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Abstract—This paper studies communication outages in mul-
tiple-input multiple-output (MIMO) block-fading channels with
imperfect channel state information at the receiver (CSIR). Using
mismatched decoding error exponents, we prove the achievability
of the generalized outage probability, the probability that the gen-
eralized mutual information (GMI) is less than the data rate, and
show that this probability is the fundamental limit for independent
and identically distributed (i.i.d.) codebooks. Then, using nearest
neighbor decoding, we study the generalized outage probability
in the high signal-to-noise ratio (SNR) regime for random codes
with Gaussian and discrete signal constellations. In particular, we
study the SNR exponent, which is defined as the high-SNR slope of
the error probability curve on a logarithmic-logarithmic scale. We
show that the maximum achievable SNR exponent of the imper-
fect CSIR case is given by the SNR exponent of the perfect CSIR
case times the minimum of one and the channel estimation error
diversity. Random codes with Gaussian constellations achieve the
optimal SNR exponent with finite block length as long as the block
length is larger than a threshold. On the other hand, random codes
with discrete constellations achieve the optimal SNR exponent
with block length growing with the logarithm of the SNR. The
results hold for many fading distributions, including Rayleigh,
Rician, Nakagami-m, Nakagami-¢ and Weibull as well as for
optical wireless scintillation distributions such as lognormal-Rice
and gamma-gamma.

Index Terms—Block-fading channels, channel state information,
diversity, error exponent, generalized mutual information (GMI),
imperfect channel state information, MIMO, multiple antenna,
nearest neighbor decoding, outage probability, SNR exponent.

1. INTRODUCTION

N recent years, the demands for fast wireless communi-
I cation access have increased dramatically. While a large
number of delay-limited applications requiring high data rate
have successfully been deployed for wired media, the same de-
velopment remains a challenge for wireless communications.
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One of the main challenges is fading, i.e., the fluctuations in the
received signal strength due to mobility and multiple path prop-
agation [1].

Understanding the fundamental limits of delay-limited
transmission is therefore critical to design efficient codes
for such applications. The block-fading channel is a relevant
model to study the transmission of delay-limited applications
over slowly-varying fading. Within a block-fading period, the
channel gain remains constant, varying from block to block
according to some underlying distribution. Modern commu-
nication systems utilising frequency hopping schemes such
as Global System for Mobile Communications (GSM) and
multi-carrier modulation such as Orthogonal-Frequency Divi-
sion Multiplexing (OFDM) are practical examples that are well
modelled by the block-fading channel.

Reliable communication over block-fading channels has tra-
ditionally been studied under the assumption of perfect channel
state information at the receiver (CSIR) [2]-[7]. Since only a fi-
nite number of fading realizations are spanned in a single code-
word, block-fading channel is not information stable [8]. The
input-output mutual information between the transmitted and
the received codewords is varying in a random manner and the
channel is considered to be non-ergodic. For most fading dis-
tributions, the Shannon capacity is strictly zero [6]. Based on
error exponent considerations, Malkdmaki and Leib [5] showed
that the outage probability, i.e., the probability that the mu-
tual information is smaller than the target transmission rate [2],
[3], is the natural fundamental limit of the channel. References
[4]-[6] showed that optimal codes for the block-fading channel
should be maximum-distance separable (MDS) on a blockwise
basis, i.e., achieving the Singleton bound on the blockwise Ham-
ming distance of the code with equality. Families of blockwise
MDS codes based on convolutional codes [5], [6], turbo codes
[9], low-density parity check (LDPC) codes [10] and Reed-
Solomon codes [4] have also been proposed in the literature.
Following the footsteps of [11], references [6], [7] proved that
the outage probability as a function of the signal-to-noise ratio
(SNR) decays linearly in a log-log scale with a slope given by
the so-called outage diversity or SNR exponent. This SNR expo-
nent is precisely given by the Singleton bound and shown to be
achieved by random codes constructed over discrete signal con-
stellations, providing the optimal tradeoff between the SNR ex-
ponent (diversity) and the target data rate [6]. On the other hand,
random codes with Gaussian constellations always achieve the
maximum diversity offered by the channel.

For perfect CSIR, nearest neighbor decoding yields minimal
error probability [5], [12]. As such, nearest neighbor decoding is
commonly used in practical wireless systems. The perfect CSIR
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assumption, however, implies that the channel estimator pro-
vides the decoder with a perfectly accurate channel estimate.
This assumption is too optimistic and very difficult to guarantee
in practice. The time-varying fading characteristics imply that
the receiver is likely to be unable to keep track of the channel
fluctuations precisely. This makes nearest neighbor decoding in-
herently suboptimal.

This paper studies nearest neighbor decoding for transmis-
sion over multiple-input multiple-output (MIMO) block-fading
channels when the receiver is unable to obtain the perfect CSIR.
We approach the problem by studying the achievable rates for
nearest neighbor decoder with imperfect CSIR. In particular,
for fixed channel and channel estimate realizations, we study
the achievability of the generalized mutual information (GMI)
[13], [14]. The GMI is generally known to be one of the achiev-
able rates when a fixed decoding rule -which is not necessarily
matched to the channel- is employed [15], [16]. In our case,
it characterizes the maximum communication rate under fixed
fading and fading estimate realizations, below which the av-
erage error probability is guaranteed to vanish as the codeword
length tends to infinity. We further analyze the GMI by studying
its important properties. Due to the time-varying fading and its
corresponding estimate, we introduce the generalized outage
probability, the probability that the GMI is less than the target
rate, as an achievable error probability performance for MIMO
block-fading channels. By achievability, we mean that random
codes are able to achieve this performance but it does not mean
that there are no codes that perform better than the generalized
outage probability. However, as shown in [16]-[18], indepen-
dent and identically distributed (i.i.d.) codebooks have a GMI
converse, i.e., no rate larger than the GMI can be transmitted
with vanishing error probability for i.i.d. codebooks. Thus, for
i.i.d. codebooks, the GMI is the largest achievable rate and the
generalized outage probability becomes the fundamental limit
for block-fading channels with mismatched CSIR.

We are particularly interested in the high-SNR slope of the
error probability (plotted in a log-log curve) captured by the
following SNR exponent (diversity gain)

log P.(snr)

d2
log snr

lim —
Shr— 00

6]

where P.(snr) denotes the probability of decoding error as a
function of the SNR, snr. We characterize this SNR exponent
using the generalized outage probability for the converse and
generalized Gallager exponents [13], [14] for the achievability.
Our main results show that the generalized outage SNR expo-
nent with imperfect CSIR d;.s;, is given by the simple formula

2)

where ds;; is the perfect-CSIR outage SNR exponent and d, is
the channel estimation error diversity, measuring the decay of
the channel estimation error variance as a function of the SNR.
Interestingly, this relationship holds for both Gaussian and dis-
crete-input codebooks. We further show that the above SNR ex-
ponent can be achieved by Gaussian random codes with finite
block length. The minimum block length achieving d;;i, is de-
termined by a channel parameter representing the fading distri-

dicsir = Inin(17 de) X dcsir
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bution, the number of transmit antennas and the number of re-
ceive antennas. On the other hand, discrete-input random codes
are only able to achieve d;.s;; With block length growing with
the logarithm of the SNR. These results validate the use of per-
fect-CSIR code designs and provide guidelines for designing
reliable channel estimators that achieve the optimal SNR expo-
nents. The theorem also generalizes the results in [6], [11], [19]
for MIMO block-fading channels with imperfect CSIR. Note
that the perfect CSIR condition is easily recovered by letting d,
to infinity. Finally, the results are applicable to a wide-range of
fading distributions including Rayleigh, Rician, Nakagami-m,
Nakagami-q and Weibull fading models; it can also be directly
extended to optical wireless scintillation channels based on log-
normal-Rice and gamma-gamma distributions [20]-[22].

There are several theoretical implications that may be ex-
tracted from this paper. First, with the SNR exponent as the per-
formance benchmark, we give a meaningful channel estimation
design criterion. As long as we can construct channel estima-
tion schemes with decay in channel estimation error variance
snr—! or faster, the perfect CSIR exponent is achievable with
mismatched CSIR. Second, this criterion is valid for code de-
sign based on i.i.d. Gaussian and discrete inputs over MIMO
block-fading channels. Third, the results validate the use of per-
fect CSIR code design under imperfect CSIR as long as we are
able to construct a reliable channel estimator with this criterion.

Throughout the paper, the following notation is used. Scalar,
vector and matrix variables are characterized with normal (non-
boldfaced), boldfaced lowercase, and boldfaced uppercase let-
ters, respectively. I,,, denotes the m X m identity matrix and
the symbols T and || - || represent the conjugate transpose and
the Frobenius norm for a matrix (or equivalently the Euclidean
norm for a vector). Random variables are denoted by uppercase
letters X and realizations by lowercase letters x; random vec-
tors are denoted by lowercase sans serif letters x and realizations
by boldfaced lowercase letters z; random matrices are denoted
by uppercase sans serif letters X and realizations by boldfaced
uppercase letters X. The exponential equality f(z) = z¢ in-
dicates that lim,_, . % = d as defined in [11]. The ex-
ponential inequalities < and > are similarly defined. The sym-
bols >, <, > and < describe componentwise inequality >, <,
> and <. Expectation is denoted by E [-]. Sets are denoted by
calligraphic fonts with the complement denoted by superscript
¢. The indicator function is defined by 1{-}; |«]|([z]) denotes
the largest (smallest) integer smaller (larger) than or equal to x,
while [z]+ = max(0, z).

The rest of the paper is organized as follows. Section II
introduces the channel, imperfect CSIR and fading models.
Section III reviews basic material on error exponents for the
block-fading channel. Section IV discusses the achievability of
the generalized outage probability using mismatched decoding
arguments. Section V establishes our main theorem stated in
(2), discusses the main findings, shows numerical evidence
and provides important remarks. Section VI discusses some
important observations on the results and extension to optical
wireless scintillation channels. Section VII summarizes the
important points of the paper. Proofs of theorems, propositions
and lemmas can be found in the appendices.
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TABLE 1
PDF FOR DIFFERENT FADING DISTRIBUTION

Fading type pdf wo T w; Wy @
. 1 _ln2 1 1
Rayleigh —q€ @ . =a o 0 2
.. |h—p
Rician L . 5 s n 2
. m™|h|2m=2 _ mlhl s _ m
Nakagami-m _‘—meF(M e JZ . T () 2m—2 3 0o 2
Weibull ﬂg—"|h\"*2e_( ) e n—-2 g 0 7
2 A2 14q%)% )12 g
Nakagami-g 31551 (%) e aza M gee footnote!
INote that we have the bounds: 1 < I(z) = > 52, % <

i\ 2
( ;’;Oi’”{#)) = e, for & > 0 as in [23], [24].

II. SYSTEM MODEL

Consider transmission over a MIMO block-fading channel
with n¢ transmit antennas, n, receive antennas and B fading
blocks corrupted by additive white Gaussian noise (AWGN) and
affected by an i.i.d. channel fading matrix, H, € C™*" b =

1, ..., B. The input-output relationship of the channel is
snr
Y, =,/ —H,Xy+%4,, b=1,...,B 3)
Nt

where Y, € C™*L X, € Cm*L Z, € C™*L are the re-
ceived, transmitted and noise signal matrices corresponding to
block b; L denotes the channel block length. We assume that the
entries of Z; are i.i.d. complex circularly symmetric Gaussian
random variables with zero mean and unit variance.

At the transmitter end, we consider coding schemes of fixed
rate R and length N = BL, whose codewords are defined as
X 2 [Xy,...,Xp] € A" *BL where X’ denotes the signal
constellation of size |X'| = 2. By fixed rate, we mean that the
coding rate is a positive constant and independent of the SNR;
thus the multiplexing gain is zero [11]. The multiplexing gain
was introduced in [11] and defined as

R
k2 lim —(snr).
snr— oo log snr

“

The multiplexing gain characterizes the high-SNR linear gain
of the coding rate with respect to the logarithm of the SNR. A
nonzero multiplexing gain is only possible with an input con-
stellation that has continuous probability distribution (such as
Gaussian input) or an input constellation that has discrete prob-
ability distribution but with alphabet size || increasing with
the SNR. Since many practical systems employ coding schemes
with fixed code rate and finite alphabet size, the assumption
of zero multiplexing gain is highly relevant in practice. Fur-
thermore, codewords are assumed to satisfy the average input
power constraint 57 E [||X||%] < n. Herein we assume that no
channel state information at the transmitter (CSIT) is available;
thus, the uniform power allocation over all fading blocks and
transmit antennas is used.

The entries of H,, are i.i.d. random variables that are drawn
according to a certain probability distribution. We use the gen-
eral fading model of [23], [24]. Let hy ..+ be the channel coeffi-
cient for fading block b, receive antenna 7 and transmit antenna

t. Then, the probability density function (pdf) of Hy ;. is given
by

pr.v‘.t (h) = w0|h|76—’11/‘1|h—11;2|9’ (5)

where wg > 0,7 € R, wy > 0, ws € C and ¢ > 1 are
constants (finite and SNR independent). This model subsumes
a number of widely used fading distributions such as Rayleigh,
Rician, Nakagami-mn (mm > 1), Nakagami-q (0 < ¢ < 1) and
Weibull (n > 2) as tabulated in Table I. For Rayleigh and Rician
fading channels, the above pdf represents the pdf of the com-
plex Gaussian random variable with independent real and imag-
inary parts. For Nakagami-m, Weibull and Nakagami-q fading
channels, the above pdf is derived assuming that magnitude and
phase are independently distributed, and that the phase is uni-
formly distributed over [0, 27 ). Furthermore, we assume that the
average fading gain is normalized to one, i.e., E [|[H|*] = 1.

At the receiver side, when perfect CSIR is assumed, nearest
neighbor decoding is optimal in minimizing the word error
probability. However, practical systems employ channel esti-
mators that yield accurate yet imperfect channel estimates. We
model the channel estimate as

H,=H,+E, b=1,..,B (6)

where H b, By, € C™ %™ are the noisy channel estimate and the
channel estimation error, respectively. In particular, the entries
of E, are assumed to be independent of the entries of H;, and
to have an i.i.d. complex circularly symmetric Gaussian distri-
bution with zero mean and variance equal to

2 _ cpp—d
o, =snr %,

with d. > 0. 7
Thus, we have assumed a family of channel estimation schemes
for which the CSIR noise variance is a decreasing function of the
SNR. This model is widely used in pilot-based channel estima-
tion for which the error variance is proportional to the reciprocal
of the pilot SNR [25], [26]. We generalize this reciprocal of the
pilot SNR with the parameter d. which denotes the channel es-
timation error diversity.

A nearest neighbor decoder is used to infer the transmitted
message. Due to its optimality under perfect CSIR and its sim-
plicity, this decoder is widely used in practice even when perfect
CSIR cannot be guaranteed. With imperfect CSIR, the decoder
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treats the imperfect channel estimate as if it were perfect. As-
suming a memoryless channel, it performs decoding by calcu-
lating the following metric:

e_”yb,l_\/ %Hbz”i‘

Q. clz. Hy) = ®)

T
for each channel use, i.e.,forb=1,...,B,{=1,..., L. The
decision is made at the end of BL channel uses for a single
codeword. .

Recall that hyr:, hpr: and e, are the elements of

Hy,, H, and E;, at row r,v = 1,...,n,, and column ¢,
. A loglhy.e)?

t = 1,...,ny, respectively. We define oy ,.; = —%,

N A log |hy,r¢|? A log ey e |”

Qprt = —ogam— and 0y, = — . Then, Ay,

Ay and O, are n, X n matrices whose element at row 7 and
column ¢ is given by ¢, &4 ¢ and 8y .+, respectively, for
allr = 1,...,n, and t = 1,...,n¢. We use this change of

random variables to analyze the communication performance
in the high-SNR regime.

III. MUTUAL INFORMATION AND OUTAGE PROBABILITY

It has been shown in [5], [12] that the average error proba-
bility for the ensemble of random codes of rate R and a fixed
channel realization H = H, input distribution P,(z) over al-
phabet X and perfect CSIR is given by

P. ave(H) < 27 NERHD ©)
where
1B
E(R.H)= sup — > Fo(p,Hy)=pR  (10)
0<p<1 b=1
is the error exponent for channel realization H and
EO(p7Hb)
1 P
P w(ylx',Hp) \ T2
— —log,E|[E (—y" : %Y, Ho
> Py|x,H(y|X> Hb)
Hy = Hy
1D

is the Gallager function for a given fading realization Hy [12].
Note that the inner expectation is taken over x’, while the outer
expectation is taken over (x, y) for a fixed fading realization
H),. Remark that the upper bound in (9) corresponds to the av-
erage over all codebooks whose entries have been generated
iid. (i.i.d. codebooks). The ensemble-average in (9) implies
that there exists at least one code in the ensemble whose av-
erage error probability is bounded as P, ,.,o(H) < 2~ N (RH)
[12]. Then, the average error probability for that code averaged
over all fading states is

Prmve <E [Q_NE’(R’H)} . (12)
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Basic error exponent results show that E,.(R, H) is positive
only when R < I(H) — e, where I(H) is the input-output mu-
tual information and € > 0 is a small number, and zero oth-
erwise. The instantaneous mutual information for block-fading
channels is easily expressed as

B
1 snr
I(H) = EZIW( n_tHb>
b=1

where 128" (W) is the mutual information of an AWGN MIMO
channel for a given channel matrix W¥. In particular, assuming
uniform power distribution! the mutual information is given by

Jawen (
for Gaussian inputs and
JAwen snr H,

Tt

= Mn¢ — E |log, Z e_H\/%Hb(X_“"’HZ

' EX Tt

13)

ﬂH;,) = log, det <Inr + ﬂHﬂﬂ,) (14)
Tt Tt

2 2
" i

15)

for discrete inputs?, where det(-) is the matrix determinant oper-
ator [27] and M £ log, |X|. To the best of our knowledge there
is no closed form expression for the expectation term in the mu-
tual information for discrete inputs. However, this expectation
can be computed efficiently using Gauss-Hermite quadratures
[28] for systems of small size; for larger sizes the above expec-
tation needs to be evaluated using Monte Carlo methods.

