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Abstract—We study several properties of the upper bound
on the mismatch capacity problem we recently proposed. In
particular, we show that the bound can be cast as a convex-
concave saddlepoint problem enabling efficient computation.
Moreover, as opposed to multiple achievability bound in the
literature, we show that the multiletter version of this bound does
not yield any gain. In addition, we show a necessary condition
for the mismatch capacity to be strictly smaller than the channel
capacity for binary-input channels.

I. INTRODUCTION AND PRELIMINARIES

We consider reliable communication over a discrete mem-
oryless channel (DMC) W with a given decoding metric [1],
[2]. This problem arises when the decoder uses a suboptimal
decoding rule due to limited computational resources, or
imperfect channel estimation. Moreover, it is shown in [2]
that important problems in information theory, like zero-error
capacity of a channel can be cast as instances of mismatched
decoding problem. Multiple achievability results have been
reported in the literature [1]-[4] (see also [5]). These results
are derived by random-coding techniques, i.e. analyzing the
average probability of error of mismatched decoder over an
ensemble of codebooks. On the other hand, the only single-
letter converse was given in [6], where it was claimed that for
binary-input DMCs, the mismatch capacity was the achievable
rate derived in [3], [4]. Reference [7] provided a counterexam-
ple to this converse invalidating its claim. Multiletter converse
results were proposed in [8].

We assume input and output alphabets are X =
{1,2,---,J} and ¥ = {1,2,---, K}, respectively, with
J,K < oo. We denote the channel transition probability
by W(k|j),k € V,57 € X. A codebook C, is defined
as a set of M sequences C, = {x(1),%(2), - ,@(M)},
where x(m) = (z1(m),z2(m), -+ ,2,(m)) € X", for
me {1,2,---, M}. Amessage m € {1,2,--- , M} is chosen
equiprobably and x(m) is sent over the channel. The channel
produces a noisy observation ¥y = (y1,¥y2, - ,Yn) € V"
according to W"(ylz) = [[;_, W(y:|z;). Upon observing
y € V" the decoder produces an estimate of the transmitted
message m € {1,2,--- , M}. The decoder that minimizes the
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error probability is the maximum-likelihood (ML) decoder,
that produces the message estimate m according to
m= argmax W"(ylz(i)). (1)
ie{1,2,-- ,M}

Rate R > 0 is achievable if for any ¢ > 0 there exists a
sequence of length-n codebooks {C,}>>; such that |C,| >
27(F=9) and liminf, s P.(C,) = 0. The capacity of W,
denoted by C(W), is defined as the largest achievable rate.

In multiple practical scenarios, it is not possible to use a
decoder based on W™ and instead, the decoder produces the
message estimate 1 as

M = argmax d(m(i),y), 2)
ie{1,2,. M}

where,

d(@(i),y) =Y d(w(i), ye) 3)

=1
The mismatch capacity Cy(W) is defined as the largest
achievable rate when the decoder is (2). Recently, we have
shown that Cy(WW) is upper bounded by the following quantity,

Ry(W) = i I(Px, P; 4
a(W) n}l)ixpw‘xléljl&mx(d) (Px, Py x) “4)
Py|X:W

where I(Px, Py x) = I(X;Y) and the set M.y (d) is given
in the following definition.
Definition 1: Let PYY| y be a joint conditional distri-

bution and define the set S(ki, ks) = {i e Xli =
argmax, ¢y d(i',ke) — d(i',k1)}. We say that Pyy x is a
maximal joint conditional distribution if for all (j, k1, ks) €

XxYx),
Pyy x (k1 kelj) =0 if j & S(k1, k2). (3)

For a given decoding metric d, we define the set of maximal
joint conditional distributions to be M pax(d).

In this paper we study some properties of the upper bound.
Specifically, in Section II we show that computing our upper
bound is a convex-concave saddlepoint problem and we derive
the optimality KKT conditions. In Section III, we show that
the multiletter version of the upper bound coincides with the
single-letter one. In Section IV we derive a sufficient condition
for Cy(W) < C(W) for binary-input channels.



II. CONVEXITY ANALYSIS

In this section, we show that the optimization (4) is a
convex-concave saddlepoint problem. First we argue that the
constraints induce a convex set.

Lemma 1: For any channel W and metric d, the set of
joint conditional distributions PY};‘  satisfying both PY}A,‘ x €
Miunax(d) and Py x =W, is a convex set.

