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Abstract—In this paper, we consider an automatic-repeat- The fundamental tradeoff for MIMO automatic-repeat-
request (ARQ) retransmission protocol signaling over a blok-  request (ARQ) block-fading channel is described in [5] unde
fading multiple-input, multiple-output (MIMO) channel. | n par- e Gaussian input assumption. In this work, the authors

ticular, we consider fixed rate codes constructed over disete tablished the fund tal tradeoff bet di it
complex signal constellations. We show that the optimal sigal- ~ ©S'@PliShed the fundamental tradeolt between diversity, ga

to-noise ratio (SNR) exponent is given by a modified Singleto Multiplexing gain and delay (i.e. maximum number of retrans
bound, relating all the system parameters. To demonstrateite missions) over MIMO ARQ channels. This result asserts ARQ

practical significance of the theoretical analysis, we presit nu-  delay as a potential source for diversity, even when themlan
merical results showing that practical Singleton-bound-ahieving _emains constant over the transmission of a given message.
maximum distance separable codes achieve the optimal SNR . . : .
exponent. In this paper, we consider an ARQ .system signaling over a
block-fading MIMO channel with, maximum allowable ARQ
|. INTRODUCTION rounds andB fading blocks per ARQ round. We constrain the
ransmitter to fixed rate codes constructed over compleasig
onstellations. In particular, we examine the general case
of average input-power-constrained constellations a$ asl

The block-fading channel model was introduced in [1
allowing for transmission extending over channels with tmul
ple_ block-fading pen_ods. Within a block-fading perlod,eth the practically important case of finite discrete constielies.
fading channel coefficients remain constant, while betwe . . i _

: o The receiver is able to generate a finite number of one-bit
periods the channel coefficients change randomly accordlpe%eat-re Lests. subiect to a latency constraint. whergve
to a fading distribution. The block-fading channel modeais 9 ' ) y '

. .~ error is detected in the decoded message. A maximum of
reasonable model for orthogonal frequency division mldkip o . ) . .
. L . . L transmissions pertaining to each information message is
ing (OFDM) transmission over frequency-selective wirsles

channels. Despite its simplicity. the model captures i B allowed. The main focus of our work is to characterize the
' P PICTL, P MUl (radeoff between throughput, diversity gain and delay.il&m

aspects of OF.D.M modulation over f_requengy-selec_:tlve_ fgd'% [5], we demonstrate that while the optimal SNR exponent of
channels ahd itis useful for developing cod|n_g_de3|gn oate he system is an increasing function of the maximum number
Th_e sgmmal work of Teletar [2], gnd F0§Ch'n' and Gan_s [3 allowed ARQ roundsL, the throughput of the system is
has inspired a flurry of research in multiple-input, mukpl independent of. for sufficiently high SNR, and is determined
output (MIMO) channels. The fundamental tradeoff betwe y the rate of the first ARQ round. We therefore denote our

diversity gain and multiplexing gatnfor quasi-static MIMO main result as theptimal throughput-diversity-delay tradeof.

_chantne_lrsh|sfde§cr|be(1 Ilnt [t]’ af:zumng (ija_ussiar; dlsbtdbm?his result provides strong incentive to use ARQ as a way to
inputs. The fundamental tradeoff developed in [4] has O crease reliability without suffering code rate penaltie

a bgnchmark for the performance gvaluatlon of space-tim he following notation is used in the paper. Sets are denoted
coding schemes, and the corresponding framework has bec €calligraphic fonts. The exponential equalify(z) = =¢

a preferred approach for characterizing classes of MlMlndicates thatim o2 /() _ 4 The exponential inequality
channels [5, 6]. For fixed rate codes constructed over descre . ETee logz " )

signal constellations, the work in [7] reports the fundatabn <= are similarly definedj| - | is the Frobenius norm and

rate-diversity tradeoff over quasi-static MIMO channels. ~ Vector/matrix transpose is denoted bye.g. v'). [z] (|z])
denotes the smallest (largest) integer greater (smalian.t.