Using Arimoto’s converse [29] it is possible to show that the
mutual information with an optimized3 input distribution over
alphabet X', T*(H), is the largest rate that can be reliably trans-
mitted. There is no rate larger than I*(H) having a vanishing
error probability. This converse is strong in the sense that for
rates larger than I*(H), the error probability tends to one for
sufficiently large block length. This converse is also the “dual”
to the Gallager theorem for rates above the mutual information,
i.e., for a fixed channel realization H the average error proba-
bility of any coding scheme constructed from the alphabet X is
lower-bounded by [29]

Py ave(H) > 1 — 2~ NE(RH) (16)
where
1B
E'(R,H)= sup inf— Eo(p. Hy) — pR 17
(A _1ep<o P. B}; op, Hy) —p (17)

I'This assumption is mainly due to the unavailability of channel state informa-
tion at the transmitter (CSIT). Hence, the reasonable way to allocate the power
across all transmit antennas and all fading blocks is by distributing the power
equally. Note that this assumption is optimal at high SNR [11].

2This expression assumes equiprobable inputs. The results of the paper re-
main unchanged for an arbitrary distribution over X' ™t, since for high Snr the
equiprobable distribution is optimal.

3Herein optimality refers to an input distribution over alphabet X that maxi-
mizes mutual information J(H ). The maximized mutual information I*(H) is
usually called as capacity for a given input alphabet X" and channel H.
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is of the same form as (10) except for the range of p in the
supremum and for the infimum of the probability measure Py
over alphabet X'. With channel realization being random, over
all fading coefficients, the average error probability becomes

Prve > 1= E [27 NERS], (18)
It has been shown in [29] that E/ (R, H) is positive whenever
R > I*(H) and zero otherwise. Let P} (z) be the input distribu-
tion over alphabet X that achieves I*(H). Suppose that P} (zx)
is used to evaluate the Gallager error exponent (10). Then, it fol-
lows from [5], [12], [29] that I(H) is equal to I*(H), and for
sufficiently large IV, (12) and (18) converge and we obtain that
(51

Pe,ave (19)

gg%Pr{I(H) —e< R}
Pr{I*(H) < R} £ P,y(R)

(20)

which is the information outage probability [3]. The above re-
sults show the convergence of the random coding achievability
and converse to the outage probability as the block length in-
creases to infinity. These results also imply that the outage prob-
ability is the natural fundamental limit for block-fading chan-
nels.

One has to note that the convergence in (20) holds when the
capacity-achieving distribution for a given alphabet X, P}(x)
is used to construct codebooks. For a fixed input distribution
P,(z), the probability in (19) only characterizes random coding
achievability bound to the average error probability; it does not
imply anything on the converse bound for any given code. For
continuous alphabet, it is well known that i.i.d. Gaussian in-
puts achieve the capacity for AWGN channels. On the other
hand, for discrete inputs with alphabet size |X| = 2%, the ca-
pacity-achieving distribution for AWGN channels depends on
the operating SNR. For high SNR, equiprobable distribution
over X is optimal.

Definition 1 (Outage Diversity): The outage diversity or the
outage SNR exponent, di,, is defined as the high-SNR slope of
the outage probability curve, as a function of the SNR, in log-log
scale plot when the receiver has access to perfect CSIR

3 log Pout(R)

d(‘,sir é lim
log snr

snr— oo

21

Suppose that d.;, is a finite real-valued quantity, which is the
case for many fading distributions. Then, we have the following
lemma on the strict lower bound to the error probability at high
SNR [11].

Lemma 1 (Converse Outage Bound): For any coding scheme
with any arbitrary length, the average error probability at high
SNR is lower-bounded as

P. .ve(snr) > snrdesir | (22)

Proof: This lemma has been proven using Fano’s in-
equality in [11]. The claim in [11] works for finite length
codes when the multiplexing gain is nonzero. For fixed-rate
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transmission (zero multiplexing gain), it will no longer work
unless we assume that the block length grows with logsnr.
Here, we provide an alternative proof to this lemma based on
Arimoto’s converse. Recall E/.(R, H) is positive if and only
if R > I*(H) and zero otherwise. When the error exponent
E!(R,H) = 0, then 1 — 2=~ NE.(R-H) — () Therefore, the error
probability can be lower-bounded as

Prve >E [1 - 2—NEQ(R7H)] (23)
_ / (1 B 2ﬂvE;(RJ‘I)> pu(H)dH — (24)
J{I*(H)<R}
- / pu(H)dH
J{I*(H)<R}
~ / o~ NE.(RH)p (HYAH ~ (25)
J{I*(H)<R}
PR = [ VB 26
{I*(H)<R}
= out(R)' (27)
Note that for the set {I*(H) < R}, we have that
/ Z_A’Ei(RvH)pH(H)dH < Pour(R) (28)
J{I*(H)<R}

with strict inequality due to 27V E.(BH) < 1. Since the
right-hand side (RHS) of Arimoto’s converse is always
bounded by zero, as the SNR tends to infinity, the integral term
of 2~ NE.(R.H) decays, as a function of the SNR, at the rate
faster than or equal to the decaying rate of Py (R). Thus, the
last exponential equation follows accordingly. [ |

Equation (20) shows that the converse is tight with the achiev-
ability result suggesting that the optimal SNR exponent for large
block length is given by the outage diversity. On the other hand,
the lower bound of the error probability in Lemma 1 implies
that the outage diversity provides an upper bound for the SNR
exponent of any coding scheme constructed from the alphabet
X with a fixed block length L. The error probability perfor-
mance of good codes typically improves as the block length in-
creases. Thus, the outage probability, which characterizes the
dominating error event for large code length provides an upper
bound to the SNR exponent of the error probability for fixed
block-length codes. Furthermore, the proof in Lemma 1 is more
general than the proof based on Fano’s inequality in [11] in the
sense that the proof is well applicable for any zero or nonzero
multiplexing gain coding schemes and fixed block length.

We recall existing results on the optimal SNR exponents for
both Gaussian and discrete inputs with perfect CSIR.

Lemma 2: Consider transmission over a MIMO block-fading
channel at fixed rate R with fading model parameters wq, w1,
ws, T and @ as described in (5) and perfect CSIR using Gaussian
constellation and discrete signal constellation of size 2M Then,

Pout(R) =Pr {I*(H) < R} = Snr_dcsir (29)
where
Ao — (1+ %) Bngn, for Gaussian inputs 30)
T 1 (14 %) dp(R) for discrete inputs
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and

R
= (145 (o~ 2)[) o
is the Singleton bound. The exponent d.g, is achieved by
random codes for both Gaussian and equiprobable discrete
inputs.

Proof: For Gaussian inputs, the proof is outlined in [23]
by setting zero multiplexing gain. The proof for discrete inputs
extending the results of [30] to the general fading model in (5)
is outlined in Appendix A. ]

The results in Lemma 2 show the interplay among the system
and the channel parameters in determining the optimal SNR ex-
ponents. For any positive target rate, Gaussian inputs achieve the
maximum diversity. On the other hand, the diversity achieved by
the discrete input has a tradeoff with the target rate given by the
Singleton bound. Note that

. R
A}I_I)noo {B (nt — M)J = Bny—1

which implies that sufficiently large constellations can always
achieve maximum diversity. The diversity characterization for
discrete inputs provides a benchmark for the error performance
of practical codes. A good practical code must have an SNR
exponent (1) that achieves the Singleton bound.

(32)

IV. GALLAGER EXPONENTS, GMI AND GENERALIZED OUTAGE

When the nearest neighbor decoder has no perfect knowledge
of Hj, but rather has access to the noisy estimates H, for all
,..., B, then the decoder is mismatched [13]-[16]. This
problem is generally encountered for a wide-range of commu-
nication systems, where the only way to obtain CSIR is via a
channel estimator, inducing accurate yet imperfect channel co-
efficients. In this situation, the decoder treats the channel esti-
mate H, as if it was the true channel.
Following the same steps outlined in Section III, we can
upper-bound the error probability of the ensemble of random
codes as [13] (see also [14] for a detailed derivation)

Py ve(H) < 27 NEF (RH) (33)

where now the mismatched decoding error exponent is

B
1 ~
52 Ef (s, Hy) —pR  (34)

b=1

ETQ<R7ﬁ> = sup
s>0
0<p<1

and

E(?(‘g: p7ﬁb)
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is the generalized Gallager function for a given fading realiza-
tion H; and estimation error F; [13].

Remark 1: The use of the decoder metric lex’};l here is not
only restricted to the distance metric with noisy channel esti-
mate in (8). The random coding upper bound (33) holds for any
positive decoding metric.

Proposition 1 (Concavity ong2 (s, p, Hy)): Forafixed input
distribution, the generalized Gallager function, E(? (s, p, H b), 1S
a concave function of s for s > 0 and of p for 0 < p < 1.

Proof: See Appendix B. ]

Since E(?(s7 P, ﬁ;,) is concave in p for 0 < p < 1, the max-
imum slope of Eé‘?(s, P, ﬁb) with respect to p occurs at p = 0.
The maximization over s results in a maximum slope equal to
the generalized mutual information (GMI) [13], [15], given by

I8™(H) = sup

B
1 . N
p 5 2 (s Hy, Hys) - (36)
5> b=1

where

Ibgmi(snr7Hb7fIb7 8) =
QS - (y|X7 Hb)

ylx,H

E[ 5|X7|:|(Y|X/7|:Ib)‘Y7Hb7Eb:|

E |log, Hy = Hy, B, = Ey

(37

Note that if H = H, then I8™i(H) is equal to I(H). The eval-
uation of (37) gives

Il;gmi(snr7Hb7fIb7s)
~ S snr . A
= log, det 3, — ) (n + n—tlle, - HMI%)

E [SyTiy_ly‘ Hy, = Hb,Eb = Eb}

38
+ g3 (38)
for Gaussian inputs, where
Sy 21, + sHbHZ? (39)
t

and

It%mi(snngvfIln S)

2.

=Mn,—E [log2
' eX ™t

<e—8||¢¥<H»x—ma>+z||i

s

; mm—ﬂwmn";)]

(40)

for discrete inputs.

Proposition 2 (Nonnegativity of the GMI): For the decoding
metric lex p in (8), 8™ (H) is always nonnegative, i.e.,
I8™(H) > 0. (41)

Proof: See Appendix B. |
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Proposition 3 (GMI Upper Bound):
upper-bounded as

The GMI is

B
a1 . .
e () < 4 b§ 1: sup I8 (snr,Hb,Hb, s,,) )

—, s,>0

Suppose that the supremum on the RHS of (42) is achieved for
some s, > 0. Let s; be

s; = arg sup Ibgmi (snr7H;,7I:AI;,7 s;,) . (43)
sp >0
Equality in (42) occurs if s7 = s, b=1,...,B.
Proof: See Appendix B. ]

The maximum slope analysis on the concave function
E(? (s, p, H ») (due to Proposition 1) shows that the exponent
EQ(R, H) is only positive whenever R < I8™(H) — ¢, and
zero otherwise, proving the achievability of [ gmi(ff ). Then,
following the same argument as the one from [12], there exists
at least one code in the ensemble such that the average error
probability -averaged over all fading and its corresponding

estimate states- is bounded as

Pe < E [27NE (R (44)

which, for large N becomes
Peave < inf Pr{I*™(H) — ¢ < R} (45)
= Pr{I#™(H) < R} £ Pyoue(R) (46)

the generalized outage probability.

The above analysis shows the achievability of Pyout(R)
which indicates that for large N one may find codes whose
error probability approaches Py, (R). Unfortunately, there are
no generally tight converse results for mismatched decoding
[15] which implies that one might be able to find codes whose
error probability for large N might be lower than Py (R).
However, as shown in [16]-[18], a converse exists for i.i.d.
codebooks, i.e., no rate larger than the GMI can be transmitted
with vanishing error probability.

Proposition 4 (Generalized Outage Converse): For i.i.d.
codebooks with sufficiently large block length, we have that
Pout(R) S Pgout (R) S PF’,,H.VP,' (47)
Proof: The inequality of P. ... > Pgout(R) comes
from the GMI converse in [18] for i.i.d. codebooks. Fur-
thermore, due to the data-processing inequality for error
exponents E9(R,H) < E.(R,H) [13], [14], we obtain that
Is™(H) < I(H) [15], and hence Pyout(R) > Pout(R). []

From the above proposition, we say that the generalized
outage probability is the fundamental limit for i.i.d. codebooks.
With perfect CSIR, the nearest neighbor decoder yields the
minimal average error probability. Thus, with imperfect CSIR,
the average error probability can never be smaller than that
with perfect CSIR. This implies that the converse outage bound
in Lemma 1 also applies to the nearest neighbor decoder with
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mismatched CSIR. Then, as the SNR tends to infinity, the decay
in average error probability for this mismatched decoder as a
function of the SNR can never be larger than dj,.

V. GENERALIZED OUTAGE DIVERSITY

In this section, we describe the behavior of the generalized
outage probability for codebooks that are generated from
ii.d. Gaussian and discrete inputs. In particular, we study the
high-SNR regime characterized by the generalized outage
diversity, which is defined as follows.

Definition 2 (Generalized Outage Diversity): The general-
ized outage diversity or the generalized outage SNR exponent,
dicsir» 1s defined by the high-SNR slope of the generalized
outage probability curve in log-log scale plot when the receiver
only knows the noisy CSIR

A .
dicsir = i

_log Pyout(R)

(48)
log snr

sSnr—oo

This definition can be viewed as the extension of the SNR expo-
nent definition, dg;, for perfect CSIR case, where now we have
mismatched CSIR.

From the data-processing inequality summarized in Proposi-
tion 4, it is straightforward to show that the mismatched SNR
exponent is upper-bounded as dicsir < dcsir. However, this
relationship does not provide an explicit characterization of
the mismatched-CSIR SNR exponent d;.s;; as a function of
the matched-CSIR SNR exponent dgj,. In the following, we
provide a precise fundamental relationship of dicsi, and dcg;,-
Furthermore, we also show the way to achieve the optimal SNR
exponent using random codes of a given block length L, which
is of practical interest.

The converse results, which use the large block length results
on the generalized outage probability explained in Proposition
4, are summarized in the following theorem.

Theorem 1 (Converse): Consider the MIMO block-fading
channel, imperfect CSIR and fading model described by (3), (6)
and (5), respectively. Then, for high SNR the generalized outage
probability using nearest neighbor decoding (8) behaves as

Pgout(R) =Pr {Igmi(ﬁ) < R} = snr_dicsir (49)

where

di(‘,sir = min(17 dﬁ) X dcsir (50)
is the generalized outage SNR exponent or the generalized
outage diversity. This relationship holds for code constructions
based on both i.i.d. Gaussian and discrete inputs.

Proof: We use bounding techniques to prove the result. The
lower bound is derived by evaluating the GMI structure for each
type of input distribution. On the other hand, the upper bound
uses the simple upper bound in Proposition 3. See Appendices
C (for discrete inputs) and D (for Gaussian inputs), respectively,
for the details. [ |

Remark 2: Standard proof methodologies to derive the upper
bound to the SNR exponent for MIMO channels with perfect
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CSIR employ a genie-aided receiver [30]. However, this ap-
proach fails for mismatched CSIR. In general, mismatched de-
coding introduces additional interference during the decoding
process and this interference may not be reduced by having that
genie-aided receiver.

The converse in Theorem 1 gives a strict upper bound to the
decaying rate of the average error probability as a function of
the SNR for sufficiently long codes. The results also provide a
precise fundamental relationship between the perfect and im-
perfect CSIR SNR exponents. Suppose that a noisy channel es-
timator produces a Gaussian random estimation error with vari-
ance 02 = snr~% . Then, Theorem 1 shows that the imperfect-
CSIR SNR exponent is a linear function of the perfect-CSIR
SNR exponent with a linear scaling factor of min(1, d.).

The intuition on the scaling factor min(1, d.) is as follows.
Channel estimation errors introduce supplementary outage
events, adding to those due to deep fades [6], [11]. Therefore,
the generalized outage set contains the perfect-CSIR outage
set, and a generalized outage occurs when there is a deep fade,
or when the channel estimation error is high.

The above analysis also shows that the phases of the fading
and of the channel estimation error play no role in determining
the SNR exponents for both Gaussian and discrete signal con-
stellations. However, as shown in the proof (Appendix C), it
seems that the phases affect high-SNR outage events for discrete
signal constellations; the exact effect depends on the configura-
tion of the specific signal constellation.

For large block length, as shown in (46) and (47), it is suffi-
cient to study Pyout () to characterize the error probability for
i.i.d. codebooks. However, practical wireless communications
typically operate with a fixed and finite block length. Herein, we
present the results of achievable random coding SNR exponents
for a given block length L. In this context, we use the general-
ized Gallager exponents [13], [14] and evaluate the lower-bound
to the SNR exponents for any arbitrary length.

To prove the general theorem, we first state the SNR exponent
achieved by random codes with Gaussian constellations for any
7 in the fading model (5). We will then provide a tighter block
length threshold for 7 = 0.

Theorem 2 (Achievability—Gaussian Inputs): Consider the
MIMO block-fading channel (3) with fading distribution in (5)
and data rate growing with the logarithm of the SNR at multi-
plexing gain & > 0 as defined in (4). In the presence of mis-
matched CSIR (6), there exists a Gaussian random code whose
average error probability is upper-bounded as

Pe,ave(snr) S snr‘dg(k) (51)
where
B n,
d[ k = ] f .
o) ”{Ai}&etdpxl}{ ( ) 2; 2 Qp, -t
+ Z Z Z Hb rit
b=1r=1t=1

B
+1L (Z[mm Omin) — Qb min] 4 — Bk) }

1

(52)
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and A, is the complement of the set

-AG é{A7e € RBanXnt .

B
> [min(L, fmin) — @bmin] ;. < Bk} (53)
b=1

where

(54)
(55)

min {61’1,1, N

gBynrant}

? ab7n1‘7nt} .

