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Adrià Tauste Campo Ezio Biglieri
University of Cambridge Universitat Pompeu Fabra

Cambridge, UK Barcelona, Spain
email: at461@cam.ac.uk email: e.biglieri@ieee.org

ABSTRACT

We examine a multiple-access communication system in which
multiuser detection is performed without knowledge of the
number of active interferers. Using a statistical-physics ap-
proach, we compute the single-user channel capacity and spec-
tral efficiency in the large-system limit.

I. INTRODUCTION

In mobile multiple-access communications, the number of ac-
tive users, their location, and other channel-state parameters,
are variable with time. Estimating these parameters is cru-
cial in several applications, e.g., user localization in wireless
networks, neighbor discovery in ad hoc networks, and power-
control strategy optimization.

The classic approach to multiuser detection theory [1] is
based on the assumption that the number of active users is con-
stant, known at the receiver, and equal to the maximum num-
ber of users entitled to access the system. However, this model
is unrealistic in an environment where there is a considerable
number of users that remain inactive at any given time. Fur-
thermore, the assumption of a number of users larger than it
actually is leads to a considerable performance loss for several
families of detectors. In [2], a new class of detectors was intro-
duced accounting for the dearth of information on the number
of active users. In particular, the problem of jointly estimat-
ing the number, the identities, and the data of active users was
solved in [2], whereas in [3] the extension to the estimation of
the continuous parameters of the active users was addressed.

The object of interest in this paper is the large-system behav-
ior of code-division multiple-access (CDMA) systems within
the framework of [2]. Our analysis uses tools recently devel-
oped from statistical physics (see, e.g., [4] and the references
therein). Specifically, here we aim at analyzing the multiuser
and spectral efficiency of a CDMA system when its natural di-
mensions (number of users K, and spreading gain N ) grow
to infinity while their ratio β , K/N (the system load) re-
mains constant. Of particular interest is the large-system equiv-
alent single-user channel introduced in [5] for randomly spread
CDMA.

In [6], by applying a large-system analysis to the static chan-
nel model described in [2], asymptotic multiuser efficiency and
bit error probability of a joint detector of data and user iden-
tities were derived. The results in [6] show the degradation
of multiuser efficiency and bit error probability caused by the
uncertainty on the activity of the users. Our goal here is to de-
rive single-user capacity and spectral efficiency of a multiuser
channel using the detector of [2].

II. SYSTEM MODEL

In [2, 7], Random-Set Theory (RST) was proved to be a nat-
ural, flexible, and mathematically sound framework for the
multiuser-detection problem under study. In fact, RST allows
one to account for the randomness present not only in the data
to be detected, but also in the set of users that are active at any
time. This new perspective can be used to derive novel, more
robust multiuser detectors.

A random set [8] is a map from a sample space Ω to a family
of subsets of a given space S. In the model we are concerned
with, S contains the unknown data and parameters of the active
interferers. The information carried by the interferers at time t
can be modeled as a random set:

Xt = {x(1)
t , . . . ,x(k)

t } (1)

The elements of Xt are random vectors whose components are
the unknown user parameters, while k, the number of active
interferers, is itself a random integer taking values in the in-
terval [0,K − 1], with K the maximum number of users that
can access the channel. If everything about the interferers is
known except their number and identities, then all Xt are sub-
sets of the power set 2K,K , {1, . . . , K}. Similarly, if we aim
at detecting the (binary) data that the interferers transmit, then
Xt takes values in a set with 3K elements, denoted as 3K. Our
goal here is the detection of the number and identities of active
interferers as well as the data they carry, under the assumption
that their remaining parameters remain constant. For this rea-
son we shall not deal with the evolution of Xt with time (the
“static-channel” assumption).

Specifically, we examine here a direct-sequence CDMA
(DS-CDMA) system, whose received signal at time t is

yt = RAbt(Xt) + zt, t = 1, . . . , T (2)

where

• Xt is the random set of active users.

• R is the correlation matrix of the signature sequences.