Proof: Let Py, YY|X and P YY| x both satisfy the above
constraints. Now for any 0 < A < 1 we have,

APyix + (1= NPy x = W. 6)

In addition, if for some ki, ko we have j ¢ S(ki, k2), both
PYYlX(kl, k2|j) and P}I/Y\X(kl’ ka|j) are equal to zero, and
so is any linear combination of them. Therefore,

€ Muax(d). )

|
Moreover, I(Px, Py y) is convex in terms of Py y, and

concave in terms of Px. Since PY\  1s a linear function
of Pyy ., we get that I(PX.,I?le) is convex in terms of
PYY| - Therefore from the minimax theorem [9] we get,

APyyix +(1- A)le/yp(

Ra(W) = i I(Py, P, 3
a(W) T Py €M (d) (Px: Pyix)  ®)
Py x=W
= I I(Px, P: 9
melgjl\ztlmax(d)nzlaix (Px; Py x) ©)
Py x=W

= min C(PY/\X)' (10)

Py)’/‘XGMmax(d)
Py |x=W

The rest of this section is devoted to deriving the KKT
conditions for the optimization problem in (4). Given that
I(Px, PY\X) is convex in PYY|X’ and concave in Py, then
the KKT conditions are sufficient for global optimality. For
convenience, we define f(Px, Pyyx) = I(Px, Py x) and
rewrite the optimization problem in (4) as,

Ry(W) = max min F(Px, Pysi+ ) (1)
" X Pyy|x EMmax(d) ( vy ix)
Py x=W

Let JSX,ﬁYYl « be the optimal input and joint conditional
dlStrlbuthIlS in (1 1) and gy be the output distribution induced

by PX and P, Vix Then for PX we have the following
constraints:
Px(j) >0, VjeX (12)
> Px(j) =1 (13)

JjeX
Let p;,5 = 1,2,---,J be the Lagrange multipliers cor-
responding the inequalities in (12) and p be the Lagrange
multiplier corresponding to (13). Therefore, from stationarity
we have,
0
9Px(j)

F(Px, Pyy x) (14)

= pty
Px=Px

and from the complementary slackness [10] we have
w; Px(j) = 0 and from the dual feasibility we have p; > 0
which leads to the separation of the equations of in two cases.
If P X( ) >0

o
dOPx(j) (Px: Pry ) Px—Px
while when Py (j) = 0 we have
9 ~
———f(Px, Pyyx) <p. (16)
OPx(j) R P

Note that, because there is no other constraint on i, all of the
KKT conditions are summarized in (16) and (15). Moreover,
computing the derivatives in (15) and (16) gives

0

ot PP,
(k[4)
=" Pyx /~:|])1ogY'XT 1. a7n
key 1y

As for PYY| «» we have the following constraints. For all
]7k1ak2 S X x y)( ys

ﬁyf/\x(klvk’ﬂj) >0,
Pyy x (k1 kalg) = 0, if j ¢ Sk, ko)

where (18) corresponds to ﬁyy‘ X(I<:17 k2|7) being a distribu-
PY?\X(klv k2|.7) € Mmaw(d)

(18)
19)

tion and (19) corresponds to

Moreover from the constraint Pyx = W we get for all
j7 kl € X x y
> Pryix(kr kelf) = W(ki5). (20)
ka

For the ease of notation, we skip the step of explicitly
considering a Lagrange multiplier for (18). However, after
simplification, The following KKT conditions are equivalent
to the full KKT conditions considering a Lagrange multiplier
for (18). Details follow similarly to the above derivation. If
we use a Lagrange multlpller Ajk, for each of the conditions
in (20), we have when PYY\X(kh kalj) >0

0
apy}"f\x(klv kalj)

f(ﬁxvpyff‘x)

= Njks

P,

YY|X ™ =P

YY|X

(2D
and when Pyy|X(k1, k2lj) =0 and j € S(ky, k2) we have

b ~
f(PX7P % ) ZA‘)I{"'
apyff‘x(klvkub) vyix Py‘ff|X:ﬁY?\X m
(22)
Explicitly computing the derivative gives
9 ~
—f(Px,Pyviy) (23)
apyf/‘X(k17k2|j) YY‘X Y?\X:ﬁYY/\X
~ Py x (kolj
= Px(j) lOgM. 24)

