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Abstract—This paper analyzes the effect of deploying an
intelligent reflective surface (IRS) in line-of-sight conditions at
sub-terahertz frequencies. Besides the more obvious benefits of
enhancing the received power and sidestepping blockages, at
these frequencies an IRS can augment the number of spatial
degrees of freedom even as the transmitter and receiver footprints
remain fixed. This possibility, which is revealed only if the curved
nature of the wavefronts is accounted for, results from the IRS
acting as a lens that enables resolving denser spatial multiplex-
ings. Provided the signal-to-noise ratio is minimally high, this
DOF augmentation then translates to a hefty improvement in
spectral efficiency.

I. INTRODUCTION

The appetite for ever higher frequencies on which to com-
municate wirelessly is insatiable, with the next frontier being
the sub-terahertz band (0.1–1 THz) [1]–[3]. At these frequen-
cies, the propagation is ray-like [4], [5] and the availability
of a line-of-sight (LOS) component or some strong reflection
largely determines the performance. Hence, these frequencies
are mostly envisioned for short-range transmissions, which go
hand in hand with denser networks. Such densification need
not entail additional full-stack access points, and relays could
be deployed in their stead. Or, as an emerging alternative,
the densification could be aided by intelligent reflecting sur-
faces (IRSs), which are passive, devoid of radio-frequency
chains and baseband processing [6]–[8]. Accordingly, the main
motivating application for IRSs at sub-terahertz frequencies
is to bypass obstructions, yet, as expounded in this paper,
a potentially more impactful benefit may arise from their
deployment: an enrichment in the number of spatial degrees
of freedom (DOF). While an inherently asymptotic notion,
which describes the scaling of the spectral efficiency with the
received power [9, Sec. 4.2], the number of DOF translates
directly to the number of concurrent signal streams that can
be communicated and is therefore a quantity of prime interest.

LOS communication at sub-terahertz frequencies may enjoy
a multiplicity of DOF, as transmitter and receiver feature arrays
large enough relative to the wavelength and to the transmission
range that individual antennas can be resolved at the other
end of the link even without multipath components [10]–[21].
Indeed, the DOF over an LOS link scales with the product of
the transmit and receive footprints measured in wavelengths
[22], reflecting the fact that a larger receiver enables a denser
spatial multiplexing at the transmitter, and vice versa.
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Fig. 1. Coordinate systems.

Now consider two LOS links cascaded via an IRS. Since it
serves as receiver for the first link, and as transmitter for the
second, the IRS can simultaneously augment the DOF over
each link, and thus for the overall channel. The remarkable
conclusion is that a large-aperture IRS, when properly con-
figured, can potentially unlock DOF without the transmitter
or receiver increasing their footprints, thereby circumventing
physical limitations at access points (APs) and devices. This
newfound possibility could not be anticipated under classical
planar wavefront models. Rather, it comes to the fore once
the curved nature of the wavefronts is taken into considera-
tion, implying that an inadequate channel model may greatly
underestimate the potential of sub-terahertz communication.

This paper confirms the reality of this DOF augmentation,
exemplifying its impact on the achievable spectral efficiencies
with uniform planar arrays (UPAs).

II. LOS CHANNEL MODEL

Consider an Nt-antenna transmitter, an Nr-antenna receiver,
and an M -element IRS. The transmitter, IRS, and receiver
are in the vicinity of −D1ez1 , (0, 0, 0), and D2ez2 , with
(xm, ym, zm), (x′`, y

′
`, z
′
`), and (x′′n, y

′′
n, z
′′
n) the locations of

the mth transmit antenna, `th IRS element, and nth receive
antenna, respectively (see Fig. 1). Denoting the distance from
the mth transmit to the nth receive antenna by

Ddirect
n,m = ‖(x′′n, y′′n, z′′n)− (xm, ym, zm)‖, (1)

the complex baseband channel coefficient is

hdirectn,m =

√
GtGrλ

4πDdirect
n,m

e−j
2π
λ D

direct
n,m (2)



where λ is the wavelength while Gt and Gr are the transmit
and receive antenna gains, respectively. Similarly, given

DTx-IRS
`,m = ‖(x′`, y′`, z′`)− (xm, ym, zm)‖ (3)