• A is the diagonal matrix of the users’ signal amplitudes.

• The vector bt(Xt) contains the user data, and has zero
entries in the locations corresponding to inactive user.

• zt is a Gaussian noise vector ∼ N(0, (N0/2)) or ∼
N(0, σ2), with N0/2 = σ2 the power spectral density of
the received noise.
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Under our static-channel assumption, the a posteriori proba-
bility (APP) of Xt, given the whole received sequence, is

f(Xt|y1:T ) , f(Xt|yt) (3)

Hence, the sequential maximum a posteriori probability (MAP)
estimator of users’ identities has the form

X̂ = arg max
Xt∈2K

f(Xt|yt) (4)

Here we examine user-identity and user-and-data MAP de-
tectors. For both detectors, we assume that the probability of
interferer i to be active at time t, i.e. the activity rate, is equal
to α, irrespective of i and t. Hence, the probability distribu-
tion of interferer set Xt depends only on its cardinality |Xt|.
By assuming that each user k transmits n antipodal binary in-
formation symbols, independent from time to time and across
users, the a priori distributions of the random sets B containing
either the user identities, or the user-and-data vectors, are

fX(B) = α|B|(1− α)K−|B| (5)
fX(B) = 2−n|B|α|B|(1− α)K−|B| (6)

respectively, where the time subscripts are omitted for simplic-
ity. In the balance of this paper, we assume n = 1.

III. LARGE-SYSTEM ANALYSIS

Sharp tools for large system-analyses were recently developed
in [9] (see also [4] and references therein). In [9], statistical-
physics concepts and methodologies were applied to multiuser
detection, to derive large-system uncoded minimum BER and
spectral efficiency with equal-power binary inputs. Other au-
thors expanded the scope of [9]: in [10], channel capacity was
derived, while [5] presented a unified treatment of Gaussian
CDMA channels and multiuser detection in the large-system
limit under arbitrary input distribution and flat-fading.

Central to the large-system analysis of [9] is the concept of
free energy. In statistical physics, the free-energyF(X) (where
X is the state variable) relates the energy E(X) and the entropy
H(X) of a physical system in the following way:

F(X) = E(X)− TH(X) (7)

where T is the temperature of the system. At thermal equi-
librium, the free energy (7) is minimized as time evolves, since
the entropy tends to a maximum according to the second law of
thermodynamics. A key point here is that the free energy, nor-
malized to the dimensionality of the system, is a self-averaging
quantity. This is the reason why the free energy turns out to
be the starting point for calculating macroscopic properties of
a thermodynamic system.

In a communications system, the energy function becomes
the metric of a detector in a multiuser channel. From this per-
spective, any detector, when parameterized with a certain met-
ric, can be analyzed with the tools of statistical mechanics to
derive results in the large-system limit. Hence, the calculation
of the free energy can be associated to parameters of a mul-
tiuser detection performance such as spectral efficiency, chan-
nel capacity, and bit error probability.

At thermodynamic equilibrium, the free energy can also be
expressed as F = −T log Z, where Z =

∑
x exp

(− 1
T ‖x‖

)
is

called the partition function, ‖ · ‖ is the energy operator, and
the temperature T ≥ 0 reflects the energy constraints.

In a communications system such as (2), the detector goal
is to infer the information-bearing symbols given the received
signal y and knowledge about the channel state (which we de-
note S) that yields Z(y,S) = pY|S(Y|S). The corresponding
free-energy normalized by the number of users is expressed as:

FK = − 1
K

log pY|S(Y|S) (8)

To calculate this expression, we use the self-averaging as-
sumption, which states that the randomness of (8) vanishes as
K → ∞. This is tantamount to saying that the free energy
per user converges in probability to its expected value over the
distribution of the random variables y and S:

F = lim
K→∞

E
{
− 1

K
log pY|S(Y|S)

}
(9)

A. Free energy and capacity of a CDMA

Statistical-physics tools can also be used to achieve insight
on the information-theoretic capacity of CDMA channels. As
shown in [9], the large-system single-user capacity of a CDMA
channel with binary modulation can be written as

C = lim
K→∞

1
K

I(b1(X), . . . ,bK(X);y) = F − 1
2β

log(2πe)

(10)
where I(· ; ·) denotes mutual information, b1(X), . . . ,bK(X)
are the users’ transmitted symbols corresponding to the random
set X, y is the received signal, and F is the free energy defined
in (9).