76}),7,157 RN

emin

> 1>

Qp,min = Min{ap 1.1,..., Qb rt,...
The function dY (k) can be computed explicitly for any block
length L > 1.

Proof: See Appendix E. ]

Corollary 1: Following Theorem 2, the SNR exponent lower
bound for Gaussian input with zero multiplexing gain is given
by

L _ _ dicsir
de(k = 0) = {BLmin(l,de)
(56)

Proof: The proof is obtained by solving the infimum of the
variables in Theorem 2 for a given length L. The optimizer of ©
to dé(k) is given by @ = d,. x 1 because an increase in f,i,
increases oy, min in the constraint set and by definition 6, ; >
O min. To find the aj ., that gives the infimum of ds(k = 0),
letay .+ € [0, min(1, d )] and o ;.. be the infimum value that
is t1ght in the constraint. Since (;bmt >l min, the infimum
solution for the rest of a4 is given by o, , = af . . Using
these, it is straightforward to prove (56). o ' |

For 7 = 0, we have the following proposition that provides a
tighter achievability bound than Theorem 2.

Proposition 5: Consider the MIMO block-fading channel (3)
with fading model (5) for 7 = 0, imperfect CSIR (6), data rate
growing with the logarithm of the SNR at multiplexing gain
k > 0 as defined in (4) and n* = min(n¢,n,). Let A, be a row

vector consisting of the nonzero eigenvalues of H bH b With 0 <
)\;,1 < ... < )\;,n*,and/\ {/\1,.. )\;,,.. )\B} Define

A log
the variable ﬂb,,; as ﬂb,,; £ _ lof -1 There exists a Gaussian
random code whose average error probability is upper-bounded

as

for L > [(14 F) nen.|
otherwise.

P, ,ve(snr) < snr—da (k) (57)
where
dg (k)
B n*
— _inf DD @201+ [ — nel) B
ALN{Br0,0>d. x1} b=1 i=1
B n, ng
ORI
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and A, is the complement of the set

>

b=1 =1

n*

[min(l, Bnin) — mﬂ-L < Bk} (59)

~

where

emin £ min {91,1,1; ) eb,r,t; LR eB,n,-,nt} . (60)
The function d% (k) can be computed explicitly for any given
block length L > 1.

Proof: See Appendix G. ]

The optimizer of © in (58) is given by ©" = d. x 1 be-
cause an increase in fp,;, increases 3 ; in the objective func-
tion and the constraint set. To find ﬁfl that gives the infimum
of d,(k = 0) in (58), let 3; € [0, min(1,d,)]. Following
[11], for L > n¢ + n, — 1, the infimum always occurs with
SES™ (min(1,d,) - ,[};‘z) = Bk. For k = 0 (fixed coding
rate), the length of L > ny + n, — 1 leads to

dé(k = 0) = min(1, d.) Bnyn,. (61)
Using similar steps asin [11],if L < ng+n,—1, then dé(k =0)
is not tight to the djs;,; and the random coding achievable SNR
exponents are given by solving the infimum of d(k = 0) in
(58), which is strictly smaller than d;csir-

Therefore, for random codes with Gaussian constellations,
the lower bound to the SNR exponent is djcs;, as long as the
block length satisfies the following constraint

r2{

The achievability of the random codes constructed over dis-
crete alphabets of size |X| = 2™ for a given block length L is
summarized as follows.

forr= 0
otherwise.

ne +n,— 1

[(1+3) nene] ©

Theorem 3 (Achievability—Discrete Inputs): Let the block
length L grow as limgn— o0 ﬁ)(gsz;)r = w, w > 0. Then, there
exists a random code constructed over discrete-input alphabet
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of size |X| = 2M such that the average error probability with
mismatched CSIR (6) is upper-bounded by

Pe,avo(snr) S Snr_div(R) (63)

where d% (R) is given in (64), as shown at the bottom of the

page.

Proof: See Appendix H. ]

The assumption of the block length L to grow with the SNR
as L(snr) = wlogsnr, w > 0 is to obtain a more precise char-
acterization of what can be achieved using random codes with a
discrete constellation of size 2. The results show the interplay
among the growth rate w, the cardinality of the constellation 2/
and the achievable SNR exponent with random coding.

Remark 3: By letting w — 00, we have that

v(R)
= min(1l,d,) X (1 + -

oefie 2 (o))

This implies that d% (R) is equal to dics;, only at the contin-
uous points of the Singleton bound. Hence, random codes based
on discrete constellations are only able to achieve d;¢g;, at the
continuous points only for all possible R, with the block length
growing as log snr and the growth rate is very large. Herein we
have also shown analytically that the block length is required
to grow with logsnr at a certain growth rate w > 0 to obtain
nonzero random coding SNR exponent. To achieve the optimal
SNR exponent at the continuous points of the Singleton bound,
the growth rate, w, should approach infinity, and the channel
estimator should provide reliable estimates (d. > 1). This is
illustrated in Fig. 1.

Fig. 1 also explains the case of a finite-valued w. If w is
fixed and satisfies wM log2 < min(1,d,) x (1 + %) n,, then
the lower bound d’ (R) can never achieve the scaled Singleton
bound for any positive rate R. On the other hand, if w is fixed and
satisfies wM log 2 > min(1,d,) x (1 + %) n,, then the lower
bound d4 (R) can achieve the scaled Singleton bound for some
values of R (as indicated by the dashed line in Fig. 1); larger w
implies a larger range of values of R for which d. (R) is equal

< min(1,d.) X (1 +

= dicsir .

wBM log2 (nt — %) ,

wM log 2 (1 + [%J -

\

+ min(1,d.) x (1 + %) Ny ({B (nt _ R

min(1,de)X (1+%)nr

0<w< M log 2

min(1,d.)X (1-1—%)71,‘
Mlog 2 sw<

1 min(1,d. ) x (143 )n.
M log 2 1+L% _BR

M

(64)

M M

in(l,de)x(14+ % )n.
w > - 11 % min( ) ( 3 )’n,
= Mlog?2 1+LBR _BR
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wMlog2 — oo

df (R)

Fig. 1. Random coding SNR exponent lower bound for discrete signal code-
books as a function of target rate R (in bits per channel use), B = 4, n, = 2,
n,=2,7=0,M =4andd. = 0.5.

to dicsir- As w tends to infinity, we achieve djcs;, for all R except
at the discontinuity points of the Singleton bound (as shown by
the solid line in Fig. 1).

VI. DISCUSSION

This section discusses some important insights obtained from
our main results.

A. Important Remarks

The following observations can be obtained from Theorems
1, 2, 3 and Proposition 5.

1) The optimal SNR exponent for any coding scheme can be
obtained when d. > 1. From Lemma 1, Proposition 4 and
Theorem 1, the converse on the SNR exponent is strong
since Pyout (R) has the same exponential decay in SNR as
P,.+(R). We need both a good channel estimation and a
good code design to achieve the optimal SNR exponent.

2) The results emphasise the role of the channel estimation
error SNR exponent d. for determining the generalized
outage exponent. Even with noisy CSIR, we are still able
to achieve the perfect CSIR SNR exponent provided that
de > 1.1f d. < 1, the resulting SNR exponent scales lin-
early with d. and approaching zero for d.. | 0. Fig. 2 illus-
trates this effect in a discrete-input block-fading channel
with B=4,7=0,n; = 2and n, = 2.

3) The term min(1, d.) appears naturally from the data-pro-
cessing inequality. It highlights the importance of having
channel estimators that can achieve error diversity d, > 1.
With d. > 1, the error level is likely to be much less than
the reciprocal of the SNR level as the SNR tends to infinity.
In a block-fading set-up, this result provides a more precise
characterization on the accuracy of the channel estimation
at high SNR than [31].

4) The role of the channel estimation error diversity d. is
governed by the channel estimation model. With a max-
imum-likelihood (ML) estimator, it can be shown that
d. is proportional to the pilot power [25]. Larger pilot
power implies larger d.. Hence, the price for obtaining
high outage diversity is in the pilot power which does not
contain any information data. The bounding condition
min(1, d.) implies that the perfect-CSIR outage diversity
can be achieved with d. = 1. Note that although having
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s, ]
— d.=1
J S— de:§0.5 — |
d, = 0.05 —
0 1 I
0 05 1 15 2
R
M

Fig. 2. Generalized outage SNR exponent for discrete-input block-fading
channel, B = 4, 7 = 0 (Rayleigh, Rician and Nakagami-q fading), n, = 2
and n, = 2.

larger d. for d. > 1 shows no diversity improvement, it
still leads to a better outage performance. As d,. tends to
infinity, the outage performance converges to that with
perfect CSIR.

5) The outage diversity in Theorem 1 is valid for the gen-
eral fading model described by (5). This fading model is
used extensively in analysing the performance of radio-fre-
quency (RF) wireless communications.

6) For a given d. > 1, Gaussian random codes with finite
block length can achieve the full diversity of Bnn, as
long as the block length is larger than a threshold. On
the other hand, discrete-alphabet random codes with fi-
nite block length cannot achieve the diversity given by the
Singleton bound dp(R). In order for these random codes
to achieve the Singleton bound, the block length needs to
grow as w log snr [6].

Figs. 3 and 4 illustrate the generalized outage proba-
bility Pyout(R) in (46) for Gaussian and binary phase-shift
keying (BPSK) inputs, respectively, over a MIMO Rayleigh
block-fading channel with ny = 2 and n, = 1. The following
parameters are specified: B = 2 and R = 2 bits/channel
use for Gaussian input and B = 2, and R = 1 bits/channel
use for BPSK input. The curves were generated as follows.
Monte Carlo simulation was used to compute the number of
outage events. Firstly, each entry of H, and E,, b =1,..., B
were independently generated from zero-mean complex
Gaussian distributions with variance one and 02 = snr=d,
respectively. The values of d. = 0.5, 1, and 2 were used for
comparison with the perfect CSIR outage probability. Sec-
ondly, for a fixed s > 0, channel H, and channel estimate
H, = H, + E,, Ifm‘(snr,H;,,fI;,,s), b = 1,...,B were
computed for Gaussian inputs (38) and BPSK input (40). Note
that for Gaussian inputs, the generalized outage diversity may
not be derived directly from (38) particularly due to the term
E [syTigly Hy, = Hy,E, = E,|. However, this term can be
evaluated numerically using the singular-value decomposition
[27] as in Appendix D. On the other hand, for BPSK input,
we compute the expectation in (40) using the Gauss-Hermite
quadratures [28]. Thirdly, for a fixed H} and H b, the supremum
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Fig. 3. Generalized outage probability for Gaussian-input MIMO Rayleigh
block-fading channel with B = 2, R = 2,n, = 2 and n, = 1.

10 —Perfect CSIR
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Fig. 4. Generalized outage probability for BPSK-input MIMO Rayleigh block-
fading channel with B = 2, R = 1,ny = 2 and n, = 1.

over s in the RHS of (36) was solved using standard convex
optimization algorithm since the function

B
1 . N
B E IF™ (snr, Hy, Hy, s)
b=1

(68)

is concave* in s for s > 0. Finally, an outage event was de-
clared whenever I5™( H) was less than R. Pyout(R) was given
by the ratio of the number of outage events and the number of
total transmissions. From the figures, we observe that dg;, is
equal to 4 and 3 for Gaussian and BPSK inputs, respectively.
As predicted by Theorem 1, the slope becomes steeper with in-
creasing d., eventually becoming parallel to the perfect CSIR
outage curve for d. > 1. For d. > 1, the slope does not in-
crease as d. increases. However, we still observe the improve-
ment in outage gain; the curves for d. = 1.25 achieve the same
Pyout(R) as the one for d. = 1 at a lower SNR.

B. Remarks on the Diversity-Multiplexing Tradeoff (DMT)
for the Gaussian Inputs

In this paper, we focus on fixed-rate transmission such that
the coding schemes have zero multiplexing gain [11]. The anal-
ysis in this paper can be extended to the nonzero multiplexing

4The concavity of & 37 IE™(snr,H,, H,,s) in s is a consequence
of I,‘fmi(snr., H;A,,IAL,., s) being concave in s for s > 0. The concavity of
I,%"“‘(snr,, H,,H,.s) can be shown using the same technique used to prove
the concavity of E(? (s, p, H ») (Appendix B).
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gain (K > 0) case. In this case, the data rate can be expressed
as a function of the SNR, R(snr) = klogsnr. A nonzero multi-
plexing gain is relevant for continuous inputs such as Gaussian
inputs or discrete inputs with alphabet size increasing with the
SNR. In the following, we provide some remarks on extending
the results to the nonzero multiplexing gain for the Gaussian in-
puts.

The analysis of nonzero multiplexing gain is implicitly
covered in Theorem 2 and Proposition 5. Both results provide
a lower-bound on the optimal diversity-multiplexing tradeoff
(DMT) with infinite block length. Note that from Theorem 2,
one may obtain nonzero dé(k) for general fading parameter 7
and for L — oo as

di (k) = (1 + g) Bneny (min(1, do) — k),
for 0 < k < min(1,d.). (69)

Note that this lower bound can be loose since the maximum mul-
tiplexing gain for a positive diversity is min(1, d.) as compared
to min(n¢, n,) for the case of perfect CSIR [11]. From Propo-
sition 5, one may obtain nonzero df, (k) for fading parameter
7 = 0 and for L. — oo as the tradeoff with the multiplexing
gain. Indeed, as shown in Appendix G, the lower-bound to the
optimal DMT curve df (k) for L — oo is given by the piece-
wise-linear function connecting the points (k, d% (k)), where

k = 0,min(1,d.),2min(1,d,), ..., min(ny,n,) min(1, d,)
(70)

k
¢ — mi . "~ min(1,d,)
dg(k) = min(1,d.) - B (m min(l,de)>

k
. (nr B min(l,de)> - b

Note that we have dé*,max = min(1,d.)Bnn, and kpax =
min(n, n, ) min(1, d.). This lower bound is tight for B = 1
and d. > 1, which is the perfect-CSIR DMT [11].

There are several reasons why the above bounds may not be
tight for mismatched CSIR. The first one is that we only eval-
uate the above bounds based on Gallager’s lower bound to the
error exponent (34) which for large L yields an upper bound to
the generalized outage probability as shown in Appendix E and
Appendix G. Hence, these bounds are not an exact characteri-
zation of the generalized outage probability. The second one is
that for the bound in Theorem 2, the tradeoff is derived by using
the joint pdf of the entries of H;, and E}. Note that this leads to
a further lower bound as shown in Appendix G. A tighter bound
is obtained by considering the analysis using the joint pdf of the
eigenvalues. However, this last approach has some technical dif-
ficulties particularly for 7 # 0 as also shown in Appendix G.

Using the upper bound for the GMI (Appendix D), an upper
bound for the optimal DMT can be derived. This yields

k
S (k) < (1 Z)B cmin (1- ——~——d, ),
1051r( ) = + 2 Tt Ty ML min(n“nr) ) )
for 0 < k < min(n¢,n,). (72)

Note the upper bound is trivial for any d, < 1 — m

because this is identical to the result of zero multiplexing gain;
the diversity with zero multiplexing gain is an upper bound to
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the optimal tradeoff. The upper bound (72) and the lower bound
(69) are tight only for zero multiplexing gain.

C. Extension to Optical Wireless Scintillation Distributions

In optical wireless scintillation channels, we mainly deal with
the received signal intensities (or instantaneous power signals),
and not complex input symbols or complex fading realizations;
thus the use of real amplitude modulation such as pulse-posi-
tion modulation (PPM) is common [20]-[22], [32]. This means
that the channel phase is not being considered in the detec-
tion (noncoherent detection) and therefore only the real-part
of the complex Gaussian noise affects the decision. However,
the mutual information and the GMI expressions in (13) and
(36) are valid for real-valued signals and real-valued fading re-
sponses as well (see also [20], [32] for the compact expression
of single-input single-output (SISO) mutual information with
PPM inputs). Notice that in our converse and achievability re-
sults, we have used the joint probability of A and ©. The pa-
rameter that distinguishes the resulting SNR exponents for dif-
ferent fading conditions is the channel parameter 7 in the form
of 1 + 5. This form comes out naturally from the pdf after

defining o, 1 = — %. Thus, as long as after performing
the change of random variables, we can express the pdf of the

normalized fading gain for each channel matrix entry as
pa,.,. (@) = exp (— (1 + %) alog snr) , fora>0 (73)

then our main results are valid for those fading distributions
as well. Consequently, the results are valid for fading distribu-
tions used in optical wireless scintillation channels such as log-
normal-Rice distribution for which ( 14 %) = % and gamma-
gamma distribution for which (1+ %) = £ min(a,b), where
a, b are the parameters of the individual gamma distributions

[20]-[22].

VII. CONCLUSION

We have examined the outage behavior of nearest neighbor
decoding in MIMO block-fading channels with imperfect CSIR.
In particular, we have proved the achievability of the general-
ized outage probability using error exponents for mismatched
decoding. Due to the data-processing inequality for error expo-
nents and mismatched decoders, the generalized outage proba-
bility is larger than the outage probability of the perfect CSIR
case. Using the GMI converse, we have shown the general-
ized outage probability as the fundamental limit for i.i.d. code-
books. We have further analyzed the generalized outage prob-
ability in the high-SNR regime for nearest neighbor decoding
and we have derived the SNR exponents for both Gaussian and
discrete inputs. We have shown that in both cases, the SNR
exponent is given by the perfect CSIR SNR exponent scaled
by the minimum of the channel estimation error diversity and
one. Therefore, in order to achieve the highest possible SNR
exponent, the channel estimator scheme should be designed in
such a way so as to make the estimation error diversity equal
to or larger than one. Furthermore, the optimal SNR exponent
for Gaussian inputs can be achieved using Gaussian random
codes with finite block length as long as the block length is
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greater than a threshold; this threshold depends on the fading
distribution and the number of antennas. On the other hand, for
discrete-constellation random codes, these SNR exponents are
achievable using block length that grows very fast with log snr.
The results obtained are well applicable for a general fading
model subsuming Rayleigh, Rician, Nakagami-m, Nakagami-q
and Weibull distributions, as well as optical wireless channels
with lognormal-Rice and gamma-gamma scintillation.