DIRS-Rx
n,` = ‖(x′′n, y′′n, z′′n)− (x′`, y

′
`, z
′
`)‖, (4)

the channel coefficients for the transmitter-IRS and the IRS-
receiver channels are

hTx-IRS
`,m =

√
GtGiλ

4πDTx-IRS
`,m

e−j
2π
λ D

Tx-IRS
`,m (5)

hIRS-Rx
n,` =

√
GiGrλ

4πDIRS-Rx
n,`

e−j
2π
λ D

IRS-Rx
n,` (6)

with Gi the IRS element gain.
Under the proviso that the arrays and the IRS are small

relative to the transmission range, the magnitudes of hdirectn,m ,
hTx-IRS
`,m , and hIRS-Rx

n,` are essentially constant over the indices.
Factoring out these magnitudes, the respective channel matri-
ces satisfy

[Hd]n,m = e−j
2π
λ D

direct
n,m (7)

[H1]`,m = e−j
2π
λ D

Tx-IRS
`,m (8)

[H2]n,` = e−j
2π
λ D

IRS-Rx
n,` . (9)

Letting Dd = ‖D1ez1 +D2ez2‖, the unit vectors ez1 , ez2 and

ezd =
D1ez1 +D2ez2

Dd
(10)

enable three local coordinate systems: one for the transmitter-
IRS link, another for the IRS-receiver link, and the other for
the transmitter-receiver link (see Fig. 1).

With planar arrays, there are sure to be orthonormal sets
{ex̃, eỹ}, {e′x̃, e′ỹ}, {e′′x̃, e′′ỹ} and two-dimensional coordinates[

x̃m ỹm
]>
,
[
x̃′` ỹ

′
`

]>
,
[
x̃′′n ỹ

′′
n

]>
satisfying xmym

zm

 = −D1ez1 +
[
ex̃ eỹ

][x̃m
ỹm

]
(11)

x′`y′`
z′`

 =
[
ex̃′ eỹ′

][x̃′`
ỹ′`

]
(12)

x′′ny′′n
z′′n

 = D2ez2 +
[
ex̃′′ eỹ′′

][x̃′′n
ỹ′′n

]
. (13)

To make things precise for UPAs, consider the transmitter
specifically. Conveniently selecting the axes ex̃ and eỹ , the
Nt,x×Nt,y transmit UPA, with footprint Lt,x×Lt,y , has the
antennas at coordinates{[
x̃m
ỹm

]
|m = 1, . . . , Nt

}
= (14)(

dt,x
(
Z− 1

2

)
×dt,y

(
Z− 1

2

))
∩
(
Lt,x

[
− 1

2 ,
1
2

]
×Lt,y

[
− 1

2 ,
1
2

])

where dt,x =
Lt,x

Nt,x
and dt,y =

Lt,y

Nt,y
while × denotes the

Cartesian product of sets. The receiver and the IRS are
similarly described, with subscripts “r” and “i” in lieu of “t.”
Also, (14) can be tweaked if either number of antennas is odd
rather than even.

III. DIRECT TRANSMISSION

The relationship between the transmit signal s and the
receive signal y is

y = Hds+ v (15)

given Hd ∈ CNr×Nt and with v ∼ NC(0, I) the noise. The
magnitude that was factored out of Hd is incorporated into

SNRd = Ld
Pt

BN0
, (16)

where Ld = λ2GtGr

(4πDd)2
with Pt the transmit power, B the

bandwidth, and N0 the noise spectral density. By letting
s ∼ NC(0,Q), the transmit power constraint can be written
as tr(Q) = SNRd and, with σn(·) denoting the nth singular
value of a matrix, the direct channel capacity is

Cd = max∑
n pn= SNRd

pn≥0

∑
n

log2

(
1 + pnσ

2
n(Hd)

)
. (17)

As the arrays grow and densify, the singular values polarize
into two levels, namely1

(σ1(Hd), σ2(Hd), . . .) (18)

≈ λDd

√
NtNr

area(Td)area(Rd)
(1, . . . , 1︸ ︷︷ ︸

DOFd

, 0, . . .)

where DOFd =
area(Td)area(Rd)