In our analysis, we invoke the decoupling principle [4],
which allows us to use an equivalent single-user channel model
consisting of a scalar Gaussian channel having the original in-
put distribution and SNR per active user (γ), and an inverse
noise variance equal to the multiuser efficiency η. Its input–
output relationship is

y =
√

γ bk(X) +
1√
η

(11)

where k denotes an arbitrary user, and η is the solution of the
fixed-point equation

η−1 = 1 + β Eγ [γ MMSE(γ, η)]

where MMSE is the minimum mean square error of estimating
bk(X) under white noise with SNR equal to γ:

MMSE(γ, η) = Ebk(X),y[(bk(X)− E{bk(X)|γ, η, y})2]
(12)

which in turn can be computed as:

α−
∫ E2

bk(X){bk(X)P (y|γ, η,bk(X))}
Ebk(X){P (y|γ, η,bk(X))} dy
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where P (y|γ, η,bk(X)) is the Gaussian density describing the
single-user equivalent channel (11).

Under the decoupling principle, the mutual information be-
tween the input symbol and the output of any MAP estimator
turns out to be equal to the input–output mutual information of
the Gaussian equivalent channel, so that

I(bk(X), y) = Ebk(X),y

{
log

(
P (y|γ, η,bk(X))

P (y)

)}
(13)

where P (bk(X)) is the input distribution and P (y) =∑
bk(X) P (bk(X)P (y|γ, η,bk(X)) is the output density. Fi-

nally, the spectral efficiency under joint decoding is obtained by
adding the single-user mutual information (normalized to the
dimensionality of the multiuser channel—the spreading length)
to a divergence factor depending on the multiuser efficiency
η [5]:

C = β Eγ

{
I(bk(X), y)

}
+

1
2

[(η − 1) log e− log η] (14)

IV. MAIN RESULTS

To the purpose of our analysis, we assume that S = RA, where
S is an N × K matrix whose columns are the spreading se-
quences of the users and N is the spreading gain, or sequence
length, and that the noise is white: z ∼ N(0, σ2I) where σ = 1.
Thus, our DS-CDMA system is modeled as follows:

y = Sb(X) + z (15)

and the energy operator ‖ · ‖, as derived from the free-energy
definition, represents the logarithm of the joint distribution
f(y|S,X)fX(B):

‖b(X)‖ =
1

2σ2
(y − Sb(X))T (y − Sb(X))− log(fX(B))

(16)
where fX(B) is the input random-set distribution (5) or (6).

Evaluation of the free energy F is made possible by the
replica method, which consists of computing F as follows:

F = − lim
n→0

∂

∂n

(
lim

K→∞
1
K

logE
{
pY|S(Y|S)

})
(17)

Our main results regarding to user identification and jointly
user identification and data detection are as follows.

Theorem 1 In randomly spread DS-CDMA communication
with constant equal power per user, the large-system single-
user channel capacity of a multiuser system with MAP estima-
tion of user identities is

Cusers(α) = (18)

−α
1√
2π

∫
e−ηy2/2 log

(
α + (1− α)e(−ηγ/2−η

√
γy)

)
dy

−(1− α)
1√
2π

∫
e−ηy2/2 log

(
αe(−ηγ/2+η

√
γy) + (1− α)

)
dy

where η, the multiuser efficiency, is the solution of the follow-
ing fixed-point equation:

η =
1

1 + β
(
γ

[
α− ∫ √

η
2π

α2e−η/2(y−√γ))2

α+(1−α)e−η(
√

γy−γ/2) dy
]) (19)

that minimizes the free energy

F =− E
[∫

(φ log φ)dy

]
− 1

2
log

2πe

η

+
1
2β

(
(η − 1) log e + log

2πe

η

)
(20)

Here α is the activity rate of users, β the system load, γ the
signal to noise ratio (SNR) per user, E denotes expectation over
all random variables, and φ = p(y|γ, η,bk(X)) describes the
large-system equivalent single-user Gaussian channel.