APPENDIX A
PROOF OF DISCRETE INPUT PERFECT CSIR SNR EXPONENT

Recall the fading model in (5). We can bound the pdf as 3

wo|h|Te—'w1(|h|+|m2|)‘P S w0|h|7’e—'11)1|h—1172\‘; (74)
Sw0|h|76*w1|(|h|*|wzl)l“’_ (75)
Let h = |h|e*" and o = — 8 " \where ¢+ = \/—1. The lower

log snr

bound for the joint pdf of A, ; and (I>
(a, )

> % logsnr - snr—(

¢ 18 given as

Pa,, . oH

b,r,t
148 )a = (s Fual) T g6
Remark that for &« < 0, we can see from the exponential term
that the above lower bound decays exponentially with the SNR
to zero; for o > 0, the exponential term converges to a constant
as snr tends to infinity. As for the joint pdf upper bound, every-
thing remains unchanged except for the exponential term. We
can write the upper bound for the exponential term as follows:

—a 14
pmwnl(hl=lwal)|* _ = wn s E —fus|

(77)
If o < 0, then the above term decays exponentially to zero as
snr tends to infinity. On the other hand, if « > 0, then the above
term converges to a constant as snr tends to infinity. We there-
fore have that both upper and lower bounds behave similarly
for high snr. Let Oy be the asymptotic outage set for the dis-
crete constellation X'. This set has been characterized in [30] for

perfect CSIR. We then have the outage probability for n, X ny
MIMO channels with B fading blocks

Py (R)
—d¥.
= snr” %esir (78)
i/ I CEEID DD DD DS S ey 3
Jorn{A>0}
(79)

Applying Varadhan’s lemma [33] yields the following result:

)Zi}jam (80)

=1r=1t=1

X
dcsur -

inf (
O)(Q{AEO}

which is exactly the Rayleigh fading result [30] multiplied by
(1+ 7).

SNote that for any real nonnegative numbers ¢ and d satisfying ¢ > d, it
follows that ¢¥ > d¥ for any ¢ > 0. Then, we have the triangle inequality
| — ws]? < (|1 + |wa])?. Applying the reverse triangle inequality we also

have |k — w.| > ‘|h| |u2|‘ > 0.
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APPENDIX B
SECTION IV PROOFS
1) Concavity of EOQ (s,p, Hy): Fix the input distribution
P(z). We first define 0 < go < 91,0 < T < 1,p = Tgo +

(1 =")g1, . s
Q x.H yX/*, H
f(s7$7y)é|E M X:g;;y:?be;Eb
Qypa(ylx, H)
(1)
and
E(C)g(shoaHb) = _IOgIE [f(S,X,y)p| Hb = Hb-, Eb = Eb] -
(82)

Then, we have that
E [f(S7X, y)p| Hy = Hy, By = Eb]

= E [ S(5,%,9) 7% f(5,x,) 17T

Hy = Hy, Ey = Eb} .
(83)
Using Holder’s inequality [34], we have that
E [ £(s:x9)™% f(5,x,) 070 | Hy = Hi By = By
< (E[f(s,%,y)"|Hy = H},, B, = E}])"
x (E[f(s.%,y)" |Hy = Hy, By = E))' "7 (84)

Taking the logarithm, which is a monotonously increasing func-
tion, on both sides yields

_E(?(s7p/ ﬁb) S _TESQ(SLQ(%IAIIJ) - (1 -

T)Eé?(s?thb)
(85)
which shows the concavity of the function E((j2 (s,p, Hy) in p
for p > 0.
Now, let s = Tgo + (1 — Y)g1. Then
f(37$7 y)

< <[E (M)go

- L Qy\x,F{(y|X7 Hb)

X <[E [(M)
Qy|>< H( | )

)17T

Q.. a(yI¥, Hb) YTgo+(1-")g1
i : ) X:$7y:y7Hb7Eb

(86)
T

X=T,¥y=1Y, Hb-, E};|>
1-7

X:’-’?:y:'y;H}uEb]>

(87)
= f(g(bz?y)r X f(gI7$7y (88)

where the inequality is due to Holder’s inequality [34]. Evalu-
ating the generalized Gallager function (82), we have that
E[f(s,x,y)’|Hy = Hy, E, = Ey]
<E [.f(.quy )T % fg1,% )P0 Hy = Hy, By = Eb}
(89)

< (E[f(g0,%,y)’|Hy = Hy, By = By])"

X (E[f(g1.%.y)"| Hy = Hy. By = B)) 7).
Taking logarithm on both sides gives us

—E¢ (5,0, Hy) < =YEF (90, p, Hy) = (1 =

(90)

Y)EdQ(gll P, IAI[’)
R o1
which proves the concavity of Eé? (s,p,Hyp) in s for s > 0.
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2) Nonnegativity of 18 (H): Let s* be the optimizing
value of s on the RHS of (36). Then, by substituting a specific
value of s to the RHS of (36), i.e., s | 0, we have that

B

oA 1 . .
I#™(H) = sup > IF(snr, Hy Hy,s)  (92)
5> b=1
1SN i
== > IE™(snr, Hy, Hy, 5%) (93)
1S i
> 151%1 5 Z I8™ (snr, Hy, Hy, 5) (94)
b=1

due to the fact that s* always maximizes the RHS of (36). Let
s = . Note that from (37) and (94)

liil&[;fmi(snr,Hb,IAIb,s)
= lim {éE 1082 @,y ) | = Hi. s = B3
_ [E[log2 E[Q) oK Aoy, Ho Eo]
‘Hb =H,,E = Eb:| } 95)

Q;_‘;Jq(ﬂxlv Hb)

y,Hy, By

s’ Too

= lim —E {log2 E [

Hy, =H, E, = Eb}. (96)

Since the function Q o (v, Hy) in (8) can be bounded as 0 <

Q: IXH(y|x Hy) < 1 fors = L > 0, we have that
E[Q (¢, Fo)| v, Hi B ] <1 ©7)
and
—10g2 E [ Q77 (/I Fu) |y, Hu B > 0. 98)
It follows from (96) that
Jim —E | log, £ [ Q] <. )| . Ho. 1)
H, = H,,E, = F,
r L . -
> E| lim —log, E [Q;l’xyg(yIX’-/ Hb)‘ y, Hs, Eb]
Hy = Hy, E; = (99)
- L . -
=E| —log, E Ll,iglo Q;;,g(ﬂxl:Hb)‘Y:HbaEb]
(100)

where the inequality (99) is obtained from applying Fatou’s
lemma [37], and the equality (100) is obtained from applying
the dominated convergence theorem [35]. This proves Proposi-
tion 2. This property serves as a weak lower bound for I gmi(IAI ).
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3) GMI Upper Bound: We have that

B
gml ']
sup — (snr,Hb,Hb,s)
s>0 bZ
1< -
<= Z sup Ip™ (snr7Hb7Hb7sb) . (101)
55>0

b=1

The left-hand side (LHS) supremum over s is taken over all
B blocks. Thus, the optimizing s does not necessarily maxi-
mize the value of 1™ (snr, Hy, H,, s) for each block b. In this
simple upper bound, however, the supremum is taken for each
individual block giving a larger quantity in total. In general,
I8™i(H) is equal to the upper bound when sy = s* for all
b =1,...,B, where s; is the optimizing s; for the RHS of
(101) and s* is the optimizing s for the LHS of (101).

APPENDIX C
PROOF OF DISCRETE INPUT MISMATCHED
CSIR SNR EXPONENT

We first state the following lemma. This lemma is general for
both i.i.d. Gaussian and discrete inputs.

Lemma 3: Consider the MIMO block-fading channel (3)
with mismatched CSIR (6) for the general fading model in (5)
and the high-SNR generalized outage set denoted by O ex-
pressed in terms of the normalized fading gain matrix A, fading
phase matrix ®" normalized error power matrix © and error
phase matrix ®% . Then, the generalized outage probability sat-
isfies

Pyout (R)
= oy (102)
= [ paon(4.87)p0(O)per (87)1A10IS" 15"

7 (103)
= /O Paon (A, 87)pe(0)dAd0d®™ D" (104)

For the fading model in (5), the generalized outage diversity is
given by the solution of the following infimum:

T e b
dicsir: inf ( ) T,
ON{A4>0.6d, x1) { 2 ; TZI ; ;¢
B n,
+ (Oo,re — } (105)
b=1r=1t=1

Proof: The joint probability of A, ©, ®" and ®F over the
outage region can be written as in (103) because the random
matrices © and ®F are independent. Note that since each entry
of estimation error phase matrix is uniformly distributed over
[0,27), the density pec(®F) does not affect the exponential
equality. Then, this lemma is obtained by evaluating the integral
(103) over O and applying Varadhan’s lemma [33]. The condi-
tion A > 0 is the same as that for perfect CSIR in Appendix A.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 58, NO. 3, MARCH 2012

On the other hand, the condition © > d. x 1 is derived as fol-
lows. Consider the entry of © at block b, receive antenna r and
transmit antenna ¢. The pdf of 6 is given by

d679) .

po,...(0) = logsnr - snre~? . exp (—snr (106)

From the above pdf, we can see that the interval of § for which
the pdf does not decay exponentially with the SNR to zero is
given by 6 > d.. The result follows by considering all entries
of ©. [ |
We start the proof of the discrete-input SNR exponent with
the proof for single-input single-output (SISO) channels. The
proof is based on both upper and lower bounds on the GMI. The
MIMO proof follows as a simple extension of the SISO proof.
1) SISO Case:
GMI Lower Bound: For the SISO channel, (40) becomes
Il‘;gmi(snn hb; }Alln S)

1 —s|Vat(hya—hya')+ 22

:M—WZE[10g2 Z (e ‘l\/5_<hb hy )+Z|
zEX z'E€X

.eslx/W(hl>—iLl»)$+Z|2)] (107)

and the GMI is given by

B
mif 1 mi ;
I#™(h) = sup 3 bg_l IF™ (snr, hy, hy, 5). (108)

s>0

For a given s > 0, the sum of Il‘;gmi(snr7 hy, by, s) over all b =

1,....Bg1elds

BM - Z oM Z E[IOgZ Z ( —s|venr(hyz—hya')+Z|?

reX r'eX

'es|\/_snr(lnbfzb)r+Z2)‘|

= 2]&4 Z E [Zlgg2 Z (G_S‘ﬁ(hbz—fbbx/)—i—ﬂ?

zeEX 'eX
.eS|\/S"_r(hb—fw))x+Z|2)j‘. (109)
For any noise realization z € C with |z| < oo, we can bound
the term inside the expectation as
0< Zlogg 3 (Aot
r'eX
S
B
I 2
S ZIOgQ (|X|esl\/m<hb—hb)a:+z‘ ) (111)
b=1
& log | X| + s|z — /snrepz|?
= Z . (112)
log 2
b=1
We have the expectation over Z
[ & log |X| + s|Z — \/snrebx|2]
1D
log 2
b=1
_ Blog|X| + (B +snr 37 Jes|*|*) a13)

log 2
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Note that the discrete constellation size |X'| and the energy |z|?,
Vi € X are assumed to be finite and independent of the SNR.
Thus, to make sure that the RHS of (113) is finite, i.e.,

Blog|X|+s(B+sanb Lles?|z]? )

114
log 2 (114

we can pick s in the set S C R™, which is defined as

1
S2{seRt:0<s< . (115)
B—I—snrzb 1 les]?

Hence, for any s € S, we can apply the dominated convergence
theorem [35], for which

lim E [log § : (e—s|\/Snr(hb:r—fzbz’)-l—Z|2
snr— oo 2
r’eX

. esﬁ(hb—ﬁb)l+zl2)]

_ : —s|\/enr(hyz—hyz' )+ 2|2
_[EL%@Q%ZG o

z'eX

) es|\/W(hb—be)ér+Z|2)‘| . (116)

Replacing the supremum over s > 0 in (108) with the
supremum over s € S results in the lower bound to the GMI
due to the suboptimal s. This suboptimality occurs because the
optimizing s that minimizes the expectation (109) can only be
obtained from the set S, not from the interval s > 0.

Substituting a specific value of s in the interval

0, ———=3%——| further lower-bounds the GMI. As we
” Bsnr Z les|?
will show later the following choice of s:

1
5= >0
B+ snr(1+) Y8 e,

(117)

can give a tight GMI lower bound at high SNR by selecting an
appropriate value of . At high SNR, the choice of ¢ > 0 allows

for 5 | 0(¢ 1 o0) and for § — ——=2——(c | 0).
B+snr2 les|?
o log |y |2
Using the transformation of variables o = —‘Egl—sr’:r and
1 2 . . . ~
Oy = — (;fg‘if]‘r , the exponential term in (107) with s = § be-
comes
e—§|\/snr(h,,.r—ﬁbm')-l—z|2+§|\/sn (hb—fu,).r+z\2 —
1-ay 1-0 e |2 1-0, e |?
—&|snr— 2 (bb (z—z')+z—snr—2 b’ +5|z—snr— 2 bz
e

(118)

where ¢! and ¢ are the angles of h; and e, respectively.
We have the following cases on the exponential convergence of
(118) for all B blocks as the SNR tends to infinity.

1) Casel:ay, > 1forallb =1,..., B (forany ;). Note that
under this condition, the perfect-CSIR mutual information
I(h) goes to zero as the SNR tends to infinity [6]. Due
to the data-processing inequality (Proposition 4) and the

nonnegativity property (Proposition 2), 18™i(R) also tends
to zero as the SNR tends to infinity.

2) Case2: ap < land ap < 6y forallb = 1,...,B. From
(118), we have the following dot equality for z # z’

b
snr =t i (w—x)-l—z—snr T ey

—l—s‘z—snr TPy

= —§ x snri7, (119)

The suboptimal s is given by

1 . ; 1
§= - Snrmln(O,Gmm 1—¢)

B+ snr(+9 20 e, |2

(120)

where 6, = min{#f;,...,0p}. By exchanging the limit
and the expectation as in (116), we can show that (118)
tends to zero as the SNR tends to infinity if and only if o, <
min(1,0min — €) and & # z’. Otherwise, we can upper-
bound (118) by one. This yields a further lower bound for
the GMLI. A tight lower bound is obtained by letting € | 0.
3) Case 3: o < 1 and ap > Oy forallb = 1,..., B. Then,
the terms with snr™=" "% 2/ and snr-=" ’¢b:1: in (118)
dominate, and we have the following dot equality

1—a 2

‘snr 2 ’¢'>(x—x)+z—snr T i g

+ 8 z—snr =iy

=0 (121)

= =5 (|2']* -

for |z| # |2'| and

|z|?) snr!

1—a 2

‘snr 2 ’¢'>(x—x)+z—snr T i g

2

+ 8 z—snr =iy

a0
= —§.snrlT T |2z|

- (cos(@5) - cos(@i" + 7)) (122)
for |z| = |2/|, © # &', ‘Wwhere e = @ — Pk, Pt =
qﬁ””' — ¢", and where qﬁT and ¢ are the angles of z’ and
x, respectively. Note that using

. 1 . ; -
5= - Snrmm((),emm 1—¢)

B +snr19 7 ey |2

(123)

with a strictly positive e, both (121) and (122) always tend

to zero as the SNR tends to infinity as a result of ex-

changing the limit and the expectation in (116). This makes

(118) tend to one, and I8™i(h) is lower-bounded by zero.
4) Case 4: Without loss of generality, we group «; and 6, as

follows

e ap>land oy < By, forb =1,..., By;

e ap<landay < Oy, forb=By+1,...,Bq;

e ay>landay > Oy, forb= By +1,...,Bo;

e a<landay > 6y, forb= DBy +1,...,B.
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Note that we select s = § that satisfies the exponential

equality
§ = min (snr?, snrf»n—179) (124)
where ¢ is chosen such that
0 < & < Omin — Omax (125)
and where
Omax = 1aX {ab‘ab < min(1,0min), b=1,. } (126)

Then, the convergence of (118) can be explained as fol-

lows.

e Forb € {1,...,Bp}, we have that a, > 1 and oy <
6. Under this condition and after exchanging the limit
and the expectation in (116), (118) tends to one for any
§ > 0. It implies that T8™ (snr, hy, by, 3) — 0, b =

, Bo for any € > 0.

. For b € {Bo +1,...,B1}, we have that o, < 1
and o, < 6. The dominating term in the expo-
nent of (118) is given by —§ x snr'=®¢. Thus, for
be {By+1,...,B1} and a < Onin, exchanging the
limit and the expectation in (116) yields the conver-
gence of (118) to zero as the SNR tends to infinity. We
then have that 1™ (snr, hy, hy,8) — M. On the other
hand, forb € {By + 1,...,B1} and ap > i, as the
SNR tends to infinity, we observe the convergence of
(118) to one as the SNR tends to infinity. This implies
that Igml(snr hy, h;, s) — 0.