(λDd)2
with2

Td =

[
e>xd

e>yd

] [
ex̃ eỹ

] (
Lt,x

[
− 1

2 ,
1
2

]
× Lt,y

[
− 1

2 ,
1
2

])
(19)

Rd =

[
e>xd

e>yd

] [
ex̃′ eỹ′

] (
Lr,x

[
− 1

2 ,
1
2

]
× Lr,y

[
− 1

2 ,
1
2

])
. (20)

From (19), Td corresponds to the projection of the transmitter
footprint [

ex̃ eỹ
] (
Lt,x

[
− 1

2 ,
1
2

]
×Lt,y

[
− 1

2 ,
1
2

])
(21)

onto the space spanned by exd
and eyd . Since∣∣∣∣det([e>xd

e>yd

][
ex̃ eỹ

])∣∣∣∣ (22)

equals the cosine of the dihedral angle between two planes,
this determinant reduces to |e>zdez̃|, where ezd = exd

× eyd
and ez̃ = ex̃ × eỹ are the unit vectors completing the
local coordinate systems; here, × denotes the cross-product
of vectors. Ditto for Rd, such that

area(Td) = Lt,xLt,y |e>zdez̃| (23)

area(Rd) = Lr,xLr,y |e>zdez̃′ |. (24)
1For details on how (18) and (30) sharpen as the footprints and numbers

of antennas increase, see [23, Secs. IV-V].
2Hereafter, for a matrix A and a set B of vectors, AB = {Ab|b ∈ B}.
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Fig. 2. Intuitive geometric interpretation of the proposed phase shifts in (28)

IV. IRS-ASSISTED TRANSMISSION

With the IRS in place, the relation between the transmit
signal s and the receive signal y becomes

y = H2ΦH1s+ v (25)

given H2 ∈ CNr×M as the IRS-receiver channel matrix,
Φ = diag(ejφ1 , . . . , ejφM ) ∈ CM×M as the phase shift matrix
at the IRS, and H1 ∈ CM×Nt as the transmitter-IRS channel.
The composite channel is Ha = H2ΦH1. The distance-
related factors that were normalized out of H1 and H2 are
incorporated into

SNRa = L1L2
Pt

BN0
(26)

where L1 = λ2GtGi

(4πD1)2
and L2 = λ2GiGr

(4πD2)2
. The highest spectral

efficiency with a certain Φ is

max∑
n pn= SNRa

pn≥0

∑
n

log2

(
1 + pnσ

2
n(Ha)

)
. (27)

With the arrays being small relative to the range, such that
the spherical wavefronts are parabolic over those arrays, it is
shown in [23] that the phase shifts that asymptotically (in the
IRS footprint) maximize (27) are those that have the IRS act
as a lens, inverting the curvature of the wavefronts impinging
on it. That corresponds to

φ` =
2π

λ

∥∥∥∥∥∥
x′`y′`
z′`

+D1ez1

∥∥∥∥∥∥+
∥∥∥∥∥∥
x′`y′`
z′`

−D2ez2

∥∥∥∥∥∥
 , (28)

which is tantamount to (see Fig. 2)

φ` = 2π
length of dotted line

λ
(29)

where the dotted line connects the center of the transmit array
with the `th IRS element, and then on to the center of the
receive array.

As the arrays and the IRS grow and densify, the singular
values again polarize into two levels, in this case1

(σ1(Ha), σ2(Ha), . . .) (30)

≈ λ2D1D2
M

area(Ia)

√
NtNr

area(Ta)area(Ra)
(1, . . . , 1︸ ︷︷ ︸

DOFa

, 0, . . .)

where3 DOFa =
area(Ia)area

(
Ta ∩ (−Ra)

)
λ2D1D2

with

Ta =

√
D2

D1

[
e>x̃′

e>ỹ′

] (
I − ez1e

>
z1

) [
ex̃ eỹ

]
·
(
Lt,x

[
− 1

2 ,
1
2

]
× Lt,y

[
− 1

2 ,
1
2

] )
(31)

Ia = Li,x

[
− 1

2 ,
1
2

]
× Li,y

[
− 1

2 ,
1
2

]
(32)