Corollary 2 With model (15), the large-system optimal spec-
tral efficiency of a detector performing user identification is

Cusers(α) = Cusers(α) +
1
2

[(η − 1) log e− log η] (21)

Theorem 3 In randomly spread DS-CDMA with constant
equal power per user, the large-system single-user capacity of
a multiuser channel with MAP user identification and data de-
tection under BPSK transmission is

Cusers−data(α)

= −α

∫
e−y2/2

√
2π

log

(
α cosh(ηγ − y

√
ηγ) + (1− α)eηγ/2

)
dy

− (1− α)
∫

e−(y−√ηγ)2/2

√
2π

log

(
α cosh(ηγ − y

√
ηγ)

+ (1− α)eηγ/2

)
dy + ηγ

(α + 1)
2

log(e) (22)

where η, the multiuser efficiency, is the solution of the follow-
ing fixed-point equation:

η =
1

1 + β
(
γ

[
α− ∫

1√
2π

e−y2/2 α2 sinh[ηγ−y
√

ηγ]

α cosh[ηγ−y
√

ηγ]+(1−α)eηγ/2 dy
])

(23)
that minimizes the free-energy (20).

Corollary 4 With model (15), the optimal spectral efficiency
of a detector performing user identification and data detection
is

Cusers−data(α) = Cusers−data(α) +
1
2

[(η − 1) log e− log η]
(24)
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The fixed-point equations (20) and (23) are derived accord-
ing to the prior distributions of random sets given in (5) and (6),
which consider users’ activity in a static channel. Under MAP
estimation, detection requires the knowledge not only of the
a priori probabilities of the data, but also of the activity rate
α. Then, the fixed-point equations are determined by the min-
imum mean-square error. Finally, the single-user channel ca-
pacity and the joint spectral efficiency for each case are cal-
culated from (13) and (14), by using the multiuser-efficiency
fixed-point solution that yields the smallest free energy (or,
equivalently, the smallest spectral efficiency).

V. NUMERICAL RESULTS

Some numerical results will now be shown, to illustrate the the-
ory just developed. We exhibit the large-system performance of
an individually optimum detector that knows the user’s activity
rate α. In this context, we examine this detector in two differ-
ent types of random set estimation: user identification, where
the a priori distribution of the random set is (5), and user iden-
tification and data detection, where it is (6).

Fig. 1 plots the large-system multiuser efficiency for MAP
user identification based on the knowledge of the activity rate
alone. The values of the multiuser efficiency are obtained
numerically through the resolution of the fixed-point equa-
tion (19) for a system load β = 1. Fig. 2 plots the multiuser
efficiency of MAP detection of users and data based on the
knowledge of the activity rate alone and assuming binary an-
tipodal modulation. In this case, the values of multiuser effi-
ciency are obtained numerically through the resolution of the
fixed-point equation (23) for β = 1. It is interesting to notice
that the performance of the user detector is symmetrical with
respect to the worst case α = 0.5. In the case of user-and-data
detection, the multiuser efficiency curves are degraded with re-
spect to the standard case α = 1.0, and although the behavior
is not symmetrical, the worst case also tends to α = 0.5 for
large γ.