**This work was supported by the Australian Research CouncienARC
grants DP0558861 and RN0459498. Il. SYSTEM MODEL

1The diversity gain (or (ssigna)l-to-noise ratio (SNR) expdjes defined as Consider a block-fading MIMO ARQ system withv;

A o log P. (SNR e . . . .
d = —limsNRr—oo 55Ky~ Where P (SNR) denotes the probability transmit antennas andV, receive antennas. We investigate
that the transmitted message is decoded incorrectly. Thépiexing gain the use of a simple stop-and-wait ARQ protocol where the
is defined as', £ limsNR_ oo fifgSSI\INrg, where R(SNR) is the code rate. . P P . P
The multiplexing gain essentially quantifies how close tbeecrate is to the MaximMum n_umber of AR_Q rounds is denOted_ thy Ea_Ch
capacity of a single-input single-output link at high SNR. [4 ARQ round is subject td3 independent block-fading periods,




each of lengti” (coherence time/bandwidth) in channel uses. — ij"epf‘ _— di::::ifon — hd
Hence each ARQ round spaf®l’ channel uses. ArQromd Ty modulator '
The received signal at thigh block and/th ARQ round is . )
o . . ARQ
P - enscIJZrer J . : transmitter
Yoo =1/HepXep +Wep, 1) :
Nt Mapper Linear J
over dispersion
where X, € CN*T Y, Wy, € CV*T and Hy, € ARQround L |2 modulator N,

CN-*N: denote the transmitted signal matrix, received signal Fig. 1. Block diagram of the concatenated MIMO ARQ architeet
matrix, the noise matrix and the channel fading gain matrix,

respectively, whilep denotes the average SNR per receiv& Encoding

antenna. Both the elements of the channel fading gain matrix
H,, and the elements of the noise math¥,;, are assumed The information message to be transmitted is passed through
i.i.d. zero mean circularly symmetric complex Gaussiarhwita space-time coded modulation encoder with codeldak
variances? = 0.5 per dimension. The channel coefficients ar€-“Z"*”" and code rately, where R, £ £ and R, £
assumed to be perfectly known to the receiver. In additian, wg log, [C| is the code rate of the first ARQ round. Therefore,

consider two types of fading dynamics and obtain lxeg- |c| = 2RLBT and the message index € M, where M 2
term static model of [5] by lettingH,, = Hy , forall £ £" 11 9 . 2RoLBT} js the set of possible information message
in (1). The short-term static model of [5] is obtained when jndices. We denote the codeword corresponding to infoomati
the matricest,, are i.i.d. for each block and ARQ round. messagen by X(m) € CLBN:xT The rateR, codeword

The receiver attempts to decode following the reception ghn be partitioned into a sequence foB space-time coded
an ARQ round. If the received codeword can be decodedatrices, denoteX,, € C¥:xT. We consider ahort term

the receiver sends back a one-bit acknowledgement signab{@rage power constraint where the transmitted codewoeds a

the transmitter via a zero-delay and error-free feedbatk li normalized in energy such thetX € C, B[ X[|%] = N,

The transmission of the current codeword ends immediately| et ¢, illustrated in Figure 1, be obtained as the con-

following the acknowledgment signal and the transmissibn gatenation of aclassical coded modulation schemég C

the next message in the queue starts. If an error is detectgsTN: constructed over a complex-plane signal §bt=

in the received codeword before tiich ARQ round, then the ¢, .,qjo|} C C with a unit rate linear dispersion space-

receiver requests another ARQ round by sending back a ofife modulator [8]. Furthermore, leto € Co denote a

bit negative acknowledgment along the perfect feedbadk pagodeword ofCg of length LBTN, and Q@ = log, |Q| the

However, a decision must be made at the end of/tfeARQ  humper of bits conveyed in one symbol ©f namely,|Q| =

round regardless of whether errors are detected. 29, Since the linear dispersion space-time modulator has unit
In general, the optimal ARQ decoder makes use of glte we have that < R, < LQN;.

available coded blocks and corresponding channel state- inf

mation up to the current ARQ round in the decoding process. pecoding

This leads to the concept of information accumulation, wher ) )

individual ARQ rounds are combined, along with any other & make use of the ARQ decoder proposed in [5], which

side information. We hence introduce the ARQ channel mod&¢aves as a typical set decoder for the first1 ARQ round

up to the ¢th ARQ round, completely analagous to (1), putand finally performs ML decoding at the last ARQ round.

