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Abstract—We study the problem of mismatched likelihood
ratio test. We analyze the type-I and II error exponents when the
actual distributions generating the observation are different from
the distributions used in the test. We derive the worst-case error
exponents when the actual distributions generating the data are
within a relative entropy ball of the test distributions. In addition,
we study the sensitivity of the test for small relative entropy balls.

I. INTRODUCTION AND PRELIMENARIES

Consider the binary hypothesis testing problem [1] where
an observation * = (x1,...,2,) is generated from two
possible distributions P* and P3' defined on the probability
simplex P(X™). We assume that P* and PJ are product
distributions, i.e., P"(x) = [[; Pi(z;), and similarly for
Pj}'. For simplicity, we assume that both P;(z) > 0 and
Py(z) > 0 for each = € X.

Let ¢ : X™ — {1,2} be a hypothesis test that decides
which distribution generated the observation . We consider
deterministic tests ¢ that decide in favor of Pj* if @ € A,
where A; C X™ is the decision region for the first hypothesis.
We define A2 = &A™\ A; to be the decision region for the
second hypothesis. The test performance is measured by the
two possible pairwise error probabilities. The type-I and type-
IT error probabilities are defined as

ale)= > Plx), elp)= Y Pi=z). )
xc Ao xrec Ay

A hypothesis test is said to be optimal whenever it achieves
the optimal error probability tradeoff given by

ag= min € . 2
£ i al?) @
The likelihood ratio test defined as
P} (z)
= 1< 22 > ™ 1. 3

was shown in [2] to attain the optima} tradeoff (2). The type
of a sequence © = (x1,...,%,) is Tx(a) = W, where
N (a|x) is the number of occurrences of the symbol a € X in
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the string. The likelihood ratio test can also be expressed as a
function of the type of the observation T, as [3]

6,(Ty) = H{D(Tu||P) - D(T4|Po) > 7} + 1. (&)

where D(P||Q) = >, P(x)log ggg
between distributions P and Q).

In this paper, we are interested in the asymptotic exponential
decay of the pairwise error probabilities. The optimal error

exponent tradeoff (E7, Eo) is defined as
Ey(Ey) = sup {E2 e Ry 3P, Ing € Z4 s.t. Vn > nyg
e1(¢) <e ™ and e (g) < e "2} (5)

is the relative entropy

By using the Sanov’s Theorem [3], [4], the optimal error
exponent tradeoff (F;, Fs), attained by the likelihood ratio
test, can be shown to be [5], [6]

Ei(¢y) = QemgiﬁwD(QIIPl), (6)
Ey(¢y) = Qemgiﬁw)D(QIIPa), (7)

where

Qi(7) ={Q e P(X): D(QIIP) — D(QII) =7}, ®)

(7)) ={Q e P(X): D(Q|P) = D(Q|IP2) <~} (9)
The minimizing distribution in (6), (7) is the tilted distribution

P~ (x) Py\(z)
Daex Pll_)‘(a)P?(af
whenever ~ satisfies —D(Py||P2) < v < D(P||Py). In this

case, )\ is the solution of

D(QA|P1) — D(QAIP2) = 1. (11)

Instead, if v < —D(P; || P2), the optimal distribution in (6) is
Qx(xz) = Pi(x) and Ey(¢,) = 0, and if v > D(P||Py), the
optimal distribution in (7) is Qx(x) = Pa(x) and E3(¢~) = 0.

Equivalently, the dual expressions of (6) and (7) can be
derived by substituting the minimizing distribution (10) into
the Lagrangian yielding [4], [5]

Qi) =

0<A<1  (10)

E1(d,) = max Ay — log ( > Pf”(ﬂf)Pz?(x)), (12)
- reX

Ba(6,) = max—y —log (Y. PM@)P (@), (13)
- rzeX



The Stein regime is defined as the highest error exponent
under one hypothesis when the error probability under the
other hypothesis is at most some fixed € € (0, 3) [3]

B 2 sup {Ey € Ry : 3¢,3ng € Zy s.t. ¥n > ng

c1(¢) <e and ex(p) <e "2} (14)
The optimal E{”, given by [3]
By = D(Py|[Py), (15)

can be achieved by setting the threshold in (4) to be v =
—D(P||P2) + %, where Cs is a constant that depends on
distributions P;, P> and €.