Figs. 3 and 4 compare capacity and spectral efficiency of
the two MAP detectors described above for different values of
α. With detection of user identities, the single-user capacity
is symmetric with respect to α = 0.5, the value at which ca-
pacity is maximum (1 bit/sec). The cases α = 0 and α = 1
correspond to full certainty of users’ activities, and therefore
multiuser efficiency and capacity (and also spectral efficiency)
are trivially 1 and 0, respectively (see (18)). Unless otherwise
specified, base-2 logarithms are assumed throughout. Regard-
ing the users-and-data detector, the capacity curves show the
cost incurred by the estimation of active-user identities with re-
spect to the case where all users are known to be active (α=1.0).
With the latter detector, symbols are assumed to take on three
possible values {−1, 0, 1} (0 corresponds to an inactive user)
and the maximum capacity is achieved for α = 2/3, which cor-
responds to equal prior distribution of data and activity (base-3
logarithms are used here, except for α = 1). Perusal of both
figures shows that, in the low-SNR regime, the multiuser effi-
ciency tends to compensate the differences in capacity due to
the effect of users’ activity in their a priori distribution. How-

ever, for high SNR, multiuser efficiency approaches 1, and
therefore the knowledge of the activity rate is the main factor
that determines the difference in performance for each case.
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Figure 1: Large-system multiuser efficiency of MAP user iden-
tification with a priori knowledge of α and β=1.
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Figure 2: Large-system multiuser efficiency of user identifica-
tion and data detection under MAP detection with prior knowl-
edge of α and β=1.

VI. CONCLUSIONS

We have derived single-user channel capacity and the joint
spectral efficiency of a static CDMA multiuser system with
an unknown, large number of users. Our large-system anal-
ysis uses statistical-physics tools, and focuses on the perfor-
mance of detectors under the assumption that the system pa-
rameters do not change. Multiuser efficiency and channel ca-
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Figure 3: Large-system joint spectral efficiency and chan-
nel capacity with MAP detection of user identities with prior
knowledge of α and β=1.

−20 −15 −10 −5 0 5 10 15
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

SNR[dB]

J
o
in

t
S
p
ec

tr
a
l
effi

ci
en

cy
v
.s

S
in

g
le

-u
se

r
C

a
p
a
ci

ty

 

 

Capacity, α=0.2

α=0.4

α=0.67

α=0.8

α=1.0

Spectral efficiency, α=0.2

α=0.4

α=0.6

α=0.8

α=1.0

Figure 4: Large-system joint spectral efficiency and channel
capacity with MAP detection of user identities and their data
with prior knowledge of α and β=1.

pacity are computed through fixed point equations derived un-
der the single-user equivalent channel assumption. Numerical
results show the sensitivity of CDMA performance to the ac-
tivity rate, and the loss due to the uncertainty on the number
of users accessing the system. The limiting case α = 1, cor-
responding to all users being active, matches the results previ-
ously known from the multiuser-detection literature.
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[5] D. Guo and S. Verdú, “Randomly spread CDMA: Asymptotics via sta-
tistical physics”, IEEE Trans. Inform. Theory, vol. 51, no. 6, pp. 1983–
2007, Jun. 2005.

[6] A. Tauste Campo and E. Biglieri, “Large-system analysis of static mul-
tiuser detection with an unknown number of users”, in Proc. of IEEE
Int. Work. on Comp. Advs. in Multi-Sens. Adapt. Process. (CAMSAP’07),
Saint Thomas, US, Dec. 2007.

[7] E. Biglieri and M. Lops, “A new approach to multiuser detection in
mobile transmission systems”, in Proc. IEEE Int. Symp. on Wir. Pers.
Multim. Comms. (WPMC’06), San Diego, CA, Sep. 2006.

[8] R. P. S. Mahler, Statistical Multisource-Multitarget Information Fusion,
Artech House, Norwood, MA, 2007.

[9] T. Tanaka, “A statistical-mechanics approach to large-system analysis of
CDMA multiuser detectors”, IEEE Trans. Inform. Theory, vol. 48, no.
11, pp. 2888–2910, Nov. 2002.

[10] R. R. Müller, “Channel capacity and minimum probability of error in
large dual antenna array systems with binary modulation”, IEEE Trans.
Signal Processing, vol. 51, no. 11, pp. 2821–2828, Nov. 2003.