* Forbe {B;1+1,...,B3}and 6, < 1, we have the dot
equality

2

‘snr = z¢1,( )—l—z—snr = P

2
+§ Z—snrz 74"73:‘
= =4 (|]2')? — |=|*) snr' % (127)
for |z 7é |a:’| and
2
snr= 7¢b(x—a:)+z—snr 7 ey

2
—l—s‘z—snr T et ‘
)|

. (cos ¢>‘7"’/ — cos ¢>””)
16
+ §|z|snrT= sin(¢® — ¢p)|x]
. (sin qﬁ“:' — sin ¢I‘)

o 1—0,
= §|z|snr—= cos(¢p® —

(128)

for |z| = |2'|, z # 2’, where ¢ is the angle of z. In this
case, we cannot use the dominated convergence theorem
[35] in (116) since there is a dependency on z. Instead,
since the logarithm is a concave function of its argument,
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we first apply Jensen’s inequality [36, Theorem 2.6.2] to
the expectation in (107)

E|logy > (e_s'ﬁ(h”—’?w’>+z|2

' EX
.es|\/sn_r(hb—ﬁb):c+z|2)]
<log, l Z ( —slvenr(hyz—hya')+2)°
' eX

es|\/srTr(hb—ﬁb)m+Zl2)] (129)

— 10g2 Z E [(e—s|¢sﬁ(hbm—ﬁ,bm/)+Z|2

. es|¢sn*r<hb—ﬁb>w+zﬁ)] , (130)
For a given z € C, |z| < oo, we have the bounds
0< (efs\\/ﬁ(hbzfﬁbx’)JrzF

_es\\/ﬁ(hbffzb)erzF) (131)

< eslz—amresa|® (132)
Averaging over Z yields

E [6s|z7mm|2] _ 1;6(;_i+s)snr\ab|2\x|2 (133)
-5

where we have assumed s < 1 so that the the above ex-
pectation can be evaluated. Furthermore, using s = § in
(117), the RHS of the above equation can be guaranteed
to be finite. Thus, with s = §, we can apply the domi-
nated convergence theorem [35] as

sSnr—oo

lim [E[(e_gl‘/snir(’“”””"‘_};’bﬂ”/)'i'zl2
. e§|\/5”7'(hb—’3b)m+2|2)‘|
_ [E[ lim (e—g|\/ﬂ(hbm—ﬁbm')+zﬁ
SNr— 00

) e,;,|\/smh,,—ﬂb)m+zl”)] . (134)

For |z| # |2/|, using the relationship in (134) and ¢ in
(125), we observe that (127) tends to zero as the SNR
tends to infinity and (118) tends to one. To evaluate
(128), we first upper-bound

1-0,
S|z|snr—=

cos(¢” — ¢} ||

. (cos gb“"' — cos qﬁz)
— ¢l

. (squ — sin qﬁm)

1-0y
+ §|zlsnr—= sin(¢*

< 43)zfsnr =" |- (135)
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Let v = |z|. Note that v has the Rayleigh pdf

p(v) = 21/6_”2, v >0. (136)

Using the result in (130) and the upper bound in (135)
for || = |2’|, we have that the expectation over | 7| as

—0,
E [ 4s\Z|snr 2 |ac|:|

—E |:e4susnr 2 |L:| (137)
o 1may ,
:/ edsvs el 90 gy (138)
0
=1+ 2\/7_r§snr% |x|e(4§25”r170b [«1%)
- (1 +erf (2§snr% |x|>) (139)
<14 dy/mgsnr 7 |pfe(d8sr 0 lal) (140)

where erf(-) is the error function [28]. The last in-
equality is due to the upper bound erf(a) < 1. Note that
for A, < 1, we have

1—-6 1—6

§.snrz0 Zsnrfmin=l=e g (141)

< sprfmin=1=e  gnpl=bs (142)

= snrfmin =0 =<, (143)

As 0, — € is always less than 6, the last dot equality

implies that as the SNR tends to infinity, the upper bound
in (140) tends to one. This provides an upper bound to
the expectation over Z in (130) at high SNR when |z| =
|#’|, ap > 1 and 6, < 1. Complementing the result with
the one for |:vl # |2'|, ap > 1 and 0, < 1, we have that
Igml(snr hi, hy, 8) — 0 when 6, < 1.

On the other hand, forb € {B1+1,..., By} and§, > 1,
we have that as the SNR tends to 1nﬁn1ty, ¢! 18) tends to
one for any § > 0. It implies that T2™ (snr, hy, by, §) —

0 for any ¢ > 0.

e Forb € {By +1,...,B}, we always have §, < 1.1t
follows that for |z| # |2’|, we have the dot equality as
in (121). On the other hand, for |z| = |2'|, z # 2/, the
dot equality follows from (122). Then, using ¢ in (125)
and exchanging the limit and the expectation in (116),
we observe that for both |z| # |2’| and |z| = |2’|, (118)
tends to one as the SNR tends to infinity. Thus, we have
that 1™ (snr, hy, hy,3) — Oforallb= By +1,...,B.

From cases 1 to 4, the generalized outage probability can
be upper-bounded as follows:

Pyout(R)

= snr—dics (144)
. BR

< Pr{bZ;]I{{ab <l—e}n{ap Sﬁmin—ﬁ}}< YA }(145)

} /o Do (@, 8" )pa(B)pg (¢°)dadfdg" dp®  (146)

=x
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where we have defined
0P 4 {a,() eRE:
B
BR
;n{{abg—e}n{abgemm—&}} < ﬁ}
(147)

for any €, 6 > 0. Applying the result in Lemma 3, we have that

X
dlCSlI‘ = inf

B
. T
05°N{a>0,0>d.x1} { (1 ! 5) bzz:lab
B
=+ Z(Hb - de)}'
b=1

(148)

Following the steps used in [6], we can show that the values
of a and 0 achieving the infimum are given by

0F = de, forb=1,...,B (149)

ap =min(l —€,6; —06), forb=1,...,B-b" (150)

ag =0, forb=B—-b"+1,....B
(151)

where b* € {0,...,B — 1} is the unique integer satisfying
bo< £ < b4l As this is valid for any e > O and § > 0,
the lower bound for di¥ . is tight if we let ¢, § | 0. This yields

icsir

A, > min(Ldo) x (1+ ) dp(R)  (152)
2
where dp(R) is the Singleton bound [6]
dp(R) =1+ {B (1 - £>J (153)
B = )|

GMI Upper Bound: For a given x, ' € X, we define

fl'a-r/ (81” snr, hln €bh, Z)
O

A —s
e~ S

Vsnrepx

T (154)
and for a given z € X', we define

fz(sbvsnn hbvebv'z) é logz Z fx,z’(5b7snr7hbveb7z)'

z'eX
(155)
Then, the GMI can be upper—bounded as (Proposition 3)
I8mi(h) < — sup Igm1 snr, hy, by, 8 (156)
(h) zz:s,,>0 ( by I b)
where
I;j”mi (snr. h;,. fu,. sb)
= o7 Z [fz sp,snr, hy, ey, Z)} (157)
zeX
1
=M-E [ZW Z Jz(sp,snr, by, ep, 7) (158)
zeX
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The configuration of the signal points in the constellation
X plays an important role in the evaluation of the GMI upper
bound. In particular, this relates to the energy level for each
signal point |z|?. Suppose that for a given constellation X, we
have n energy levels. Denote X,,;, n' = 1,...,n, as the subset
of X corresponding to the n’-th energy level. Then, we can par-
tition X" into n disjoint subsets X,,, n’ = 1,...,n such that

X=XU---UdA,. (159)
Note that for each n’, n’ = 1,...,
have the same energy.

The above partition represents all possible configurations of
X with respect to the energy levels. For instance, with fully-non-
equal-energy constellations, we have |X,/|=1,n" =1,...,n.
On the other hand, with fully-equal-energy constellations, we
have n = 1 and || = |X].

The following asymptotic high-SNR analysis is based on
the upper-bounding techniques from Proposition 3 and Fatou’s
lemma [37]. To this end, we use the change of variables from
|hy)? and |ep|? to ap and 6y so that we can write

n, all signal points in &,/

e—sb|\/snrhb (z—.r')-l—z—\/snrebz'|2+sb|z—\/snrebz\2

1—0y,

1—ay
z—z')+z—snr T2

—spsnr 2 e
=e

ol RE
b (

1-0,

2
e

b ,

Sp|z—snr 2 e¢bm

- e

.(160)

Similarly to the lower bound analysis, we expand the exponen-
tial term and consider the following cases.

1) Case 1: a5 > 1 Regardless of the value of 6, the
supremum of 7™ (snr, hy, hy, sp) over s, > 0 in (156)
tends to zero as it is upper-bounded by the perfect-CSIR
mutual information for block b [6].

2) Case 2: a3, < 1 and oy < 6. The supremum in the RHS
of (156) is equivalent to the following infimum

inf o7 Y E[falsnsnrhu e, 2)] 16D
zeX
which can be lower-bounded as
1, 3 S el 7]
reEX
> o7 Z [ il fu(susnr by e, Z)] (162)

by exchanging the infimum over s; and the expectation
twice. Let 53 be the value of s;, that gives the infimum in the
RHS of (162). The choice of 5, depends on the behavior of
the following term

\/sﬁebm/|2+sb |z—

e—sb|\/snrh,b(m—m’)+z— \/snrebm|2

(163)

It follows that if

|\/snrhy(z — 2') 4+ 2 — \/snrepa’|? > |z — /snreyz|? (164)
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the solution of §; is given by s, T co. Otherwise, the solu-
tion of 5, is given by 5, | 0. Note that since at high SNR
we have the exponential equality for z #

1—

— sy snrT et (x—x)—}—z—snr = i g

—}—sb’z—snr 2

—o (165)

2
L¢b$‘
= —sbsnr1

for ap < 1 and v < B, it follows that in this case 5, ] co.
Since f.(3p,snr, hy,ep,2) > 0, we can apply Fatou’s
lemma [37] to the RHS of (162) as follows

By Z [E[fm Sp, snr, hy, eb,Z)]

rzeX

2 o Z Lnlrg)noo fu(8p,snr, hy, e, Z)} .

This gives a further lower bound to the RHS of (162) at
high SNR and yields an upper bound to /8™ (h).
Using (165) and the limit in (166), we can show that (160)
tends to zero for x # x’ as the SNR tends to infinity, and
(160) is equal to one for z = 2'. Thus, the supremum of
IF™ (snr, hy, hy, sp) over s, > 01in (156) is upper-bounded
by M for o < 1 and ay, < 6.

3) Case 3: a, < 1 and o > 6. The supremum in (156) is
equivalent to the following infimum:

lim
snr—oo 2

(166)

. 1
s1bn>f0 E [W Z fr(shsnr?hbvehz) (167)
reEX
which can be lower-bounded as
. 1
slbn>f0 E I:QW Z .fz(sln snr, hb7 €b, Z)i|
TE X
>
> [E[Sb>0 537 ;fx Sp,SNF, iy, €3, Z)] (168)

by exchanging the infimum over s; and the expectation.
Let 55 be the value of s; that gives the infimum in the RHS
of (168). Note that this s is different to the one in case
2. The dominating terms in the exponent of (160) can be
shown to have the following exponential equality

1—

— sy |snr e (1 — @) 4 2 — snr T e i g
2
+ s Z—snr e s ‘
= —sp (|2']* = [«]*) snr' =% (169)
for || # |2’|. On the other hand, for |z| = |2/|, z # 2/,
we have that
~ sy fsnr Tt e (@ — ) + 2 — snr et
2
+ s Z—snr e s ‘
ap+0
= —g-snrlT T ||
(cos( emy — cos(gpg" —I—(ZYEII)) (170)
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with probability one since the constellation X is discrete
and both ¢! and ¢¢ are uniformly distributed over [0,27).
Hence, for a given € X and = # /, we have that at high
SNR

Ja,z'(Sb, SNI; Ny, €4, 2 =e Pzl o
7 s h Sb(ll" ‘l'l )snr b (171)

for

fm,mr(sb, snr, hb, €h, Z)
L_obto

o e—sb-snr -yt || (Cos(d’e}l) ms(¢§"+¢’°'”)) (172)

for |z| = |«/|. It follows that
fa:(sb7 snr, hb7 €p, Z) = 10g2 Z fz,m’ (Sb7 snr, hb7 €p, Z)
z'eX

(173)
Using the second order derivative of the log-sum-exp func-
tion f.(sp,snr, hy,ep, 2) above, it can be shown that the
function

D fulsp,snr, hy, e, 2) (174)

rEX

is convex in sy for s, > 0. To check whether the extreme
point, which gives the global minimum to (174), exists for
sp > 0, we can simply find the derivative of (174) at s, = 0
as shown in (175) and (176), at the bottom of the page.
Consider a pair of signal points (x1, z2) having the same
energy, i.e., 1, o € Xy, | X | > 2, forn’ € {1,...,n},
where 7 is the number of energy levels in X’ as stated in
(159). The contribution of the pair (1, 22) in the summa-
tions in (176) is given by

o1 [ cos(95) — [ cos(d5” + 7271)

i gm)

i+ )
— cos(eh — ¢-”f2-"”1)) (177)
= |z |? (2 cos(p§™) — 2 cos(pg™) cos(qﬁx”l)) (178)

= cos(¢¢h) |z |2 (2 — 2cos(¢™™)) (179)

+ |:1:2|2(zos( ih) — |:I?2|2COS(

= |z1|? (2 cos(¢s™) — cos(

= cos( ih)|$1|2(1 —cos(p™") +1 — cos(df’””))
(180)
= cos(¢5" a1 * (1 — cos(¢™2"1))
+ cos(¢g)|w2]* (1 — cos(¢™ ")) (181)

where we have used the equality ¢*'*> = —¢@ 2! by
definition of ¢*1%2 = ¢®1 — ¢*2, the equality in energy
|z1|? = |22|?, and the trigonometry identities

cos(a + b) 4 cos(a — b) = 2cos(a) cos(b) (182)
and cos(—a) = cos(a). Define
Q& {n :|Xy|>20"=1,....n}. (183)

Using the result in (181), we can re-write the summations
in (176) as

> X (lal?cos(gi™) = lal* cos(gi" + 7))

z€EX gz’
|2’ |=]x]
z'ex

=cos(d") D D T [alP(1 — cos(¢7")) (184)

n'€QreX, u'#u,
x’e/’t’,,,/

where we have incorporated all disjoint subsets X,,/,n’ =
1,...,n as given in (159) that satisfy |X,,/| > 2.

We have from the last equation that the condition 1 —
cos(¢™'*) > 0 is always true. Then, if cos(4§") < 0, then
the derivative in (176) is always nonnegatlve which im-
plies that the solution of s; that leads to the infimum in the
RHS of (168) is given by 5, | 0. By using 5, | 0 and ap-
plying Fatou’s lemma [37] to the RHS of (168)

lim E[% Z fx(gb,snnhb?eb,Z)}

shr— oo

reEX
) 1 _
>E[ lim o 2; fals,5nt, b0, 2)] - (185)
TeEX

as;,

reX ' #z

| | | |2 |=|]
’ v

r'ex

1
= Fiogz 2 | 2 (=l s
B rzeX z'#x
|2’ |||
z'ex
—snrl Lﬂb
= “TATosz Z Z (|a:|2cos ") — |z|? cos(gg"
& z€X 'z
o= o]

z'ex

12t

2. (cos(¢2h)fcos(d)zh+¢m/l))

55:0

w2 30 (cos(d5h) —cos(@i + 7)) | (175)
' #x
o’ |=a|
z'ex
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we have that the upper bound for the supremum of
Igml(snr hy, hs, sp) over s, > 0 in (156) tends to zero as
the SNR tends to infinity.

On the other hand, if cos( ih) > 0, then the derivative
in (176) is always nonpositive. Thus, there is a possibility
that there exists a positive number s, in the interval s; >
0 that leads to the infimum in the RHS of (168). This
also implies that the upper bound for the supremum of
IF™ (snr, hy, hy, sp) over s, > 0 in (156) is in the interval
[0, M]. Herein we can derive a loose upper bound as fol-
lows. We first define the event =; as

b) >0}

g 2 {¢n. ¢; €[0,27) : cos (¢5 —
eh (:bb A

where we have explicitly written b
loose upper bound is then obtained by con51der1ng that
when = occurs, the upper bound for the supremum of
If”“(snr hy, hb, sp) over s, > 01in (156) is given by M.
This loose bound is sufficient to show that the upper bound
for the SNR exponent is tight with the lower bound.

From cases 1 to 3, we can show that the generalized outage

probability is lower-bounded as follows:
Pgout(R)

X
icsir

(186)

(187)
B

. 1 . _

> Pr {E b§:1:M- 1{E% (o, 04, )} < R} (188)

= [ e @8 (O (¢ )dadbag" 8" (159)

X

=snr—

where we have defined
56,6(0‘1)7 01)7 Eb)
2 {{{on <146} n{on <6+ 6}

U{{ab§1+e}ﬂ{ab>0(,+6}ﬂEb}}

(190)
for é > @, and .
6 é 0 RB ]1 56 (3 9 = BR
{ < }Z: {€7%(aw, 04, 5p)} < i
5 (191)
From Lemma 3 and the set O, we have that
B
di‘slr — lnf 1 + Z a
_;150{1130,95(10“} { ( 2) ;
B
+3 (0, - de)}.
b=1
(192)

Similarly to the GMI lower bound, it is not difficult to show
that the values of §,, b = 1,..., B achieving the infimum are
given by d.. To find the values of ap, b = 1,..., B that solve
for the infimum, we need to see whether it is possible to find
the values of ¢! and ¢ that do not belong to =;. Note that the
following condition:

3T

< g5 — oy < 5 (193)

o3
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implies that cos(¢f — ¢7) < 0. Thus, from (186) and (193),
we can always find ¢} and ¢ that do not belong to =. It then
follows from [6] that the values of ap, b = 1,..., B achieving
the infimum are given by

ap =min(l+¢€,6; +6), forb=1,...,B-b" (194)
ap =0, forb=B-0b"+1,...,B
(195)

where b* € {0,...,B — 1} is the unique integer satisfying
Voo R o b4l
BSM="8B

Substituting the values of oy and 6, b = 1,...,B that
achieve the infimum in the RHS of (192), we obtain the upper

bound for the SNR exponent
it

< min(1,d.) X (1+

)ds(R)  (196)

icsir

where we have let ¢, 6 | 0 to make the upper bound tight.
2) MIMO Case: Recall the function in (40)

<e_s

Ibgmi(snrvavﬁb?S)

\/%(HLX—IA{H?/)'FZH;

_ﬁb)x+z||;>]

(197)

2.

= Mn,—E [log2
x'eXmt

snr
ng

where the expectation is over (x, z). It follows that the GMI is
given by
B

j{:‘lg snr, Hy, Hy, s). (198)

Mimicking the analysis done for the SISO case, we have the
GMI lower and upper bounds as follows.