Gy (k2)



Summarizing, for the KKT optimality conditions of we get
the following inequalities

1) For Px(j) > 0,

Py (klj)
3" Py (klj)log Y‘Xik =1+p (25
key Y( )
2) For Px(j) =0,
Py (Klj)
Zpyp( k|J)IOgY‘X7§1+P7 (26)
3) For PYY\X(kthU) >0
A Py x (kal5)
. |X
Px(j)log —2——"2 = X ., 27
X(]) g Q{/(kﬁ) YIL (27)
4) For Py x(k1,kolj) = 0 and j € S(ki, ko),
- Py x (kal5)
. |X
Px(j)log —2 "2 > Xy 28
X(]) g qy(kz) Jyk1 (28)

In the next section, we employ the above KKT conditions
to analyze the multiletter version of our bound.

III. MULTILETTER BOUND

In this section, we study the multiletter extension of the
bound (4). In particular, we show that the multiletter version
cannot improve on the single-letter bound. We define the /-
letter decoding metric d©) : X* x Y* — R as follows

d“) ((371,;%2, o awf)u (y17y23 o ayf)) = Zd(%»yz)

(29)

This decoding metric definition is consistent with the additive
decoder we have defined in (3). We denote j € X and k € )’
as the (-letter inputs and outputs, respectively. Let W) denote
a DMC over input alphabet X* and output alphabet )’ with

the channel rule W ((y1,y2, -, yo)|(z1, 22, ,20)) =
Hle W (y;|x;). Additionally, we define P)(f) and P)(f}),l x
accordingly
PO(an,...o HPX ) (30)
;%w ((y17y2,'~'7ye%(y17y27"', Jo)l(x1, 29, 0))
¢
H x Wi Gilz:) G

X* and Y, Y denote random variables defined on alphabets
X*, Y and V*, respectively. Moreover, S\ (k1 k) is defined
as

SO (k1 ko)

{iext|i= argmax d*) (i’ ko) —
iext

A
d (i k1) }.

(32)

In the following lemma we characterize the sets
S®(ky,ks) and relate them to S(ky i, koi),i=1,2,--- .

Lemma 2: | For j € X% k, € V', ky € Y we have that
VRS S(Z)(kl, ko) if and only if for all 1 <4 < ¢ we have

Ji € S(k,i,ka). (33)
Proof: We have
arg max d (5, ko) — d(j, k1) (34)
jext
¢
= argmax Y d(ji, k2,i) = d(ji. k2,i) (35)
jext i=1
= argmax Zd Jisk2,i) —d(jiskai)  (36)
(d1.92, . Je) €XE 5

From (36) we get that if (j1,72,- -, je) € S(k1, k2) then for
all 1 <4 < ¢ we should have j; € S(ky 4, k2 ;). Therefore,

SO (ky, ky)

=S(k1,1,k2,1) X S(k1,2,ka2) X - x S(k1,e,kae). (37)

|

For the above /-letter alphabets and distributions, the con-

struction and analysis of the bound remains unchanged. There-

fore, (4) remains valid for its /-letter extension, which can be
written as

_ 1.
R W) £ G Rao (W) (38)
; I( P, )
= 5, max min . ) .
¢ Pxe Pylyé‘xz EMumax (d®) Px Yy Xt
Py xe=W®
(39)
We have the following result.
Proposition 1:
R((f) (W) = Ra(W). “0)
Proof: Given that I(Px, Py, y) is convex in Py g, v, and

concave in Py, the KKT conditions are also sufficient for
global optimality. Similarly, f(p XfaPYZW\ ¢) is convex in
terms of py¢ and concave in terms of PYIZW\XZ' Here we use
the optimality conditions derived in the past section to show
that if P%, P} . _ are the optimal distributions for the single-

YV|X
letter bound the‘n pY P(?/l . defined in (30) and (31) are
optimal distributions for the multiletter version. As a result,
if we find a feasible pair Pyew‘ x¢» Pxe such that when
fixing PYEYZ\ ¢, the input distribution Py is a maximizer
of f(-, P, Yy X,g) and when fixing Py, the joint conditional
distribution P/, v, is a minimizer of f (pxe,-), then the
pair (PY4W|X4»PX2) is a saddlepoint.