allowing for a more concise notation. In particular, we haveoPecifically, the decoding function at ARQ rouiddenoted

Ye(Ye, Hy), outputs the message indéxc M whenever the

Y, =/ 2HX, + W, (2) received vector can be decoded andY,, H) = 0 whenever
Ny errors are detected. On the last ARQ round, retransmissions
where are not allowed and the ARQ decoder always outputs the best
= , , , - estimate of the transmitted message.
Yo=Y ... Y5 Y, Y 5]
Xe=[Xiq o X Xog, o X0 5] Il. ARQ PERFORMANCEMETRICS
Wéz [ /1,1a"'a /1,B7"'7W2,17"'7W2,B}I7 For ease of notation, let

H, =diag(H, 1,....H1 5,....,Hy1,....Hy 5). ~ = ~ o~
‘ 9(H LB o 65) Deé{¢1(Y1,H1):07---7¢5(Yz,H2):0}

Thatis, Y, € C/BN-xT X, € CBN:XT andW, € C/BN-xT
are simply collections of the received, code and noise westyi denote the event of error detection up to and including ARQ
respectively, available at the end of tifénh ARQ round, round /. The expected latency of the system is determined
concatenated into block column matrices. The new chani®l the probability of error detection, and it is given by
matrix H, € C*BN-x¢BN: is a block diagonal matrix with L1

the diagonal blocks composed of the respective channel stat k=1-+ Z Pr(Dy), 3)
during each block-fading period up to ARQ rouid =



wherex is expressed in terms of number of ARQ rounds. The Theorem 1 states that Gaussian codes achieve maximal di-
corresponding transmit throughput of the system in terms weérsity gain for any positive rate. As we show in the follogin
the average effective code rate is simply obtained by [5] this is not the case with discrete input signal consteletio

R1 Theorem 2: Consider the channel model (2) satisfying the
n(k, L) = (4)  short term average power constrajgt-E[[| X||%] < Ny, with
1+ Z Pr(Df discrete input signal constellations of cardinalty™:. The
wheren(R;, L) is expressed in bits per channel use. optimal SNR exponent is given by
IV. INFORMATION ACCUMULATION d5(Ry) = NN, (1 + {LB (1 _ B )J) (9)
The instantaneous input-output mutual information of the LQN,

channel (2) up to ARQ round, for the channel realization for short-term static fading and

= G, can be written as R,
g ity =xon (1|5 (1A} a0
~ A t
I(p|Ge) = T I(Xe5 Yo | He = Gy) = sz PIGe) B o long-term static fading over the full range 6f< R; <
1

LQN,, where (9) and (10) are continuous.
wherel(p|G/) is the instantaneous input-output mutual infor- Proof (Sketch): We first prove the converse and show
mation corresponding to ARQ rourfd Following (5) we will - that the diversity gaini%, (R;) is upper-bounded by (9) and
refer to I(p|G,) as theaccumulated mutual information up (10). We can use Fano’s inequality to show that the outage
to ARQ round/. I(p|G¢) measures the normalized mutuaprobability P,.(p, ¢, R1) lower-bounds the error probability
information betweenY, and Xz, given H, = G,. Since P.(p) for a sufficiently large block length. Then we bound
G, is a random matI’IX,[(p|GZ) is a non-negative randomthe maximum SNR exponent by considering the diversity gain
variable. Further, from (5) it is clear that the accumulateef the outage probability. For large SNR, the instantaneous
mutual information is an increasing function of the ARQ rdunmutual information is either zero @p.N, bits per channel use,
index ¢, for a given realization ofs,. corresponding to when the channel is in deep fade and when
Following [9, Lemma 1], we get that fogM| = 2F+BT the channel is notin deep fade, respectively [10]. Achiditgb
there exists a codebodksuch that the conditional probabilityis proved by bounding the error probability of the typical se
of error P.(p|G¢) < e foranye > 0 WheneverI(p|G¢) > R, decoder [5] for ARQ roundé=1,...,L —1, and that of the
for any? = 1,..., L, provided that the block lengthBT is ML decoder at round., using the union Bhattacharyya bound
sufficiently large. We hence define information outage as tlé a random coded modulation scheme o@econcatenated
event that occurs when the accumulated mutual informasionwith linear dispersion space-time modulation. For fiffitewe
below R,, namely obtain similar conditions to those in [10]. Finally, @&— oo,
A (= BTN < {BTN - we show that the SNR exponent of random codes is given by
O = {Ge e Ci 1 I(plGe)< Rl} - (6) the bounds (9) and (10) for all values & where they are
continuous. Further details of the proof are in [11]. [ |
Theorem 2 states that optimal diversity gain 8fN,. LB
and N;N,.B for short- and long-term models, respectively,
can also be achieved by discrete signal sets coupled wahrlin
dispersion space-time modulators, spreading the symib@lks o