GMI Lower Bound: Using the suboptimal § € S to apply
the dominated convergence theorem [35], we have that

A

F
snr 2
+8||z—/—Ex
Tt F
Ny ng 1
b, 7.t h
:—sE E snr—= et (zy, — 2h) + 2,
r=1|t=1
2
Tt 1-0p r 4
— E snr - 2 /Ld)b'r‘fx
2
Nt 1—0p .+t
—I—SE 2y — E snr— 2 d’b”:v,
(199)

where now |e,|? in (117) changes to || Ey||%, and where ¢;' .,
and ¢j ., are the angles of hy .+ and ey, +, respectively. Simi-
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larly to what it is done in [30], define the following sets S ,() T(S),

Ql(f 8 and fiy, fore, § > 0 as

S 2 {t {0t <1 =€} N {apre < Orain — 61,

t=1,... ,nt}
(200)
é}()e,s) U S(e 8) (201)
m, 2 |si)| (202)
where now Oy, 2 min{fi11,...,0r¢,...,08n,n, } Note

that $ satisfies

§ = snrmin(0min—=1=<) (203)
where ¢ is chosen such that
0 < e < Omin — Qmax (204)
and where
Qmax = Max {ab,r,t Qp ot < min (17 gmin) ’
b=1,...,B
r=1,...,n

tzl,...,’l’bt}.

(205)

Forr =1,...
the constraint set S, l(f’é), then with s = §, the exponential func-
tion inside the expectation in the RHS of (197) tends to zero as
the SNR tends to infinity. Otherwise, the exponential function
converges to one (as the lower bound implies). Therefore, we
can write the following exponential equality for high SNR

b,r,t h
-3 g snr—3 et (zy — xh) + 2,

,nr and z; # x, if there exists . ; satisfying

2
n
i 1—0p r¢ 14)
— E snr -2 brtx
2
Nt
1-0
bort 14)6 ,
+ 5|z, — snr— 2 L
t=1
. . 1-op,rt h
=3 E snr—=2 etz — ah) + 2,
regg‘r‘”
RS
2
n
i 1—0p r¢ 74)
— E snr -2 brtx
2
n.
i 1—0p,rt d’
+ 5|z — E snr- 2 e Thritpy
t=1

(206)
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Let s* be the value of s > 0 that solves the supremum in the
RHS of (198). Due to the use of suboptimal s, § in (206), we
have the upper bound for the expectation over z at high SNR as
follows

x’ e X"t

* ST —2 — /50
s 1/MH,,(m z')+z o

s
S

wvES) ]

<E|log, Y 1 {xt + )Vt € §§f’5>}] (207)
= M(n, —fb; t (208)
for all z € X™¢. Thus
im I Ysnr,Hy, Hy, s*) > M, (209)
and Pyout(R) is upper-bounded as
. 18
Pyout(R) < Pr {E bz_:l Meg, < R} (210)
Define
A BXnyXn & BR
0,2 {A79 € RBXmxne sz_;ﬁb < ﬁ} @11)

It follows that applying the result in Lemma 3 yields the lower
bound for the SNR exponent:
d- X

icsir

ny Nt
> inf

B
: T
~ 0,n{A>0,6>d.x1} { (1 T 5) ; ; Z Qb t

=1

B n,
+ gbrt
b=1r=1t=1

212)

We can observe from (200) that the solution of §; ., for all b =

,B,r=1,...,n,andt = 1,...,n; to the above infimum
is given by d.. Following [30], it can be proved that the solution
of the above infimum is given as

d¥. > min(1,d,) - (1 + %) e <1 + {B <nt - %)J) .

(213)

GMI Upper Bound: Similarly to the SISO analysis, the

GMI upper bound is evaluated using Proposition 3 and Fatou’s

lemma [37]. The only difference with the GMI lower bound is
in the definition of the sets

5
2t {{anne ST+ €} N {Q00 < O+ 6})
U{{aprs <1+ et N{aprs > Obre+ 6} NEprs},
t= 1,...7nt}(214)

Sl 2 U S (215)
r=1
w2 |5 (216)
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where

Eb é{(:bbrf ¢b7’f€[0 27[-) COS(¢§,1‘,1‘,_ brf) >0
(217)

Following the same steps used in the SISO analysis, we can

lower-bound the expectation over z as follows:

lim E [log2 Z <e_gx Vi Hy(@—a )t /3T

snr— oo
T’ EX™E

H\/:EH)]

>E [logz Y1 {xt £l ¥t €S ‘”}] (218)
x' €X't
— M(n, — 7). (219)

The generalized outage probability can be lower-bounded as

B
% Z Mz, < R} . (220)

Pyout(R) > Pr {
b=1

Define

B
_ BR
v 2 {A,G € RBXmexne ;—1% < —} (221)

Using Oy to apply the result in Lemma 3 and following the
technique used for the GMI lower bound, the SNR exponent
can be proved to be upper-bounded as

T R
dit ;. < min(1,d,.) - (1 + 5) Ny (1 + {B <nt - M)J) .

(222)

This is because the infimum solution for 6y . + in (214) is same as

the solution for 6,;, in (200) (given by d..), and because we can

always find qﬁ,’}’r,t and ¢; ., that do not belong to = ;. ;. This

completes the converse part of the main theorem for discrete

1nputs.

APPENDIX D
PROOF OF GAUSSIAN INPUT MISMATCHED
CSIR SNR EXPONENT

For i.i.d. Gaussian inputs, (38) can be written as (in natural
base log)

If;mi(snnH;,?fI;,?s)
= 10gdet<[nr + sﬁbﬁzﬂ> - S<7lr + ﬂ||f[b - Hb”%«“)
Nt Tt
+E [syfigly‘ Hy, = Hy, B = Ebj|
(223)

where

fsnr

Sy 2T, + sHbe (224)

Herein we derive the lower and upper bounds to the above ex-
pression to prove the converse part for the Gaussian inputs.
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1) GMI Lower Bound: 1t is not difficult to see that
E [syTEy_ly’ Hy, = Hy,E, = Eb} is nonnegative. Then, we
have that
IE™ (snr, Hy, By, 5)
snr
") = s (et 2B
(225)

fsnr

> logdet <I + sHbe

Without loss of generality, assume that ny > n,6. Let Xb,i, =

1,...,n, be the i-th eigenvalue of FI(,IAIZ Then, the RHS of
(225) can be converted into eigenvalues expression

Igmi(snr :\;, Ey, s)

>10g1_[<1—i—s)\bZ ) —s<nr+ﬂ||Eb||F>

1=1

(226)

Note that we can loosen the bound by considering the following
technique:

ﬁ <1+s;\blsnr>

=1
<1 +5/\b 1—> <1 +8/\b 2—) <1 +5/A\b,nrﬂ>
Nt
(227)
SR VL AT VL S (228)
Tt TNy n
SNr e <
=1+4s— ) M (229)
Ty ; b,
snr | -~
=1 +sn—||Hb||% (230)
snr
=1+ ZZVWA (231)
r=1t=1

where the last two equations are due to the fact that H,H Z is
a positive semidefinite matrix, where the singular values are al-
ways zero or positive. Hence, it holds that [27]

|H|[7 = Z Api = Z > bl (232)
1=1 r=1t=1

We then have a compact representation of the lower bound to
the GMI as

S|~
M=

I8™(H) = sup IE™ (snr, Hy, Hy, 5) (233)
s>0 =1
1 B snr
> sup — log(1+s H,|? >
SJOBZ;{ o (14

o
Il

snr
—s <n n —||Eb||%) }
Tt
(234)

6If ny < n., then it suffices to replace (I, + sH,H %') with (I,., +
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The high-SNR optimizing s is difficult to evaluate in a closed
form due to the sum for all B blocks involving the logarithm
function. The suboptimal s can be obtained using the following
argument. For any s > 0, we can lower-bound

B
snr snr
> {tog (1 sUIE2 ) < (o N ) |

B
snr
> )t CLI=SEE

snr
Bn, + — Z 1B |7

(235)

We continue the evaluation by performing the first-order
derivative to the RHS of (235) with respect to s and equating it
to zero. From this step, we obtain a suboptimal s with respect
to (234) and this suboptimal s is given as

B
§= = . (236)
Bne + 55 30 1Bl E
b=1

Substituting this § into (234) gives
IE™(H)
B||Hy |7
" Bu, + Y Bl e

Snr

B
[
b=1

(237)

Note that from ﬁb,r,t = hp .t + €p,rt, we have the following
relationship

|}Alb,r,t |2 = |hb,1",t|2+|eb,r,t |2+2|hb,r,t | |eb,r,t| COS(QS;JL,’I’,t_d)}e),T,t)'

R (238)

~ _ log Ihb,'r‘,t|2 _ log ‘hb,r,i|2 _

Let Qp rt 2— 7 logsnr ° Qprt = — log snr and Hb,r,t -
log|€b,r,t‘. ..

~ ogemr Then, for any real positive number ¢ > 0, we have

that for ap .y # Oyt

Snf§|ilb,r,t|2 — snrS=Grt = gppS—min(as r1,060) (239)
On the other hand, for oy, = 0+, we have the following
four cases.

o If hyrr = €yt and hy . # 0, we have that

snr<|iAL1,,T,t|2 =snrs % (240)
=dsnr® |y, 1|2 (241)
ZsnreT ot =gt (242)

* If hyrt = €5, and cos(¢y,.,) # 0, where e, , denotes
the complex conjugate of ¢ ..+, we have that

snr<|iALb7,~7t|2 =snrs nn (243)

=dsnr|hp 4 |? cos? ((bf,m) (244)

Zsnre it = snrs e, (245)

« If—hyri = ej,, andsin(¢y, ,) # 0, where ej , , denotes

the complex conjugate of ey, ;, we have that

snr<|lAn,,T7t|2 =snreT % (246)

=4snr®| ¢ |* sin®(¢y ) (247)

ZgnrS™ .t = gnyS—0b.rt (248)

o If hb,T,t =

snré|hy . ¢|? = snre Tt = Q).

Note that the condition for hy,; =

1505

—ep,r,t, WE have that

(249)

—ey,,¢ also covers

the condition for hy,.; = e, = 0, the condition for
byt = €5, with cos(¢f, ;) = 0, and the condition for
—hprt = ei,r,t with Sin(‘isl’},r,t) =0.

Using the preceding relationships, we have that

7. (|12
o1 B||Hy||7 ﬂ
Bn, + 3¢ Zb 1 ||Eb||F
snr —Qp,r,
=e {14+ Bn_tz Et s
Bn, + 3¢ Zb L Doy Dty snr e
(250)
1—&b min
. snr
= max | snr’, o T 251
max (snr0, snrl—0min)
= max (snro7 min (snro, snrg"‘i“*l) X snrlf‘s"*“‘i“) (252)
where
A
ab,min = min {9;, 1,15+« 61) R 9},,,1””‘} (253)
A .
Omin = min {Hl,min; ceey Oy ,miny - - - 793,min} (254)
~ A ~ ~
Qb min = MIN{&p 1.1, .., Qbrtse-oy Qbnpnt. (255)
Define @b, min, (T, t)ﬂb.m;n and (T7 t)é’b.m;n as
A .
pmin = mMin{ap 11, .., Wty oo Ay, } (256)
(rs Dy min = TG Min_ gy (257)
’ r=1,...,n; e
t=1,...,n¢
(1 t)gy i = arg  min 6y, (258)
’ r=1,...,n,
t=1,...,n

We have the following cases.

1) Case 1: (r

Doy min 7 (131)6, i - This refers to the case

where the indexes (7, t) for which the minimum occurs are
different for o »; and 6y, +. Clearly, we have that

snr

It follows that

e 1

= max (snr07 min (snro7

= max (snr07 min (snro7

_HHb”F - Sisnr*ab min snrl min(as, min 06, min )

. (259)

B Hy||% snr

Bn, + 2% Zb L 1B ||7 7

smﬂm;n— )snrl—&b,man) (260)
smﬁmin—l)

% Snrlfmin(ab,min,Gb.min)) (261)

= max (snro, snrmln(luemin)7m1n(ab.n}in10b.1nin)> . (262)

2) Case 2: (r,t

) )ab,min

= (r,1)6, ..., - This refers to the case

where the indexes (r, t) for which the minimum occurs are
the same for both o, .+ and 6y ;.
* Case 2.1: ap min < 0p,min. We have that

snr

_HHb”F - ﬂsnrfab_m;n = snr
Tt

1—ap min

(263)



1506

It follows that

iy, BULIE s
B, + 27 | EyI% ne
= max (snro, snrmm(l’e"““) “”m‘“) . (264)
* Case 2.2: oy, min > b, min. We have that
ﬂ”HbHF - ﬂsnr—ab min snrl Ob.n\in' (265)
Ny

If we have 6,,;, < 1, the high-SNR exponential equality
can be evaluated as follows:

1 B||Hb||F snr
B+ 2500 | Ell3 ™

= max (snr07 Snrannn_eb nun)

(266)
= snr? (267)

where the last dot equality follows from the condition
Omin < 0p,min. For Omin > 1, we have that

iy, BULIE s

Bn,+ Y7 E[% e
= max (snro, snr1 9” ) (268)
= snr’ (269)

where the last dot equality is due to 0 min > Omin-

* Case2.3: ap min = 0p,min. From (242), (245) and (248),
if hb mln = €b,min, hb,min 7é 0 or hb,min = eb,min’

— (b
COS( b, mm) ;é 0or — hb,min - e;t,min’ Sln(¢b,min) 7£ 0’
then we observe the same convergence results as in case
2.2. Otherwise, we have from (249) that snr~%s.min = ()

and hence
B||H,|1% snr)

e 1+
Bn, + 205 sl
= snr’. (270)
Note that the results in cases 2.2 and 2.3 are identical.
Summarizing from the above two cases, we have that

o102
Y (T
Bn, +

2 1Bl
[min(1,0min)— ab,nun]+ )
Let the data rate R(snr) satisfying the exponential equality
el = snrk | where k is the multiplexing gain [11] (k tends
to zero for fixed rate transmission). Then, from (237) and (271),
we can bound Py (R) as follows:

= snr

Q271)

Pyout(R)
= Pr{I®™(H) < R(snr)} (272)
= Snr_di(ésir (273)
. 18
<Pr {E [mln(1, emin) - ab,min]+ < k} (274)
b=1
= / paor (A, 8F)po(0)pe: (®F)dAdOIDH 1T
o)
(275)
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where we have defined

QG é {A79 c RBXn,.Xnt .

B
> [min(L, fmin) — @,min]y < Bk}. (276)
b=1

Applying the result in Lemma 3, it is not difficult to show that

ocn{Atitr)l,fezdem} { ( ) b§:1 ; tz:l Qp .t
+;Z

r=1t=1

dG

icsir =

9b rt = } @77

Since increasing ,,;,, increases both the infimum function and
the LHS of the constraint, the optimum 6.,;,, is given by 8%, =
d..Since 0y ;- + > Omin, the infimum solution is given by Gbﬂ,_t =
d.forallb=1,....B,r=1,...,n,andt = 1,...,ns. Onthe
other hand, the mﬁmum solutlon of A is given by the intersec-
tion of the region defined by Eszl Qp,min > B(min(1,d.)—k)
and the region defined by @ min € [O,min(l,de)]. Due to
the fact that ap r ¢ > Qpmin, forallr = 1,...,n, and t =
1,...,n, the solution to the above infimum is given by

S > (1 ¥ 5) Bneny x (min(1,de) — k) (278)

icsir =

for k € [0, min(1, d.)] and zero otherwise. For a fixed coding
rate (k = 0), we have that

S > min(1,d,) x (1 + g) Bngn,. (279)

icsir

2) GMI  Upper  Bound: The  expectation
E [syTigly’ H, = Hy,Ep = Eb} can be evaluated as
follows:

E [syfigly‘ Hy = Hy, E; = Eb]

= / sy Sy 'y P(@) Py (ylz, Hy ) dzdy (280)
z,
L lo-vEmmel, L el gy
e Tt
(281)

2
— — snr
lo=vEm=],

Y
:/ 5
J Y
. 1
:/syTEyly / nre
.y vxﬂ-

—e —l= ”Fd.’B) dy (282)

pr
syty=1 -
B /y 7 det (il_fz;:l +1,,) T (283)
where
Uy = In, + ﬂHbHZ (284)

is a positive semi-definite matrix. Let y = Qy, where Q is a
unitary matrix diagonalising 3.7 L. Then, y is a Gaussian random
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vector with zero mean and covariance matrix given by the diag-
onal matrix Q'X, Q. We have that 7

Ny

~ |12
e i
¥'E Yy =9'Q'S, Qi =§A5 =" 5]

—— (285
=11+%/\b,i (283)

where Ay ; is the -th eigenvalue of H, bH p»and Ais a dlagonal
matrix with diagonal elements given by (1 + i?:/\bﬂ)
1,...,n,. Since f]; Lis a Hermitian matrix, we can apply the
eigen-decomposition [27] such that

1_QAQ & A=Q'5;10

Z —

(286)

where Q is another unitary matrix and A is another diagonal ma-
trix obtained by diagonalising > !. Let Ay ; be the i-th eigen-

value of ﬁ WH Z, then the diagonal entries of A are given by
(1+5%/\b,i)*1 foralli =1,...,n,. Applying this to yTZ;ly,
we have that

Cl1 et doe bt AR AT
y'2, 'y =3'Q','Qi =§"Q'QAQ Q

= VAV =§'S, g

(287)
7 (288)

where V = QTQ is also a unitary matrix and f)g_ !is a Hermitian

matrix. Then, we have that

E [Syfiily‘ Hy, = Hy, B = Eb}

- : P /yTiy_lye_y%Zf”dy
7 det (i—":H;,Hb + In,.) Jy

1507
o S
wo det (S HH +1,,)
e
'X(@TVAVTﬂ)e 2 TN i
Yy
(290)

Let a”, 1 =1,...,n:,7 = 1,...,n,., be the entry of the
matrix Ef/ at row ¢ and column 7. Then, the integral in (290)
can evaluated as in (291)—(294), as shown at the bottom of the
page. Herein, g and v} ; denote the complex conjugates of g;
and v; ;, respectively, and R{-} denotes the real part of a com-
plex number. We have that from (291)