Ra =

√
D1

D2

[
e>x̃′

e>ỹ′

] (
I − ez2e

>
z2

) [
ex̃′′ eỹ′′

]
·
(
Lr,x

[
− 1

2 ,
1
2

]
× Lr,y

[
− 1

2 ,
1
2

] )
. (33)

Rewriting (31) as

Ta =

√
D2

D1

[
e>x̃′

e>ỹ′

][
ex1 ey1

]
︸ ︷︷ ︸

2nd projection

[
e>x1

e>y1

][
ex̃ eỹ

]
︸ ︷︷ ︸

1st projection

·
(
Lt,x

[
− 1

2 ,
1
2

]
× Lt,y

[
− 1

2 ,
1
2

])
(34)

evidences that the transmitter footprint undergoes two projec-
tions, first on the span of ex1

and ex2
, and subsequently onto

ex̃′ and eỹ′ . That amounts to projecting the transmitter on the
plane orthogonal to the transmitter-IRS axis, and then onto the
IRS itself. The counterparts to the direct-transmission results
in (23) and (24) are then

area(Ta) =
D2

D1
Lt,xLt,y |e>z1ez̃||e

>
z1ez̃′ | (35)

area(Ra) =
D1

D2
Lr,xLr,y |e>z2ez̃′ ||e

>
z2ez̃′′ |, (36)

where newly introduced unit vectors complete their own local
coordinate systems.

From the expression for DOFa, a number of insights can be
gleaned:
• Crystallizing the intuition advanced in Sec. I, the DOF

in the presence of the IRS scale with its aperture.
• The projected transmit and receive footprints affect the

DOF through their intersection. (Sensibly, this indicates
that the bottleneck is the smallest of the two projected
footprints if one fits within the other.)

• The projected footprints are modified by respective fac-
tors that depend on D1 and D2, factors that do not cancel
out because area(Ta ∩ (−Ra)) 6= area

(
rTa ∩

(
− 1

rRa

))
.

These distance-dependent factors reflect how effective
the IRS lensing effect is, depending on the distances:
if D1/D2 � 1, then the transmitter appears small and
the receiver large from the vantage of the IRS, and vice
versa.

The distance-dependent factors provide guidance on the
preferred IRS placement, which—from an DOF standpoint, at
high SNR—should render area(Ta) and area(Ra) comparable.
This points to a strategy of deploying the IRS closer to trans-
mitter or receiver, whichever has the smaller footprint, and this

3The negative sign applied to Ra, which reflects a signal inversion, entails
flipping Ra relative to the origin.
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TABLE I
PARAMETERS

Gt=Gr [dBi] Gi [dBi] λ [m] Ld [dB] L1 [dB] L2 [dB]
10 0 0.001 −85.0 −92.0 −92.0

Pt [dBm] B [GHz] N0 [dBm/GHz] Pt
BN0

[dB] SNRd [dB] SNRa [dB]
10 1 −74.0 84.0 −1.0 −100.0

differs from the deployment strategy when the objective is to
maximize the received power [24], [25]. In particular, if the
footprints are equal, then the preferred placement would be
half-way down the link to maximize the DOF while adjacent
to transmitter or receiver to maximize the received power.

We hasten to add that, for Ta ⊂ −Ra or Ta ⊃ −Ra, with
the apertures being sufficiently large, the proposed phase shift
turns out to be optimum not only in terms of DOF, but in
terms of spectral efficiency at every SNR [23].

V. PLANAR WAVEFRONT MODEL

As the communication range grows and/or the array foot-
prints shrink, relative to the wavelength, the wavefronts go
from approximately parabolic to progressively linear, i.e.,

[Hd]n,m ≈ exp

−j 2π
λ

e>zd
x′′ny′′n
z′′n

− e>zd

xmym
zm

 (37)

[H1]`,m ≈ exp

−j 2π
λ

e>z1
x′`y′`
z′`

− e>z1

xmym
zm

 (38)

[H2]n,` ≈ exp

−j 2π
λ

e>z2
x′′ny′′n
z′′n

− e>z2

x′`y′`
z′`

 . (39)

As all the above channels are of rank-one, the capacities for
direct and IRS-assisted transmission are, respectively,

log2 (1 +NtNrSNRd) (40)

and

log2
(
1 +NtNrM

2SNRa

)
. (41)