In this work, we revisit the above results in the case where
the distributions used by the likelihood ratio test are not
known precisely, and instead, fixed distributions Py and P,
are used for testing. In particular, we find the error exponent
tradeoff for fixed ]31 and ]52 and we study the worst-case
tradeoff when the true distributions generating the observation
are within a certain distance of the test distributions. The
literature in robust hypothesis testing is vast (see e.g., [7]-
[9] and references therein). Robust hypothesis testing consists
of designing tests that are robust to the inaccuracy of the
distributions generating the observation. Instead, we study the
error exponent tradeoff performance of the likelihood ratio test
for fixed test distributions. The proofs of our results can be
found in [10].

II. MISMATCHED LIKELIHOOD RATIO TESTING

Let P (z) and Py(z) be the test distributions used in the
likelihood ratio test with threshold 4 given by

05(Tw) = 1{D(Tp||P1) — D(Tp||P2) >4} + 1. (16)

For simplicity, we assume that both P; () > 0 and Py(z) > 0
for each x € X. We are interested in the achievable error
exponent of the mismatched likelihood ratio test, i.e.,

Ey(Ey) & sup{Eg e R4 1 39,3Ing € Z4 s.t. Yn > ng
e1(dy) < e "1 and ex(ds) < e mE2Y. (17)

Theorem 1. For fixed P\, Py € P(X
exponent tradeoff in (17) is given by

) the optimal error

Ei(dy) = min D(Q|P1) (18)
QeQ1 (%)
Es(¢3) = min D(Q|P) (19)
QeQ2(Y)
where
01(%) = {Q € P(X) : D(Q| 1) — D(Q| P2) = 4}, (20)
2(§) = {Q € P(X) : D(Q|P1) — D(Q||P») <4}. (21)
The minimizing distributions in (18) and (19) are
A—A1 A1
Onfw) = MDD Wy s 2

Yacx Pr(@) P77 (@) Py (a)

- Py(2) Py 2 (2) P}
O (1) = 20 Afﬁ) ' Ef) , A2 >0 (23)
Yacx Pa(a) Py 2 (a) P (a)
respectively, where \1 is chosen so that
D(Qx,[P1) = D(Qx, || P2) =4 (24)

whenever D(P1||P1) - D(P1||P2) < 4, and otherwise,

Q)\]( ) = Pi(z) and El(qﬁ,y) = 0. Similarly, Ay > 0 is chosen
so that

D(Q)\szl)_D(Q/\2||P2) :’AY (25)
whenever D(Py||Py) —ADQPQHPQ) > 4, and otherwise,

Qx,(z) = Py(x) and Fa(¢s) = 0. Furthermore, the dual
expressions for the type-1 and type-II error exponents are

Br(5) = max Xy~ log ( 3 Pu@) P (@) P (@), @6)

zeX

Ea(bs) = max Xy —log (S PX()Pa(a) P (@)
TeX (27)

Remark 1: For mismatched likelihood ratio testing, the
optimizing distributions Q A Q A, can be different, since the
decision regions only depend on the mismatched distributions.
However, if ]51, ]52 are tilted with respect to P, and P, then
both Q,\I,Q,\z are also tilted respect to P; and P». This
implies the result in [11], where for any set of mismatched
distributions Py, P, that are tilted with respect to generating
distributions, the mismatched likelihood ratio test achieves the
optimal error exponent tradeoff in (5).

Theorem 2. In the Stein regime, the mismatched likelihood
ratio test achieves

B = min  D(Q|P), (28)
QEQ2(Y)
with threshold
. A R Cs
V:D(P1\|P1)*D(P1|\P2)+%7 (29)

and éQ is a constant that depends on distributions P, Pl, ]32,
and e.

Remark 2: Note that since P; satisfies the constraint in (28)
then Eéé) < ESE). In fact, if Py, P, are tilted respect to Py, Ps
then this inequality is met with equality. Moreover, it is easy
to find a set of data and test distributions where E{” < ESY.