For any finite B and L, the channel defined in (2) is not
information stable and the channel capacity in the strict
Shannon sense is zero, since the probability of the outagye e
is nonzero. The corresponding outage probability is defased

Poui(p, €, Ry) = Pr (](p|(~;g) < R1) ) (7) overB fading blocks at each ARQ round. Under this scenario,
full diversity is maintained for all rate® < R; < QN
V. THROUGHPUFDIVERSITY-DELAY TRADEOFF over short-term static fading channels, and all rafles<
We now present the main results of this paper concernify < LQN; over long-term static fading channels. This result
the optimal SNR exponent of ARQ systems. demonstrates the utility of ARQ: over short-term staticitfigd

Theorem 1: Consider the channel model (2) with inpuchannels, ARQ can be used to increase reliability, whiler ove
constellation satisfying the short term average powertcains  long-term static fading channels, ARQ can be used to inereas
LBT E[|X]|[2] < N:. The optimal SNR exponent*(R;) is the range of supported transmission rates.

given by The upper bounds (9) and (10) are also applicable to
_ ) any systems using block codes oveB independent block-

i (R) {NtNrLB for short-term static fading (8) fading periods. The significance of the ARQ framework is

N;N,B  for long-term static fading that it provides a way of achieving the optimal SNR exponent

ttalned by a block code wit.B coded blocks, without
always having to transmit all. B code blocks. Following [5],

1;t is possible to show that the throughput approaches tlee rat
?f a single ARQ round asymptotically, i.e.

Further, this is achieved by Gaussian random codes of raje
R, > 0, provided that the block length is sufficiently long.
Proof: Theorem 1 follows immediately as a corollary o
[5, Theorem 2] after taking into account the introduction
B in the system. [ | n(R1,L) = Ry. (11)
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Fig. 2. Optimal diversity tradeoff curve correspondingBo= 2,Q = 2 Fig. 3. Optimal diversity tradeoff curve correspondingfo= 2,Q = 2
for a short-term stati@ x 2 MIMO channel. for a long-term stati@ x 2 MIMO channel.

In other words, provided the SNR is sufficiently high, ARQ Figures 2 and 3 illustrate the effect of the maximum number
systems which sendn average B coded blocks (i.e. one of allowed ARQ roundsL on the diversity of the system
single ARQ round) can achieve the same diversity gain aser short- and long-term static channels, respectivélys |
that achieved by a block code system which sehéscoded clear from the plot that in the short-term static case the
blocks every time. This is because in the high SNR regimeeffect of L is to simply shift tradeoff curves upwards. This
most frames can be decoded correctly with high probability also intuitively satisfying, since each additional ARGuNnd
based only on the first transmitted code block. ARQ retran®presents incremental redundancy, which can be condidere
missions are used to correct the rare errors which occurstlma form of advanced repetition coding. Each additional ARQ
exclusively whenever the channel is in outage. While theund containsB additional independent fading blocks and
throughputn(R;, L) is a function of L at mid to low SNR, hence the diversity gain witih ARQ rounds is simply the
it converges toward®; independent of_ at sufficiently high diversity gain with L — 1 rounds plusB. In the case of
SNR. Since the optimal diversity gain is an increasing fiomct long-term static fading, since each ARQ round uses the same
of L, this behavior can be exploited to increase reliabilitghannel realization, largek implies a broader range ak;
without suffering code rate losses. However, as noted in [$pr which maximum diversity can be achieved.
this behavior is exhibited only by decoders capable of nearThe diversity tradeoff functions (9) and (10) can be viewed
perfect error detection (PED). Therefore, the performanfce as modified versions of the Singleton bound with the diversit
practical error detection schemes can be expected to sigrgfin corresponding to the Hamming distance of our c6de
cantly influence the throughput of ARQ systems. viewed as a code of lengthB constructed over an alphabet of

