} be the solution
2m

to (1.1) with the time-shifted noise Fj(s, z), o replaced by oy (x) = ¢; "o (c¥z), and initial

condition 1pm (x). On one hand, by Proposition 5.3 we get that

t t
P(ng)(x) > cilpp(z) forall se [%, E] and z€RY) >1-cp,

whenever m is large enough. On the other hand, by Markov property and the weak compar-

ison principle (Theorem 1.6) we see that on Ag_1, Ugype/(2m)(T) = c’fvgk)(x) for all z € R¢

and s > 0. We therefore have

P(Ak‘Fkt/(Zm)) >1l—cn on Ag_g.
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And hence
P(Ak|Ak_1ﬂ-~~ﬂA1) >1—cy. (5.3)

From (5.1), (5.2) and (5.3), we conclude that
P(us(z) >0 forall t/2<s<t and xz& B(0, M/2)>(1—-cn)?™ ! =1,

as m — oo. Since the above holds any arbitrary ¢ > 0 and R,M > 0, the proof is
complete. O

5.2 Proof of Theorem 1.8

Proof. The proof is very similar to those in [3], [5] and [8], using the strong Markov property
(Lemma 2.4) and the weak comparison principle (Theorem 1.6). So we omit it. O

REMARK 5.4. As mentioned in the introduction, the above comparison theorem and strict
positivity results are shown under the assumption that the initial conditions are bounded
functions. A wider class of initial conditions could be studied as in [3] and [5]. We leave it
for further work.
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