II1. MISMATCHED LIKELIHOOD RATIO
TESTING WITH UNCERTAINTY

In this section, we analyze the worst-case error exponents
tradeoff when the actual d1str1but10ns P17 P, are close to the
mismatched test distributions P, and P,. More specifically,

P GB(Pl,Rl), P, GB(PQ,RQ) 30)
where the D-ball
B(Q,R)={PeP(X):DQ|P)<R} (D)



is a ball centered at distribution () containing all distributions
whose relative entropy is smaller or equal than radius R. This
model was used in robust hypothesis testing in [12]. Figure
1 depicts the mismatched probability distributions and the
mismatched likelihood ratio test as a hyperplane dividing the
probability space into the two decision regions.

B(Pz, Rs)

P(x) B(PR)  DQIP) - D@|P) =4

Fig. 1. Mismatched likelihood ratio test over distributions in D-balls.

We study the worst-case error-exponent performance of
mismatched likelihood ratio testing when the distributions
generating the observation fulfill (30). In particular, we are
interested in the least favorable distributions PE, PL in
B (]51, Ry),B (152, Ry), i.e., the distributions achieving the low-
est error exponents EF(Ry), E¥(Rs).

Theorem 3. For every Ry, Ry > 0 let the least favorable
exponents EL(Ry), BY(Ry) defined as

EX(R) = min min  D(Q||P1), (32
PreB(P1,R1)  Qe1(9)

EX(Ry)) = min min  D(Q||P2), (33)
PyeB(P2,R2) Q€EQ2(%)

where Ql(ﬂ/), 0, (%) are defined in (20), (21). Then, for
any distribution pair P, € B(Pl,RlA),Ifg € B(Pz, Ry), the
corresponding error exponent pair (Ey, Es) satisfies

Ef(R1) < Er(ds),  E3(R) < Ea(d5). (34)

Furthermore, the optimization problem in (32) is convex with
optimizing distributions

P (2) PT ™ (2) By ()

Qx, (x) = — i (35)
g S e PE@PT M (0) P ()

Pl (z) = B1Q%, (z) + (1 = 1) Py (2), (36)

where \1 > 0,0 < 81 <1 are chosen such that
D(Q%, 1P — D(Q%, 1 P2) =4, (37
D(P||Pf) = Ry, (38)

when

max  D(Pi||P) — D(P||P2) < 4. (39)

Pi€B(P1,Ry)

Otherwise, we can find a least favorable distribution Pf €
B(Py, Ry) such that EAl(QASﬂ,) for this distribution is Ey(¢4) =
0. Similarly, the optimization (33) is convex with optimizing
distributions

Py () Py () P} (x)

Qx,(x) = . - . (40)
g > wcx PE(a) Py (a) P2 (a)

Py (z) = B2Q%, (z) + (1 — B2) P2(x), (41)

where \o > 0,0 < By < 1 are chosen such that
D(QX, | P,) — DQX,|I1Py) =4, (42)
D(P,||Py) = Ry, (43)

whenever,

min  D(Py||[P1) — D(Py|[Py) > 4. (44)

P2€B(P2,R2)

Otherwise, we can find a distribution PQL € B(PQ,RQ) such
that E5(¢s) for this distribution is Es(¢s) = 0.

The worst-case achievable error exponents of mismatched
likelihood ratio testing for data distributions in a D-ball are
essentially the minimum relative entropy between two sets of
probability distributions. Specifically, the minimum relative
entropy B(Py, Ry) and Q5(%) gives EL(Ry), and similarly
for EF(R,).

IV. MISMATCHED LIKELIHOOD RATIO
TESTING SENSITIVITY

In this section, we study how the worst-case error exponents
(EL, EF) behave when the D-ball radii Ry, Ry are small.
In particular, we derive a Taylor series expansion of the
worst-case error exponent. This approximation can also be
interpreted as the worst-case sensitivity of the test, i.e., how
does the test perform when actual distributions are very close
to the mismatched distributions.