TABLE II
ARRAY DESCRIPTIONS

Small Large
IRS AP Device IRS AP Device

Footprint [cm × cm] 40×40 4×4 2×2 80×80 8×8 4×4
Spacing [cm] 0.05 0.5 0.5 0.05 1 1
Dimensionality 800×800 8×8 4×4 1600×1600 8×8 4×4
Number of elements 640000 64 16 2560000 64 16

VI. EXAMPLES AND DISCUSSION

To verify the DOF augmentation and ensure that it is
not an artifact of the parabolic wavefront approximation, the
exact channel models in (2)–(6) are used henceforth, without
reliance on that approximation. The considered geometry is
illustrated in Fig. 3 while the various parameters are listed in
Table I and the array geometries are detailed in Table II. For
the sake of generality, the device is randomly oriented and
differences in antenna directivity are disregarded (they would
merely alter the SNR). The AP is parallel to the xz-plane and,
because the channel is considered static and therefore known
by both the device and the AP, their roles as transmitter or
receiver are interchangeable [26].

Fig. 4 depicts the empirical probability mass function (PMF)
of the number of supported signal streams, i.e., the number of
spatial subchannels that are allocated positive power in (17)
and (27). This is a finite-SNR measure of the DOF. In turn,
Fig. 5 depicts the empirical cumulative density function (CDF)
of (i) the capacity of the direct channel in (17), and (ii) the
achievable spectral efficiency of the IRS-assisted transmission
in (27), with the phase shifts in (28). The distributions are over
the device orientation, with 100 random values generated for
each figure.

In terms of number of signal streams, the following can be
observed:

• The leftmost example corresponds to a small IRS, small
AP, and small device; the exact dimensions and antenna
numbers are provided in Table II. While the direct
channel is essentially rank-one, with the IRS—despite
its modest aperture—it becomes possible to spatially
multiplex up to five streams.

• In the central example, the IRS is still small while the
AP and device are large, such that spatially multiplexing
two or three streams is possible over the direct channel.
The IRS amplifies that considerably, all the way up to
eight streams.

• For the rightmost example, the IRS is large whereas the
device and AP are small. Here the impact of the IRS is
most dramatic, with the number of signal streams being
unity without it and as high as ten with it.

Additional signal streams translate to a stronger spectral
efficiency, as confirmed by Fig. 5. While the increase is not
proportional to the number of streams, because the per-stream
SNR diminishes the improvement is hefty. With the large IRS
in particular, the median spectral efficiency is almost six times
higher.
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Fig. 5. CDF of the achievable spectral efficiencies with the exact spherical wavefronts. Also shown, in a thinner stroke, are the capacities, in (40) and (41),
under a planar wavefront model.

The benefits of additional DOF are bound to abate as the
SNR shrinks, yet an IRS might also be helpful in that regime,
to assist in the beamforming, and indeed the bulk of research
on IRSs thus far had been on that front [27].

Finally, it is worth comparing the performance observed
under the actual spherical wavefronts against what would
transpire with a planar wavefront model. The contrast, also
illustrated in Fig. 5, is stark. A planar wavefront model is
inadequate to characterize the effect that an IRS, even a small
one, has on the spectral efficiency when spatial multiplexing
is employed. Indeed, a planar model is unable to represent
how additional DOF are unlocked by virtue of the IRS being
present and hence it grossly underestimates the performance.

VII. CONCLUSION

Besides increasing the received power and skirting obstruc-
tions, IRSs may unlock DOF. Crucially, this DOF augmenta-
tion requires no increase in the footprints of transmitter and
receiver, nor multipath propagation, but it results from growing

the aperture of the IRS itself. This potential is concealed by
planar wavefront models, and is only revealed once the curved
nature of the wavefronts is accounted for.

It would be of interest to delineate the SNRs beyond which
DOF maximization is the appropriate strategy, and seek to
blend it with the beamforming approaches that are sure to
be preferable at lower SNRs and/or at lower frequencies
(where LOS spatial multiplexing is unfeasible). Likewise, the
deployment criteria should be harmonized, depending on the
application. Increasing the robustness to the wideband effect
that arises as the bandwidth grows very broad is another
important research avenue [28]–[31].
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