N, |’U‘_’ | ny
S M S
7j=1 ng 5] 7=1

where the inequality is because /A\b,j is nonnegative; the last
equality is because v; ; is an element of a unitary matrix and
the sum of |v; ;|? over j = 1,...,n, is equal to one. Finally, we
have that

E [syfigly‘ Hy = Hy, E; = Eb]

= SZO’Z‘_’Z' < + ﬂ)\bz> .
=1

(296)

(289) Let s* be the optimizing s that gives the supremum in the
TWithout loss of generality, herein we assume n, > n,. RHS of (36) for Gaussian inputs. We then apply Proposition 3.
N 12
/ (ﬂ*VAVTﬂ) ¢ Ll T
y
= [t
Y
1
—_— 0 0
I+s2% Ao . . N
V1,1 U1,n, 0 1 0 Vi1 ot Upaa Y1
% 1+S%)\b 2
Un,,1 Un, ,n, 0 0 1 ’Uin‘ ’U;kzr,n,» Yn,

_Zn; _lggl?
T snr . .
i=1 1+bezd.,

Ny _ L 912
:/ Z"“'*’Z +2ZZ§R 7139 95) | e L T g

=1 j>1

_z/%me =

2
1]

TR dgg 40

(291)

(292)

(293)

= 1 x det (ﬂHbHZ + In‘_) x Y 0 (1 n ﬂAb ) (294)
Tt —1
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Since s, 0;; and 5\;,7 are all nonnegative, using (295) we have
the upper bound to 12" (snr, H,, Hy,, s*) as

Ibgmi(snr,H;,,I:I;,, s%)

sup log det <sb ﬂflbﬁz + In,.>
s, >0

] (R AR 3y (Bt

1=1

sup logH (1 + Sbﬂ;\b 1) - (nr + ﬂ||Eb||F>

sp >0

IN

’"Ab,i) (297)
Ty

snr
+ 8p (nr + —||Hb||2F>
Nt
(298)

IN

sup n, log (1 + Sb—||Hb||F>
s, >0

snr snr
s <—||H;,||F - —||Eb||F) (299)

where the last inequality is due to the fact that Z )\b i =
|H,||%, thus each )\bl is upper-bounded by ||H1,||F
snr|[H,||% is greater than or equal to snr||Ey||%, then the
supremum in the RHS of (299) is achieved with s, T oo
because the RHS of the last inequality is a strictly increasing
function of s,. However, using the data-processing inequality
(Proposition 4), we can always bound IE™ (snr, Hy, Hy, 5*)
with the perfect-CSIR bound

IE™(snr, Hy, Hy, 5*) < log det (ﬂH,,HZ + Inr>
Nt
(300)
<o (14 ) Gon
t

On the other hand, if snr||H||% is less than snr||E}||%, the
supremum is achieved with s; given by

* Tr 1
sy =max | 0, - - o= .
wlBollE = SEHIE o) iy 12
302

The above sj is obtained from the solution of the first order
derivative of

snr, snr snr
mtos (15 S+ (Sl - 1)
t
(303)
with respect to s, when the derivative is equal to zero. The in-
terval s; > 0 yields the max function in the RHS of (302).

We continue the analysis by using the change of random
variables as used in the GMI lower bound. The condition
snr|[Hy||% > snr||Ey||% for the perfect-CSIR bound implies
that at high SNR, we have the following exponential inequality

nrl— Qs min Z snrl—fsmin o b, min < 9b,rnin-

(304)

We then have the following asymptotic upper bound character-
izations.
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1) Case 1: ap min < Op,min. From the perfect-CSIR bound
(301), we have that

snr

1+ —||Hb||F = max (snr?, snrt =¥ min) (305)

2) Case 2: ap min > O min. If is greater than or

o T B
equal to = ETATA T T we have s; | 0. From the
RHS of (299), this {}felds
S snr S snr
exp (B - )

<1 + s ||H,,||F> =snr’. (306)

Otherwise, we have

Ny 1
=[H 7 A, 2

sy =

- (307)
w7 —

and this also yields

*
exp (sbsnr |
NNy

SSnr
2 - 5 ||Eb||F)

<1 + s ||H,,||F> =snr’. (308)

Let the data rate R(snr) satisfying the exponential equality
el = snrk where k is the multiplexing gain [11] as used in
the GMI lower bound. From the above cases, we have the bound
for Pyout (R) as follows:

Pgout(R)
—dS .
= snr~ Tiesir (309)
. 1 B
Z Pr {E ; Ny [1 - ab,min]+ -1 {ab,min S ab,min} < k}

(310)

) o (0)po: (®F)dAdOIDT 40"  (311)

where we have defined

Og 2 {A,e € RBXnexme .

>

b=1

Bk
— O n11n]+ ]l{ab min S gb mm} } < n }
(312)

Thus, using the result in Lemma 3 to find the SNR exponent and
following the same steps used for the GMI lower bound, it is not
difficult to prove that

k
dlccjsur(k) S (1 + %) Bntnr HliIl (1 - T de) . (313)

Ny

For fixed rate transmission (k = 0), we obtain
dS . (k = 0) < min(1,d.) (1 n %) Bnene. (314

This proves part of Theorem 1 on the converse for Gaussian
inputs.
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APPENDIX E
GAUSSIAN INPUTS ACHIEVABILITY PROOF

Recall that from (35), the generalized Gallager function for
MIMO channels can be written as (in natural-base log)

y|x, H( |Z Hb)) d$/>p
Qi (Vb )

Hy = Hy, Es :Eb].

EOQ(S? pvﬁb)

=4%q<4aw%

(315)
Evaluating the inner expectation over x’ for a giveny = v,
x =z, H, = H, and E, = FE}, we have that
Qe Hy)\’
/ PX(ZI) y‘H—,\ d.’B/
z’ Qy‘x,ﬂ(y|$7 Hb)
it oI —sy'5y
y—y/EHe, ¢ (316)
det (sH H st il £ )
where
Sy = sHbHZﬂ 4 1. 317)

Then, the expectation over (x,y) is given as
p
ylz', Hyp
[E[ </ P(z') <M> dz')
! Qypin (Y% Hp)

Hy = Hy, By = Eb‘|

P ox e P Sy

Hy = Hy, Ep = Eb:|

det (sHb NS )p
(318)

We can evaluate the expectation operation as follows. For an
arbitrary function f(z,y), the expectation over (x,y) is given

by
vmm:/fmwpw

We first apply the integration over y

) Py|x(y|x)dyd:c. (319)

/( ”SHy \/TH”H o—PsY' S, 1y)
y
. ie_Hy_ wH “de (320)
7T r
Using QTy e have that
N At 1 R o =12
V18, =305, Q= 'h =3 e
byi

1509

where Q is a unitary matrix similar to the one defined in
Appendix D, and where we have assumed n¢ > n, without loss
of generality. Note that

2
snr -~
Hb.’ﬂ Hba;
F
2

SRk

because multiplication with the unitary matrix does not affect
the Euclidean norm of a vector. Therefore, we have that

[ (v
Yy

(322)

Tt

j— SnrQ Izl (323)

F

Py Sty

e

50

! e—ny—ﬁmni)dy

o—rsi'AY

e

i et 2
L - H”“F>dg (324)
T
- 1 ﬁ ( 1+ shs, iny )
(- miE) " s )
(325)
_ 1—ps " ln—[ L+ sXigy
1= ps — ps3||Ey||7 paiey 1+85\b,i%(1 - ps)
(326)

where the inequality in (325) is proved in Appendix F. Note that
the result in (325) requires ps < 1 and

uy
s <

< (327)
u + 2| Ey 17

—where uq and uo are some positive constants- so that the inte-
gral can be evaluated (see Appendix F). Following this, we have

that ol q ) ,
E Pz M dz’
[(/f @) ( Qi (Y, Hy) ) )

Hy = Hy,Ey = Eb‘|

1 1—ps "
< .
S (B N SRy A
det (sHbe sor Inr) ps—p F

o 1 + S)\b,L Sr?r
H : (328)
1+ s/\b i (1= ps)

1=1
and from (315)

E(()Q(s? paﬁb)

o .~ S
> (Z(p —1)log <1 + S/\b’initr> ) — ng log(1 — ps)
=1 ’
snr
+ny log <1 — ps — pS—IIEbII%>

Zlog <1 + s)\;, ; (1 - ps)>

i=1

(329)
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Note that the random coding error exponent is given by

b B Z £
0<p<1
The lower bound for EQ(R,H) is obtained by replacing
Eé?(s, P, ﬁb) above with the RHS of (329) and given in (331),
as shown at the bottom of the page. Note that from (331), we
require ps < 1 and ps + psil:HEbH% <l1forallb=1,...,B
so that the logarithm functions are defined. Note that the fol-
lowing choices of p = p = 1 and

1
s=s

BN (RN

ensure that the logarithm functions in (331) are always defined.
Since ps and ps + psS"'||E;,||% are always bounded by some
real-valued constants in the interval [0, 1], we have that forsnr >
0

E (RH 7p7Hb _PR (330)

(332)

snr
—nelog(1 = ps) + nelog (1= ps = ps ™ Bl

1
> ny log (1 — —> éqw,
Ty

where uz < 0.

Note that choosing specific values of p and s further lower-
bounds (331). We continue the analysis by following the same
technique used in Appendix D. Since EQ(R, H) can also be
lower-bounded by 0 (i.e., p = 0), we have that by substituting
s and p to p and s, the lower bounds in (334) and (335), as
shown at the bottom of the page. Note that the inequality in
(335) is due to the lower-bounding technique in (230). Define
EQ(R, H) as the RHS of (335). Following the high-SNR anal-
ysis in the GMI lower bound (cases 1 and 2), we obtain the dot
equality

(333)

(1 + || Hy|1% S”r(l - 5)) = gyplmin( i) =t mins
(336)
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Recall the rate and multiplexing gain relationship e (") = snr*

as in (4). It follows from Ef? (R, fI) in the RHS of (335), (336)
and the dot equality e®C™ = snr” that for high SNR, if the
following event:

B
Z min(1, O min) ab7min]+ < Bk} (337)
b=1

occurs, then E¥(R, H ) = 0 and if the complementary event

CG — {A7e c RBanXm .

B
> [min(L, fenin) = b minl . > Bk} (338)
b=1

occurs, then E¥(R, H ) > 0. Therefore, the upper bound to
the average error probability (for Gaussian random codes that
satisfy the generalized Gallager bound) is given as

P <E |:e—LBE9(R,I:I):|

< / (snr™
JAGN{A>0,0>d.x1}

X snrzb DD DN R dAdeQHd(I)E)

+/ (snr_(l"’%)z;, DD DTN
AS,N{A70,0-d, x1}

X Sanb 1271‘ Znt (de=0.r.1)
x sr (i b o =BY) 4 10 4 H 40P

(339)
(S ID DD D DANIEE

(340)
= Kisnr~ @ ®) 4 gospr=d2(k) (341)
= snr~ (%) (342)

i=1

<<Z(P —1)log (1 + 35\};,iﬂ
Tt

snr
>> —n¢log(1l — ps) + n¢ log <1 —ps — psn—t||E;,||%>

+ Zlog (1 + s)\b i (1 - ps))) — pBEk logsnr} (331)

=1

%
D =

\'m —N—
M=

[
-

>
=

-9
SN

)

%i( Z:p—l log<1+s/\bz )

g (e (14 sl 1~ ) ) - BRH

(334)

+Zlog <1+sx,f”r( —g§)>) — R

=1 't

+

+
(335)
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where K1, Ko = snr?, and where

dy (k) = (1 + %) Brgn, x (min(1,do) — k) (343)
is the lower bound to the generalized outage SNR expo-
nent achieved with infinite block length (notice that O in
Appendix D is similar to Ag except for the inequality < which
becomes < in Ag) and

Ny MNg

R (O )zzz
1535 ) DUIEE!

b=1r=1t=1

+L <Z[min(1,9min) — Qb.min]+ — Bk) }

(344)
Since we need
B
L (Z[min(l, Hmin) — ab,nlin]+ — Bk) >0 (345)
b=1

in the set AZ, for do(k), it is straightforward to deduce that
da(k) < di(k). This follows from [11, Lemma 6]. Therefore,
the SNR exponent lower bound for a given block length L is
given by d& (k) = da(k) in Theorem 2.

APPENDIX F
PROOF OF INEQUALITY (325)

Basically, we want to evaluate the following expression:

EUGmm@wmeWy
Jy
- U lv- \/THbXHde) Hb,E,,:E,,]
[/( 7-/Q be” o~ Psu'AY
Yy
Ll ) H,”E,,:Eb]
e
(346)

where the above ex]Pectatlon is over x. To 51mp11fy the process,
@ Hyzandc = SnrQ Hyz, g cc C*L
Then, expanding the argument in the exponential term for a
given x = z, we have that

we let g =

[snrQATﬁb —ps A
snr a 2
- Hﬂ Q Hyz
F
(- 2 9]

= ps i — Y i — Ci

O e ) S5l e
(347)
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Since y; is independent for ¢ = 1, ..., n,, we can integrate for
one value of 7 and generalize the result. By basic integration, we
can easily obtain that

1 —|?~Ji—“i|2—/’*1+5‘iﬁ+ﬂ<\yz ail*
—e dyi
Ui

iy
1 -|—S)\ snr
= Sl
1+ s)\bﬂ;nl:( — ps)
2 2 2 Lady i 3r

—leil® +pslgil* +lpsgi—cil* s —=r G

e iy )
(348)

Evaluating the integral for all y;, 2 = 1, ..., n, yields

1+ Sj\b isnr

ne - 2 “ 2
-exp | — ci|” + ps 9i
L shy, 25 (1 —ps>> ( 2 Jel e o

(I

14 shy ;50
+ 59i = Ci L . (349)
;O” AT A2 (1= ps)
Note that
snr a snr

|CL|2 H uilo) Hw: = IIHbz'IIF (350)

At A 2
Z lgi* = H stTwa = ;,z‘ (351)

i=1 Uz F

because Q is a unitary matrix that does not change the Euclidean
norm of a vector. This removes the difficulty of obtaining the
exact expression for Q On the other hand, the last term is Adif-
ficult to evaluate as the summation involves the variable A ;.
Herein we have to impose an additional condition such that the
last term in (349) can be evaluated. Suppose that we restrict
ps < 1 with strict inequality for 0 < p < 1 and s > 0. Then,
we have the bound for A, ; > 0 and snr > 0

1+S)\ snr 1
<
snr( - 1—/)8

Hence, we can upper-bound the last term in (349) as follows:

Ny
> lpsgi — cil®
=1

(352)

<
1+ shp, ps)

1‘}‘85\(,1‘ﬂ

1+ s\, i (1= ps)
< ; — i’ (353)
1 snr 2
= Q (pSHb.’B H,zx) (354)
1—ps F
1
= — \psH;,z ~Hya (355)
1—ps nyg

where the last equality is due to the unitary matrix QT that does
not affect the Euclidean norm of a vector. This removes the de-
pendency on @ . From the exponential term in (349) and by
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combining (350) and (351) and (355), we have the following
upper bound to the expectation over Xx:

snr A
E [exp (— - (ngxu% — sl Hux
t

1 A
- 1_—ps||(/18Hb - Hb)XH%))]
: snr
- / exp< (ngan — psl| By
z Tt

1 N 1 e
_ 1_—ps||(psHb - Hb)a;||%>> X e /1% g

(356)
S snr
- o [ (12 Bl - el ) ds - @57
T [ 1—ps
1 ps snr
< - o (1221 ol V) do
(358)
1
= (359)

(-

where the last inequality is due to |Epz||% < ||E1,||F||z||F
Note that the above function is integrable if $2°-3¥|| E,, 1% <1
and as the SNR increases, there exist positive constants u; and
uy for which s < ——"1=— guarantees that the function is
“2+W||Eb|\fm
integrable. Thus, the choice of s in (236) needs to modified such
that this condition is satisfied. However, since we just need to
modify the constants, i.e., u; and ug, which are SNR indepen-
dent, it does not affect the exponential equality in the high-SNR

regime.

A

APPENDIX G
TIGHTER ACHIEVABILITY BOUND FOR GAUSSIAN INPUTS

From (334) and (335) (Appendix E) with p = 1, we can
rewrite the lower bound for the mismatched decoding error ex-
ponent as follows:

EQ(R,H)

18 nr )
> | = uz+ » lo l—i-s/\Z (l—s))—R
53 (v S (14050 )

=1 +
(360)
> libg( (14 s ”r(l—s))) _R
B _B b=1 +
(361)
where u3 < 0 and
s ! (362)

-

We have used the last inequality above to derive the block length
threshold for Gaussian input as shown in Theorem 2. The main
benefit of using this is that the results are general for the fading

oS IE)
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model in (5) since we can easily evaluate the mismatched de-
coding error exponent in terms of A and ©. However, using
the last inequality implies looser achievability bound and the
resulting block length threshold may not be tight.

A tighter bound is obtained by using the inequality (360).
This requires the joint density function of A, and the entries of
E,. Note that for a given E, H has the same distribution and
covariance as H but with the mean shifted by E. Conditioned on
E = E, the mean of H is given by E. From (5), the conditional
distribution of each channel estimation entry, H b,rt» 15 given by

pgb.r’_ilEb,r.t(}ﬂe) = w0|fL — e|Temwilhmemwal”, (363)
The characterization of the above pdf is difficult when 7 # 0.
This can be explained as follows. As the SNR tends to infinity,
the near zero behavior determines the dominating term in the pdf
[11], [23]. Note that for 7 # 0, the near zero behavior of the pdf
is determined by the values of /, e in |h—e| ™. This behavior does
not only depend on |A|™ but also |e|” and the angles of A and e.
These interplaying variables make the high-SNR behavior of the
pdf intractable. On the other hand, when 7 = 0, the variable e
only affects the exponential term, which for many cases tends
to decay exponentially or converges to a constant for high SNR
(see also [23], [24]).