Theorem 4. For every R; > 0, P e P(X) fori=1,2, and

—D(P1[|Py) <4 < D(By||Py), (45)

let R . o
EN(R) = Ei(¢5) — Si(Pr, Py, 4)V/R; (46)

where A
2(Py. Py, ) = 2Var s, | ) 47
Sz( 1 277) arpi(Pi(X) ( )

and QA(X) is the minimizing distribution in (10) for test QAS:Y.
Then, approximation (46) is accurate for small R;, i.e., for
R,—0

EF(R;) — EF(Ry). (48)

Lemma 5. For every P, P, € P(X), and # satisfying (45)

0 A 0 L
S1(P1, P2, %) >0, %SQ(Pl,PQ’;}/) <0. (49)

9y

This lemma shows that S (151, ]52,'?) is a non-decreasing
function of 4, i.e., as 4 increases from —D(P;||P;) to



D(P,||Py), the worst-case exponent EF(R;) becomes more
sensitive to mismatch with likelihood ratio testing. Conversely,
Sy(Py, Py,%) is a non-increasing function of 4, ie., as 4
increases from —D(Py||P;) to D(P,||Py), the worst-case
exponent EF(R,) becomes less sensitive (more robust) to
mismatch with likelihood ratio testing. Moreover, when A = %,
we have

. Py(z)Py(x)

 Sew \/Pi(a)Pa(a)

and then 51(131,?2,&) = 52(131,]32,'?). In addition, Q
minimizes E)(¢5) + Fa(¢4) yielding [13]

E1(¢5) + Ea(¢y) = Qg)i(nx)D(Qle) +D@Q|P,)  (51)

= 2B(P,, Py)

; (50)

1
2

(52)

where B(Pl, 152) is the Bhattacharyya distance between the
mismatched distributions P; and P. This suggests that having
equal sensitivity (or robustness) for both hypotheses minimizes
the sum of the exponents.

Example 1. When v = 0 the likelihood ratio test becomes
the maximum-likelihood test, which is known to achieve the
lowest average probability of error in the Bayes setting for
equal priors. For fixed priors 71, e, the error probability in
the Bayes setting is € = 7 €1 + €2, resulting in the following
error exponent [3]

1
E = lim —loge =min{E, F>}.

n—oo N

(53)

Consider P, = Bern(0.1) , P, = Bern(0.8). Also, assume
Ry = Ry = R. Figure 2 shows the worst-case error exponent
in the Bayes setting given by min{ E*, EF} by solving (32)
and (33) as well as min{ ", E}} using the approximation
in (46). We can see that the approximation is good for small
R. Moreover, it can be seen that error exponents are very
sensitive to mismatch for small R, i.e., the slope of the worst-
case exponent goes to infinity as 12 approaches to zero.

APPENDIX
A. Proof of Theorem 1

We show the result for (QZ)W) and similar steps are valid
for E(¢4). The type-I probability of error can be written as
é1(95) = > Py (z).

. meXx"
D(T||P1)—D(Tz || P2) >4

(54)

Applying Sanov’s Theorem to (54) to get (18) is immediate.
The optimization problem in (18) consists of the minimization
of a convex function over linear constraints. Therefore, the
KKT conditions are also sufficient [14]. Writing the La-
grangian, we have

L(Q, A\, v) =D(Q| P1) + M(D(Q[ P2) — D(Q|| P1) +4)

+V<Z Q(z) — 1). (55)

zeX

0.36

min{ BF, BF}

0.34

— — min{EF, E}}

0.32
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Fig. 2. Worst-case achievable Bayes error exponent.

Differentiating with respect to Q(x) and setting to zero we
have

+ Alog 1?1 (z)

PQ(.’L‘)

Solving equations (56) for every x € X we obtain (22).
Moreover, from the complementary slackness condition if [14]

Q(z)
P1 (.f)

1+ log +v=0. (56)

D(Py||P1) — D(Py||Py) <7, (57)
then (24) should hold. Otherwise, if £57) does not hpld then
A in (56) should be zero and hence @5, = Pi, E1(¢5) = 0.
Finally, substituting the minimizing distribution @)y, (22) into
(55) we get the dual expression

g0 =M —log (PP @)PN@). (58)
reX

Since the optimization problem in (18) is convex, then the
duality gap is zero [14], and this proves the (26).