We need to show that if ﬁX, ISYY‘ 18 a saddlepoint for the
single-letter case, then, P(Z) P}(,?/‘ x is a saddlepoint for the
multiletter bound. Based on the aforementioned argument, it is

sufficient to show that P}(,})/‘ x is a minimizer of (39) by fixing



ﬁ( ). This is because it is known that 10( YlX) C(Py x),

i.e., the product distribution Py () achieves C ( PgI)X)
)

In the following lemma we prove that by fixing pY ,
then P}(/?/ X
a minimizer of (39). Before stating the result we recall that
the multiletter counterparts of the single-letter KKT conditions
given in (27) and (28) hold. Moreover, as in the single-letter
case, the multiletter KKT conditions are sufficient for global
optimality, because the function f (ﬁ)(f ), -) is concave. Using
Lemma 3 below completes the proof. ]

Lemma 3: Let Px, PYY’I  be a saddlepoint for optimization

problem (4). Set Pxe = 13)(5). Then, the joint conditional
distribution P*)

satisfies the KKT conditions and hence, it is

is a minimizer of

YY|X
. {2
min F(PY, Pyegeixe)- (41)
Pyogexe EMmax (d)
Pyejxe=w®

Proof: We should show that by setting Py¢ = }3)(([ ), the
multiletter versions of the KKT conditions (27) and (28) hold

for P;Q‘X Generalizing the conditions of (27) and (28) to the
multiletter case, and setting PYZYH e P}(/}),‘ e should

show that for all j,k; € X x Y’ there exist \j g, such that
the conditions below are fulfilled. If we show this, then the
Lemma is proved because these are precisely the conditions
for the minimizer of (41).

i) When Px(fex)/\x(kl’ k2|7) > 0 we must have,
9 50)

. f(P P eye 1/)
aPYzf/l‘Xl(klakQ‘J) vy % Pyg};g‘xﬁ Pl(/ls)/\x
= Ajk,- (42)

ii) When P;;‘X(kl, kslj) =0and j € S (ky, ky) we must
have that,
9 5(0)

. f(P aP Ly f)
8PYz{/qu(k1,k2‘J) X YEEX Py’fffﬁ\x’f Pl(/li)’\X
> Aj k- 43)

Similarly to (23), the derivative in (42) and (43) is,
0

51U
f(P)(()aqu”/qu)

GPYZYZ‘XZ(k17k2‘j) nyYZ\XE P\(/[))/\X
R P (k1l5)
_ P)(f) (j)log _ypxr T (44)

3\ (k1)

P ]3)(([) and ¢ “(Z) are

which, by using that ny?l\xl YYIx

product distributions, gives,

~ P (klm
@, . VX
PX (])log A([)(kl)
~ N ¢ (kail5:)
— i) Py .p 1 L 45
x (J1) Px (j2) -+ Px (je) (;l og 4o ad) ) (45)

In order to show that there exist some coefficients Aj g,
satisfying both (42) and (43), we make a particular choice
and show that the choice satisfies both (42) and (43). To this
end, define

~

\ 0 x(3) =0

ik, = ~ . )\jivkl i ~ .

Ik Hf:l PX (]Z) <Zf:1 ﬁx(j;) ) PX (.7) 7é 0
(46)

where \j, ,, is the single-letter Lagrange multiplier corre-
sponding to j; and kq ;.

__Now, excluding the cases where
Px(j1)Px(j2) -+ Px(je) = 0 where from (45), (42)
and (43) the KKT conditions clearly hold, we have two cases

i) When P}(’Y|X(J kq,k2) > 0, then for all 1 < i < £ we

must have Pyy|x(k1,ivk2,i|ji) > 0 and therefore, (27) is
valid. We have to verify that this implies that (42) is also
valid. Thus,

0

f(PX’PWf/qXé)

aPylf/qxl(klakQ‘j) Pyl’f/l’\xl’ PS(KZS)/\X
~ 21|]Z)
= Px (1) Px (52) --- Px (je) Zl Brixlbadd) ) o)
qY k2 z)

e
. A jirk1,i
= Px(j1)Px(j2) - Px(jo) | D =~ (48)
i=1 Px (Jz)
= Aj.ks (49)
where (48) holds from the single-letter optlmality in (27).

ii) When ﬁYYlX(kl,krgb) =0and j € S (kl,kg), as a

result of Lemma 2, we have that S é)(kl, ko) is a product set,
ie., forall 1 <i¢ </,