_ . . size 2@N:T  Therefore, Singleton-bound achieving maximum

Since equation (11) relates the asymptotic throughput Wiffistance separable (MDS) codes are optimal for the discrete

the coding parameteR,, the optimal SNR exponent give”input MIMO ARQ block-fading channel.
by (9) and (10) gives theptimal throughput-diversity-delay

tradeoff of MIMO ARQ block-fading channels. Examining the VI. NUMERICAL RESULTS
optimal discrete throughput-diversity-delay tradeoff ¢nd In this section, we show some examples of MDS codes for
(10) in more detail, we first note that''s = Z%- = r MIMO ARQ block-fading channels withV, = N, = 2. In

is the code rate of a binary code. i@.< r < 1, as if particular, the first system has a maximum number of ARQ
the coded modulation schentk, was obtained itself as therounds of L = 2, B = 1, and is using the terminated 4-
concatenation of a binary code of ratand lengthV, LQBT. state[5, 7|s convolutional code, while the second system has
Expressions (9) and (10) imply that the higher we set thestar@a maximum number of ARQ rounds of = 4, B = 1,

rate R; (equivalently,Ry), the lower the achievable diversityand is using the terminated 4-stdte 5, 7, 7]s convolutional
order. In particularuncoded sequences (i.eR; = QN,L) code. The outer convolutional codes are divided into blpcks
achieve optimal diversity gain a¥;/V,., while any code with interleaved and modulated using the complex 2 threaded
non-zeroR; < QN.L will achieve optimal diversity gain algebraic space-time (TAST) modulator proposed in [12F Th
less than or equal t&V;N,.LB or N;N,.B in the short- and two systems are investigated for their performance over the
long-term static models, respectively. This is an inteityy short-term static fading channel.

satisfying result ag.B and B are precisely the number of In this example, the channel coherence timelis= 32
independent fading periods in the short- and long-ternicstathannel uses and the mapper ovris set to 4QAM. In
models, respectively, each with inherent diversiyN,.. this case, ML decoding becomes impractical and we therefore
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resort to a sub-optimal iterative error detection and decofiNR reliability function as the Singleton bound in a modified
ing scheme. The iterative scheme is based on the max-fogm, which lead us to conclude the optimality of MDS codes.
APP detector proposed in [13], recursively exchanging coéénally, we showed via simulation that practical MDS codes
symbol extrinsics with an outer APP decoder, thus genayatioan achieve the optimal SNR reliability function with low-
estimates of the information sequence. Note that the mgx-lcomplexity decoders on the ARQ block-fading channel.
APP detector used here considers all possible input vectors
but it generates an approximation of the code symbol extrins
using two maximization operations. At each ARQ round, wdl] L. H. Ozarow, S. Shamai, and A. D. Wyner, *“Information dnetic

. . .o . considerations for cellular mobile radio,JEEE Trans. Veh. Technal.,
run the accumulated received signal through six iteratwns /0, %s"10 5" on 350-378, May 1994.

the detection and decoding algorithm before examining #ie d[2] I. E. Telatar, “Capacity of multi-antenna Gaussian arels,” Eur. Trans.
coder output. Errors are detected in this system by examinin_ Telecommun., vol. 10, no. 6, pp. 585-595, Nov.-Dec. 1999.