B. Proof of Theorem 2

First, notice that EAg(qAS;,) is a non-increasing function of 4
since for every 47 < A2 we have

(59)

hence

Eo(¢s,) < Eo(s,). (60)

Therefore, in the Stein’s regime we are looking for the smallest
threshold such that limsup,,_, . é1(¢4) < e. Let

V(P17P1)P2)

4 = D(P1||P)—D(Py|| P2)— -

d1(e), (61)



where

- P
V(P P, Py) = Varpl< })
P,

,Zpl (

reX

P 2 A A2
Pz) (D(PA|By) - D(P|IP)),
(62)

and ®1(e) is the inverse cumulative distribution function of a
zero-mean unit-variance Guassian random variable. For such
4, the type-I error probability of the mismatched likelihood
ratio test is

Ay l"oﬁl(xi) ~ )
€1(9%) Pl[ngl gﬁg(Xi) < D(Pi||P2) — D(Py|| P1)
V(Ph:h L) ‘P‘l(e)] . 63)

Observe that D(P||P,) — D(Py||P,) = Ep, [log Pl(X)} Let

Py (X)
Sp = 13" i(a;), where i(x;) = log Pl . Letting Z be
a zero-mean unit-variance Guassian random varlable then, by

the central limit theorem we have

lim sup €; (5

= limsup Py \/H(Sn _ ]Elfl [i(AX)]) <d71(e) (64)
nree V (P, Py, Py)

=P[Z <®'(¢)] (65)

—e. (66)

Therefore, asymptotically, the type-I error probability of mis-
matched likelihood ratio test with 4 in (61) is equal to e.

Next, we need to show that for any threshold 4 and € > 0
such that

limsupd + e < D(P1||P) — D(Py||Py),

n—oo

(67)

the type-I probability of error tends to 1 as the number of ob-
servation approaches infinity, which implies that D(P; || P;) —

D(Py || Py) is the lowest _possible threshold that meets the con-
straint lim sup,,_, .o el(gzﬁ,y) < €. The corresponding E2(¢>7) is
this highest type-II exponent that meets the constraint. In order
to show this, define the following sets

& = {a: € X" | Tu(z) — Pi(@)||os < 5}, (68)
D= {z € X" :|D(T,||P1) — D(T%|| ) (69)
—D(Py|| ) + D(P1||P2)| < €},
D={xzecXx: D(T | Py) — D(Ty || P2)
D(Py|Py) + D(Py||Py) > =€}, (70)

where ||| is the norm infinity. From the continouity of
D(.||P) we have that for any € > 0 such that

| DT || Pr) = D(Tw || P2) = D(Py|| Py )+D(Py[| P2) | < e. (1)

there exists > 0 such that for all 7}, satisfying

Tz (@) = Pr(2)llc < 6 (72)
(71) holds. Therefore, when (67) holds
liminf e; (¢3) > liminf > P{'(z) (73)
z€D
> lim inf Z Pl (x (74)

n—o0
z€D

Now from the continuity argument, there exists a ¢ such that

> Pi@) =) Plx)

z€D z€€s

(75)

Set 6, = IO%". Thus, for sufficiently large n, 4, < 4,
Therefore, we have
hnrgloréf el(gb,y) > hnrgloléf Z Pl'(x (76)
x€ets,

2|x
> fim 1 22 )

n—00 n
— 1. (78)

where the last step is by Hoeffding’s inequality [15] and union
bound. Therefore, for any 4 < D(P||P1) — D(P1||P2) type-I
error goes to unity which concludes the theorem.