Ji € S(k1,iy ka,i). (50)

Moreover, either PYY‘X(k“,kQZUl) > 0 where (27) is

satisfied or Pyy\x(klmkllbz) = 0 where (28) is satisfied.
Now, with these assumptions, we should verify that (43) is
valid. We have,

8 ~
<~ f(Px, Pyeye xe)
aPY@WIXf(klka‘J) v Pyl’ff@\x[ Ps(fes)/\x
. o 21|jz
— Px(j1)Px(j2) --- Px (o) Zl Pl iy
qY k2 Z)

e
. A jisk,i

> Px(j1)Px(j2) -+ Px (o) | D 22 (52)

i=1 PX (]’L)
= Aj.ky (53)
where (52) is true because of the single-letter optimality in
(27) and (28).

|



IV. BINARY-INPUT CHANNELS

In [2], the authors state that for any DMC and decoding
metric d(z,y), the mismatch capacity Cy(7/) remains unal-
tered for a decoder with metric d(z, y) = d(z,y)+a(x)+b(y),
where a(z), b(y) are functions of the input and output, respec-
tively. This property suggests that for binary-input channels,
the mismatch capacity Cy(WW) is only a function of the
metric difference d(1,y) — d(2,y). In this section, we show
a necessary condition for Cy(W) < C(W) for binary-input
channels based on the above observation.

Definition 2: We say that two sequences {a;}X, and
{Bi} X | have the same order if for all 1 < iy,iy < K

iy > iy = Biy 2 iy

We have the following result.

Theorem 1: Assume that W (k|j) > 0, for all j = 1,2, k =
1,...K. If the sequences {logW (k|1) — 10gW(l~:|2)}£{:1
and {d(1,k) —d(2, k)}kK:l do not have the same order, then
Ry(W) < C(W).

Proof: Without loss of %(enerality, we assume that the
sequence {d(1,k) — d(2,k)
k1 < ko,

d(1, k) — d(2, k1) < d(L ko) — d(2,ke). (55

This assumption simplifies the evaluation of the sets S(, -).
For k; = ko we have S(ky1, k2) = {1,2}. Moreover, when
k1 < kg from (55) and Definition 1, we have that 1 €
S(kl, kz) and 2 € S(kg,kl).

We prove a slightly stronger result. In particular, we prove
that the condition Cy(W) = C(W) implies that sequences

~ W (k[1) y K _ W (k|2) K
{PX(I)log s } {—PX(Z)log e }

(54)

ooy 18 non-decreasing, i.e., for

k=1’ k=1

(56)

both should have the same order as the decoding metric
difference sequence {d(1,k) — d(2,k)}_,, where recall that
the notation Py refers to the capacity-achieving distribution
of W.
_Now assume that Cyq(W) = C(W). Therefore,
PX7PYY/|X = Pyy|x must be a saddle point of (9). As a
result, the KKT conditions in (27) (28) must hold. Observe
that

W(kilj) k1= ko
0 k1 # ko.
Therefore, combining the KKT conditions in (27) (28) we

have,
1) If ky = ko, for both j = 1,2 we have

Pyy x (ki ka|j) = { (57)

~ W (k1l7)

Py () log —10 — x. 58
X(J) g qY(kl) J,k ( )

2) If k1 < ko we know 1 € S(kq, ko) and 2 € S(ko, k1)

5 W (ko|1)

Px(1)log =22 > Ay, 59
x (1) log Ty (k) Lk (59)
~ 2

Px(2) logM > A2k, (60)

qy (k1)

Therefore we get if k1 < ko

5 W (ka|1) 5 W (k1|1)
Px(1)log —— > A1, = Px(1)log ————= (61
I8 G (k= M = PVl g5 D

. Wk |2) . W (kal2)
Px(2)log ———= > Aok, = Px(2)log ————=. (62
e ISR T

5 w k) | K
Therefore we get that {PX(l)log d&)ﬁf}}{ﬂ and

5 w(k|2) | & .

—4 Px(2)log & S, are both non-decreasing sequences
=1

and so is any linear combination of them with positive

coefficients. Therefore, since

log W (k|1) —log W (k|2) = =

W(k[1)
8 v (k) )

g P )

(63)

we conclude that the sequence {log W (k|1)—log W (k[2)}_,
is a non-decreasing sequence.
|
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