Consider 7 = 0 and assume ny > n,, we perform a change
of random variables from the matrix entries in H, toits eigen-
values Ay ; forall = 1,...,n,. Since the entries of the channel
matrix are assumed to be i.i.d., the pdf of I:|1, for a given Ej is
given by

Pie, (B B) = T] [Lwoem P mevremel”. o)
r=1t=1

Using the singular value decomposition of H, = UDS and the

eigenvalue decomposition in the form of H,H Z = JnJ' [27],

random matrices results [38], [39] provide the joint distribution
of the ordered eigenvalues in the following form [23], [24]:

p;\b‘Eb(j\HEb = nml_[/\nt o H Xoi — Ao j)?

1<j

/ / P (UDS|E,)dSdU

(365)

where C), ,,, is the normalizing constant and V,,_ . and V,,_»,
are the complex Stiefel manifolds [38], [39]. The definition of
complex Stiefel manifold is as follows. Suppose that G is an 7 X
m matrix (n > m) with orthonormal columns so that G'G =
I,,,. The set of all such matrices G is called the Stiefel manifold,
defined by [38], [39]

Vinn = {G ccm . gta = Im} .

Note that ¥ = dlag[/\b 1s-. Xg,n] with /A\M <
and D = dlag[)\b 1oeens )\jn]
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Let By = — li)ogg?;}i . Using this change of variable, (364) and

(365), we can write the above pdf for 7 = 0 as done in [24]

Pp, g, (ﬂb‘ Eb)
= Cp m - (logsnr)

Ny
) Hsnrf(m—nrmm ) H (snr—ﬂb_i

([ [ e

nr ny n, st

Ny

5 \2
— snr*/’”)

wien = (1 —Ba=Wall)” g g1

(367)

where W is an n, X ny matrix with all elements equal to w»
and || - ||, is the p-norm 8. As we deal with the achievability
bound, it is sufficient to find a tight upper bound for the pdf.
Note that since C™**™t is a finite-dimensional complex space,
all norms on C™*™ are equivalent® [40]. Thus, we can find a
real positive number u4 > 0 such that the term in the exponent
can be lower—bounded as .
|Hy — Ey — W, > ug||Hp —

—Wsllp.  (368)

Applying the backward triangle inequality for the matrix norm,
we have that

1y — Ey — Wo|p
> |18l ~ 1By + Wollr| (369)
=1 D A = DD e + wal? (370)
\ =1 r=11t=1
DI DI
i=1 r=1t=1 v
(371)

Since ¢ > 1 by definition in (5), we can lower-bound (367)

using o
(181 - B2 - W)

N @
> uf (I~ By~ Wl r) G372)

~ @
> uf ||l = 1By + Wl | (373)

This follows from the monotonicity of the function f(u) = u¥
over the interval w > 0. Remark that the conditional pdf in (365)

is conditioned on E;. We can write the joint density function of
/\;,, E} as follows

D3, . ()\b Eb) = D5,k (Ab‘Eb) e, (Eb).

8The p-norm of » elements matrix/vector with p > 1 is defined as ||z||, =

(X, |=:17) » [27]. This complies with the constraint on ¢ > 1 in (5). For
p = 2, the norm is called Frobenius norm for a matrix or Euclidean norm for a
vector. For a matrix, this p-norm denotes the entry-wise norm, i.e., treating the
matrix as a vector. We denote the Frobenius norm for a matrix and Euclidean
norm for a vector as || - || » instead of || - ||2 because || - || is normally used to
denote the induced matrix-norms [27], which are different from the entry-wise
norms.

(374)

9The equivalence of norms can be explained as follows. Given a finite-di-
mensional space C™*™ and a matrix X € C™*™, there exists positive real
numbers P and S independent of X such that P||X||,» < || X[, < S||X]||,r
[40].
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The density ps, e, (:\;, |Eb)pe, (Ep) can be further expanded as

P53, g, (:\b’ Eb) e, (Ev)

Ny Nt

=500y (8] {erd) TT TT s (tne) 379)

r=1t=1

where {e;,:} denotes the collection of e, for all

r = 1,...,n, and t = 1,...,n¢. The equality in (375)
holds since the matrix E; can be completely expressed in terms
of its entries ep ¢, 7 = 1,...,m:, t = 1,...,n¢. Note that

the entries of the random matrix E; are i.i.d. random variables
and for each entry, the phase of Fy , 4, @ET 4» is independent
from its magnitude |Ej .| and uniformlryy distributed over
[0,27). Hence, applymg the transformation of the variables

" _loglep,ril®
)\b ; and |ebrf| to Bbv = logsnr  °

_log Mo
log snr

and 0y, =

we have the joint pdf of ﬂb, O+ and OF e T = L,
,.-.,ny as follows:

Pp, {0, h{ef (ﬁb» {Hbﬂ’,t}» {‘:bi,r,t})
= pfm{@bym}?{qﬁ . (:Bb‘ {Hb,r,t}7 {¢£ r.t})

H Hp@b ot Hb ,T t)pd)’ (¢Z,7‘,t)'

r=1t=1

(376)

We continue the analysiAs from (375) and (376). Note that the
term pa 1{©b,r¢} {BF, (ﬂngb rths {¢Zrt}) in (376) can be
further upper-bounded usmg (373). We then group the exponen-
tial terms as follows:

Nt

snr 2' ]
1

Ld)f 2
brt+w2|

Ny
—wf| = | Y

r=1t=

exp

Ty

Z anr(d —0b,r,)

r=1t=1

(377)

As the SNR incrgases, the behavior is dominated by the
smallest values of 3 ;,¢ = 1,. STy and 0y, s T = 1,...,n.,
t = ,n¢. Since the elgenvalues )\b 1, /\1,,m are ordered
in a nondecreasmg order, the domlnatlng terms are indicated
by Bb,nr and 0y min. We have the following observations.

1) For the terms in the modulus | - |#, if an > 0 and
0b7min > 0, those terms are converging to some constant
|wh|? > 0 as the SNR increases and the convergence of
the exponential term is determmed by

— wiud |wy|? — Z Z snr(de=0b.rt)

r=1t=1

0 de—0b min

= —snr- — snr

(378)

If 0y min < de, then sn r(de=0b.min) dominates and this
makes the overall pdf upper bound decay exponentially to
zero as the SNR increases. If 0y min > d., then the con-
stant w ug |wh|¥ dominates and eventually the exponential
function converges to an SNR independent constant which
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can be neglected in the pdf upper bound for the asymptotic
analysis.
2) If either an < 0 or 0y min < 0, then the exponential
convergence can be explained in the following cases.
o If By n, < B min, then the following dominates the ex-
ponent

Ny ny My
— wiuy E snr—. E E snr(de=06.r.1)
i=1 r=1t=1
. _2] _ .
= _gnr— 2P _ gprde —0b.min (379)
. Iy _ .
= _gnr@ax(= % Bb,n,,de =0 min) (380)

Since an < 0, it can be seen that the exponential func-
tion always makes the pdf upper bound decay exponen-
tially to zero as the SNR increases.

o If an > 0y min, With probability one, the dominating
exponent for high SNR is given by

]
( ny Nt 0o s . )
— wiug ZZ|snr — 6L(irf+w2
r=1t=1
ny Ng
_ Z Z Snr(defeb,r.t)
r=1t=1
= —snr~ F0hmin _ gppde—0omin (381)
= —snrmax(= 5 omin, de=bbmin), (382)

Since 6, min i8 less than zero, it can be seen that the
exponential function always makes the pdf upper bound
decay exponentially to zero as the SNR increases.
3) Note that we have ,[Aib 1> e > Bb n, and for any r =
1 ’I’Lt,f—l nt’ebrt>0bmm
Hence, from the above observatlons we require that ,3,, > 0and
O, = d. x1,b=1,...,B so that the pdf upper bound does
not decay exponentially to zero as the SNR tends to infinity.
We continue the analysis by evaluating the lower bound for
EQ(R, H) in (360)

EQ(R H)

> —Z (U3 —I—Zlog (1 +55\bzi:r(1 — s))) - R
L b= =1 t +
(383)
1 e g o
= E1()g <H He”é (1 + S)\bﬂ?(l — §))> - R
L b=11i=1 t +
£ E°(R,H) (384)
where
1
s= 5 5 (385)
me (142 0 B3 )
1
= ,  (386)

(1+Snr2b 12 1Zt 1|ebrt|)

and where we have defined E'9(R, H [) as the RHS of (384).
Using the change of variables from )\b ; and |ey, Tt| to ﬂb,l
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and 60 ,+, we can show the following high-SNR exponential
equality

enr (1 + sX,,, (1 - s)> = snrlmin(Lomin) =B+ (387)

where

(388)

eb,r,h trey GB,n,»,nt }

0 min = min {917171, ceey

It follows from E'?(R, H ) in the RHS of (384), (387) and the
rate and multiplexing gain relationship eB6mM) = snrk that for
high SNR, if the following event:

AG — {ﬂ" c RBan76 c RBanXnt .

B
Z [mm Brnin) — Do, } gBk} (389)
b=1 i=1

occurs, then E/?(R, H}) = 0 and otherwise if

— {ﬂ" € RBan7e € IRBXn,.Xnt .

B
Z [mln Brnin) ﬂbz} >Bk}(390)
b=1 i=1

occurs, then E;Q(R, H ») > 0. Therefore, for the fading model
with 7 = 0, the upper bound to the average error probability is
given as

Pe,avo

<E [efLBE?(R,H)} (391)

/ (Smf S @i lnen) B
Acn{B-0,0*d.x1}

X San::1 Z:il Z:il(dF

<

) dBdede”)

B ny . -
+ / (snr_ Zb:l Zi:1(21_1+m’_nr)’8b'i
JALN{B>0,0>-d. x1}

XSanb Zm Znt (de—0b,rt)
X snr- (Eb 12'1‘ min( min)—ﬁb,1]+—Bk)dﬁd®dQE)

(392)
= Gysnr~ ") 4 Gosnr=d2 (k) (393)
= gnr— %2 (k) (394)

where Gy, G5 = snr®, and d; (k) is the generalized outage SNR
exponent achieved with infinite block length. Note that to find
the solution of d;(k), we follow the same approach of finding
the optimal DMT in [11]. The lower-bound to the optimal DMT
curve dy (k) is given by the piecewise-linear function connecting

the points (k, dy(k)), where
k = 0,min(1,d.),2min(1,d.),...,n, min(1,d.) (395)

061 =nint)-5 (- )

k
(= ) 9
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Note that we have di max = min(1,d.)Bn¢n, and kmax =
min(1, d.)n,. On the other hand, da(k) is given as

B n,
dy(k) = Agm{ﬁtiagtdm} ;; (20 — 1+ mg = n,)Bys
+ZZYZ Ob,rt —
b=1r=1t=1
B
+ L (ZZ nnn mm /Bb z]-{— _Bk>
b=1 i=1

(397)

Since we need

L3S

1:=1

Oumin) — Bo.il+ — Bk> >0 (398)

for da(k), it is straightforward to deduce that do(k) < dy(k).
This follows from [11, Lemma 6]. Thus, da (k) leads to d (k)
in the proposition. Note that we just need to replace (I, +

sflbﬁz%) with (L, + SIAIZIAL,%) in the analysis if ny < n,.

APPENDIX H
DISCRETE INPUTS ACHIEVABILITY PROOF

We use the generalized Gallager upper bound to derive the
achievability by isolating the channel block length and the
random coding exponent. Recall E((j2 (s, p, H p) in (35) written
in different form here

E()Q(Sapaﬁb)

2.

—log, E ( P(x) (
' e X"t

p
ylx, qlyle’, Hb)) )
y|x f(ylx, Hp)

Hy = Hy, By = By

(399)

Foragiveny = y,x = x, H, = H}, and E;, = Ey, inserting the
decoding metric (8) and evaluating the expectation over x’, we
have that

= iy (Gt

' e X"t y\xH( |I Hb)
— 9—Mny Z (e—H\/?Hb(z—z')+z—\/%Ebz’“i
I/exnf

eHz\/?EbmHi)S_ (400)

1515

Substituting (400) to the RHS of (399), we obtain
< < Q. alyle’, Hb)>s>p
x' EX "t y|x H(y|x Hb)

> Pda
Hy = Hy, B, = E

=—logy Y [EK

rEX "t

> <es||\/%ﬂb<”’>+z =z,
' EX ™t

5 P

) )

Z (esH\/%Hb(a:z')+z E

T’ EX

s||7=y/mc B + (14 p)Mny. (401)

Note that

¥

5 P
esnz—mww @)

<ol VB

(403)
We have the expectation over z
Sl’"E 2
E [IX"‘l”e”SHZ‘\/W b”||,<}
xme|p (fii -)%I\Ebm\F
- ﬁe g (404)
X |p (ﬂi;i ) ||, |2 213

where we have assumed ps < 1 so that the expectation can be
evaluated, and where we have used the Frobenius norm property
|Evz||% < ||Eb||%||z||% in the last inequality. Since the signal
energy ||z||%, x € X™ is finite, the condition

e p

2{;2 nr
(£ +0s) BN
(1= ps)nr ¢

(406)

can be satisfied by choosing the optimal solution of s over

1
S:{3€R+:O<s§ 5 2}. 407)
Btsnry By

The choice of s € S leads to alower bound to the mismatched
decoding error exponent in (34). The term with Zszl | Eb||%
is needed since we have B blocks. As (406) can be satisfied
with s € S, the dominated convergence theorem [35] can be
applied here. Using the same argument as in the converse anal-
ysis, we can apply the point-wise limit in the expectation. Let
s* be the solution of s that solves the supremum in the RHS of
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(34). Then, using a similar argument to the one used in the gen-
eralized outage evaluation (Appendix C), we can conclude the
following expectation over z

(¥ (s

snr
ny

/ snr
—& )tz /3¢

v |

p

<E [( > t{w £l vee ggwﬂ}) ] (408)
T’ EX "t

= 9rM(ni—s;) (409)

where & gf’é) and k; have the same definition as in the converse
analysis (Appendix C). Consequently, we have at high SNR
ES(s*

.0, Hy) > pMr, (410)

and the random coding error exponent E@(R, a ) can be
bounded as follows:

B
EQ(R,Hy) = s Z (s.p. Hy) — pR (411)
oziﬂl b=1
B
1 R
> su M| — Ky —— | . 412
= OSPIS)I P <B bzz:l—b M) ( )

Define A and two mutually exclusive sets as follows:

B
AéZﬁb——

(413)
A BXnyXng . < R
Av2{A 0€R Zﬁ a7 (G
B
As & {A © c RBXmxne Z < B—N][z (415)

Note that p that solves the supremum in the RHS of (412) is
given by p* = 1if A > 0 and p* = 0if A < 0. Then, we
can evaluate the upper bound to the average error probability as
follows:

P <E [27LBE?(R,H)]

< / (snr
AxN{A>0,0>d. x1}

NP DD DD DI RS DI z—LMAdAded@Hd@E)
n / (Snr—(1+%) PONID DID DR
JAs,n{A=0,0xd. x1}

X snr™ Z::l 2 E:ll(gbv“f_dF)dAdOd‘I)Hd(I)E)

(416)
( )Zb 1ZM Znt b7t

(417)
= Cysnr— 4 4 Cysnr— 42 (418)
= snr~ min(hd2) (419)

where Cy, Cy = snrV

dy = min(1,d,) X (1 + %) e {B <nt - %ﬂ (420)

is equivalent to the scaled Singleton bound [6] up to the disconti-
nuity points. This is exactly the same as (213) when replacing <

. It is easy to see that
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in the outage set with <. On the other hand, following the same
steps as in the converse analysis, we arrive to the following re-
sult for dy:

Ny Ny

= Axm{A;or,lfezdem} { ( ) Z Z Z bt

b=1r=1 t=1
B n n
N — LMAlog?2
Oyt —d ——— 5. (421
+ZZZ( bt ) log snr “@21)

b=17r=1t=1
If both M and L are not growing with log snr, it is clearly

seen that d; = 0 as the SNR tends to infinity. Assume that M is
fixed and L(snr) = wlogsnr,w > 0. Hence we can write d; as

Ny Ny

b= Axﬂ{AiiOI,lfetdexl} { ( ) ;; ;a”
+ZZZ ebrt

b=1r=1t=1
By letting ¢, 6 | 0 to achieve a tight SNR exponent lower bound,

the optimal solution of © is given by ®* = d, x 1 and for A
is given by evaluating the intersection of A > 0 and Ay . This
yields the following solution of d;

)+ wMAlog2}. (422)

L+ 57| <K <Bn.
where
BR
di(K) =wMlog2 <K - ﬁ)
. T
+ min(1, d.) X (1 + 5) ne(Bny — K). (424)

Note that the derivative of d;(K') with respect to K is given

dd1(K
by OL(K) _ hriog2 - min(1, d,) (1 + %) ne.  (425)
It follows that the value of K that solves the infimum in (423)
is given by

K* = Bn, (426)
if wMlog2 < min(1,d.) (14 %) n,, and
BR
K" =1 427
|57 ] @27)

if wuMlog2 > min(1,d.) (1+ ) n

We are interested in the interval of w for which d; > d» as this
is the point where the SNR exponent of discrete-input random
codes is tight with the generalized outage diversity up to the
discontinuity points of the Singleton bound [6]. Note that from
(420), (424), (426) and (427), we deduce that d; > ds is only
possible with wM log2 > min(1,d.) (1 + %) n.. This implies
that K* = 1+ |B2| and d; = d;(K*). It follows that by
comparing d; (K*) and do, we obtain the following threshold
on w for which d; (K*) > ds

1 min(1,d.) - (1+ %) n

wZMlogZ' 1+L%J—%

(428)

With this w, we can achieve the scaled Singleton bound diversity
up to the discontinuity points. Furthermore, using K™ in (426)
and (427), a complete characterization of the achievable SNR
exponent with discrete-input random codes can be obtained and
it is given in (64).
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