C. Proof of Theorem 3

We show the result under the first hypothesis and similar
steps are valid under the second hypothesis. For every Py the
achievable type-I is error exponent E1(¢7) does not depend
on P, therefore, (32) is a lower bound to El(qbﬁ,) Moreover,
since the relative entropy is jointly convex, then (32) is a
convex optimization problem and the KKT conditions are also
sufficient. Writing the Lagrangian we have

L(Q, Pr, M, My, v, vh) = D(Q||Py) + M (D(Q|Py)
~-D(Q|Pr) + 4) 4+ A (D(P1||P1) - R)
(3 Q@) —1) + (X P -1). 79
reX zeX

Differentiating with respect to Q(z) and P;(x) and setting the
derivatives to zero we have

Q(z) Pi(z)

1+ log Pi(z) + A1 log ]32(56) 4+ =0, (80)
Q) A

_Pl(a:) — 1P1(x) +uv; =0, 81)

respectively. Solving equations (80), (81) for every x € X
and letting 3, = I +/\, we obtain (35) and (36). Moreover,
from the complementary slackness condition [14] if for all
Py in B(Py, R;) the condition D(Py||P)) — D(P,||P,) < 4
stated in Theorem 1 holds, then (37) and (38) should hold.
Otherwise, if there exists a P in B(If’th) such that
D(PE||Py) — D(PE|Py) < 4, then for this distribution
E1(¢5) = 0. Therefore, if conditon (39) holds for all P; in
the D-ball EL(R;) > 0, otherewise EF(R;) = 0.



D. Proof of Theorem 4

We show the result under the first hypothesis, and similar
steps are valid for the second hypothesis. First, we consider
the first minimization in (32) over @, i.e.,

Ei(¢5) = min  D(Q||P1) (82)
QeQ1(H)
By the envelope theorem [16] we have
OF1(¢5) Qx(x)
= _ . 83
0P (z) Py () 83)
Define the vectors
Vi, = (— Q*(xl),...,—@(”)y (84)
Pl(zlil) Pl(x‘/y‘)
0p, = (Pi(z1) — Pi(21),. .., Pi(jx) — Pr(za) -
(85)

By applying a Taylor expansion to E (dgv) around P, = P,
we obtain

Ei(¢5) = E1(d3) + 05, VE: + 0o([|0p,]|)-

By substituting the expansion (86) for the first minimization
in (32) we obtain

Bl (Ry) =

(86)

min

n  Ei(bs) + 05 VE +0(]0p, [ls).
PreB(P1,R1)

(87)
Now, we further approximate the outer minimization con-
straint in (32). By y approximating D(P;||P;) we get [17]

A 1 N
D(P | ) = §0£1J(P1)9P1 +o(l0p %),  (88)
where

(89)

. . 1
J(P) = diag (131(371)’.“7 P1(l‘|x|)>

is the Fisher information matrix []. Therefore, (87) can be
approximated as

fL L
EY(Ry) = Ey'(R1)
min
167, J(P1)0p, <R:
176p, =0

> &

Ei(¢4) + 05 VE,.  (90)

The optimization problem in (90) is convex and hence the
KKT conditions are sufficient. The corresponding Lagrangian
is given by

L(Op,, \,v) = Er(d3) + 0, VE
+ A(%eg,](ﬁl)epl ~ R1) +v(176p,). O1)
Differentiating with respect to 8 p, and setting to zero, we have
VE; + AJ(P)0p, +v1 =0. (92)
Therefore,

0p, = —%J‘l(ﬁl)(VE’l +u1). (93)

Note that if A = 0 then from (92) VE, = —v1 which
cannot be true for thresholds satisfying (45) since Qx # P,
Therefore, from the complementary slackness condition [14]
the inequality constraint (90) should be satisfied with equality.

By solving %BIT%J(]—CH)BP1 = R; and 170p, = 0 and
substituting A, v in (93), we obtain
_ P
Op = ————1/2R;, 94)

YT J(Pr)yp

where
W =J (P (vﬁl — 1TJ1(151)VE11>. (95)

Substituding (94) into (90) yields (46).