G. J. Foschini and M. J. Gans, “On limits of wireless conmigations in
the soft output of the decoder at each ARQ round, namely’ t a fading environment when using multiple antennasifeless Personal

minimum bit-reliability criterion (MinLLR) proposed in {]. Commun., vol. 6, no. 3, pp. 311-335, Mar. 1998.
Figure 4 compares the error rate performance oflthe 2  [4] L. Zheng and D. N. C. Tse, “Diversity and multiplexing: Aridamental

system andL = 4 systems under the short-term fading dy- gg_d‘;ogg_' lmot‘;g‘i'féggtem?Czrz)%n;e'gEEE Trans. Inf. Theory, vol. 49,

namics. For each system, we plot three curves, correspgndifs] H. El Gamal, G. Caire, and M. O. Damen, “The MIMO ARQ chahne
to the lower outage probability bound, the PED performance, Diversity-multiplexing-delay tradeoff,TEEE Trans. Inf. Theory, vol. 52,

. . I no. 8, pp. 3601-3621, Aug. 2006.
as well as the MinLLR performance. We notice that additionals; 17 "kim ‘and M. Skoglund, “On the diversity-multiplexintradeoft in

retransmissions lead to an appreciable decrease in etes; ra ~ multiantenna channels with resolution-constrained faeklh Submitted
and, equally important, the MinLLR criterion performs uirt - thlll_f_EE deans- 'S”f- Theory, 2086- the rate-diversity funatitor MIMO

. . Liu and P. Spasojevic, “On the rate-diversity funatitor
aIIy.as QOOd as perfeCt error detection. . channels with a finite input alphabet,” Rroc. Allerton Conf. Commun.,
Figure 5 compares the average latency (measured in ARQ Control and Computing, Monticello, IL, Sep. 2005.

rounds) of the two ARQ systems under the short-term fadint§] B.Hassibi and B. M. Hochwald, “High-rate codes that ane4r in space

scenario. Again, we plot three curves per system, corraspon gggznme, |EEE Trans. Inf. Theory, vol. 48, no. 7, pp. 1804-1824, Jul.

ing to the lower bound of expected latency, as well as the PE[9] G. Caire and D. Tuninetti, “The throughput of hybrid-AR®@otocols
and MInLLR performances. In this case, we observe that the for the Gaussian collision channellEEE Trans. Inf. Theory, vol. 47,

. . L . . . . no. 5, pp. 1971-1988, Jul. 2001.
cost of using the MIinLLR criterion is mainly an increase M10] A. Guillen i Fabregas and G. Caire, “Coded modulatiorthe block-

latency, caused by requesting superfluous retransmissions  fading channel: Coding theorems and code constructitBRE Trans.
Inf. Theory, vol. 52, no. 1, pp. 91-114, Jan. 2006.
VII. CONCLUSION [11] A. Chuang, A. Guillen i Fabregas, L. K. Rasmussen, bl Collings,

: : : : “Optimal throughput-diversity-delay tradeoff in MIMO AR®lock-
In thIS_ pa_F_’er' we qenved expressions fOI_’ the optlmal ARQ fading channels,Submitted to IEEE Trans. Inf. Theory, 2007. Available
SNR reliability function over the block-fading channel. &'h from ht t p: // ar xi v. or g/ abs/ cs. | T/ 0701126.
discrete reliability functions (9) and (10) characterizee t [12] H. El Gimag and M.IO. Damen, “Universal space-time cgdin EEE

; ; ; ; Trans. Inf. Theory, vol. 49, no. 5, pp. 1097-1119, May 2003.

tradeoff between diversity gain, thro,ug_hp“t’ Slgné‘l Sed a?l?;] B. M. Hochwald and S. ten Brink, “Achieving near-cafigicbn a
delay. We showed that ARQ transmissions can significantly  multiple-antenna channelIEEE Trans. Commun., vol. 51, no. 3, pp.
increase the level of diversity in the system. Further, ttie a  389-399, Mar. 2003. ) _
ditional diversity gain due to ARQ comes with no throughput¥ A: Matache, S. Dolinar, and F. Pollara, _"Stopping rules turbo

. . . decoders,” TMO Progress Rep. 42-142, JPL, Aug. 2000.
or delay penalty at high SNR. We recognized the optimal
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