Finally, we prove the continuity statement. Intuitively, we
need to prove that as R; goes to zero, then all the approxi-
mations above become exact. First, note that by assumption,
151(33) > 0 for each z € X. Therefore, for any finite R,
we have Pj(x) > 0 for every P, € B(I:’l,Rl). Hence, for
Py € B(Py, Ry), the relative entropy D(Q||Py) is continuous
in both ), P;. Moreover, the constraints in (82) are continuous
with respect to ) and also trivially with respect to P;, since
the constraints do not depend on P;. Hence, the optimization
in (82) is minimizing a continuous function over a compact
set with continuous constraints. Hence, by the maximum
theorem [18], E; (gﬁy) is a continuous function of P; for all
P € B(Pl,Rl) with finite radius R;. Moreover, by (94),
16p,|lcc — 0 as Ry — 0. Hence as R — 0 , we have the
following:

o Bi(ds) + 05, Vp, Bt — Ei(¢5) by (86) and continuity
of El((,z?:y) for P; € BA(Pl,Rl),Rl < 0.

. 0}T91J(AP1)0p1 — D(P1||P1) by (88) and the continuity
of D(Py||Py) for small R;.

Finally, by the continuity of the objective function in (90) with
respect to the constraints, we conclude (48).

E. Proof of Lemma 5

We show the result under the first hypothesis and similar
steps are valid under the second hypothesis. To prove the
Theorem we need the following lemma.

Lemma 6. Consider the following optimization problem

E(y) = min D(Q|P). 96
() =, min_D(@|P) 6)
Then E() is convex in +.
Proof: Let
Q7 = argmin D(Q|P) Q5= argmin D(Q|P). (97)

Eq[X]>m Eq[X]>72

From the convexity of the relative entropy, for any a € (0, 1),



D(a@Q] + (1 — a)@3[|P) < aD(Q||P) + (1 - &) D(Q3| P)
(98)

= aEqr[T)l(i]g% D@QIP)+(1-a) EQI[?QEW D(Q||P).
99)

Furthermore, since ()7, Q5 satisfy their correspending opti-
mization constraints, then E - [X] > 7., Eq; [X] > 72, hence

Eagit(1-a)@;[X] = am + (1 — a)ye. (100)

Therefore, aQ7 + (1 — «)@Q3 satisfies the optimization con-
straint when v = a1 + (1 — )2, then

P) < D(a@Q7+(1— I p
popxein - D(QIP) < D(aQi+ (1 - a)Q3|1P)
(101)
<a min D(QIP)+(1—«a) min D(Q|P). (102)
EQ[X]Z’M EQ[X]Z’D

Hence E(vy) is convex in 7.
|
From above lemma we can show that )\ is a non-decreasing
function of 4. From the envelope theorem [16]

P , (103)

where A* is the optimizing A in (10) for the test éﬁ. Therefore

* 27 n
0N _Th) 5, (104)
9y 07
where the inequality is from convexity of £ (¢5) respect to 4.
Therefore, we only need to consider the behavior of variance
as X changes. Taking the derivative of variance respect to A,
we have

QA(X)> _ Z 2Qx(x) 0Qx(x) (105)

—Var s ~ =
1)) Pl(pl(X) = pl(;g) O\

2Q>\
=2 he

zeX

— 2B, {Qj((;)} Eo, [log %E;ﬂ .

(107)

Substituting Q) (X) as a function of A we get

Suex PPN@PNa) & (Ox(X)
axvaIH(P(X))

2
)

Py( A 1(X) )
2| (&) [Fa e higg) 009
Let r(X) = (%g;)k, then
(7)) ** A
%o |(Fia0) [P [ 5o
= $Eq, [r(X)logr(X)] — 1 Eg, [r(X)]Eg, llog (X))
(109)

Note that Q(z),r(x) are positive for all z € X. Therefore,
using the log-sum inequality [3] for the first term and Jensen
inequality [3] for the second term in (109), we obtain

AT AR 0y, (@i))

2 A Pi(X)
> Eg, [r(X)]logEy [r(X)] — Eg, [r(X)|Eg, [log r(X)]
(110)
> Eg [r(X)]logEgy, [r(X)] = Eg, [r(X)]logEy, [r(X)]
(111)
=0. (112)

Also, the above inequalities are met with equality when both
log-sum and Jensen’s inequalities are met with equality, which
(Q/\(X )) is
Pi(X)
an increasing function of A for A > 0 and consequently

happens when A = 0. Therefore, for A > 0, Var P

9 . .
— P. P, ~) > 0.
8&51( 1, P2,5) >0
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