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Abstract— We study the minimum mean square error (MMSE)
and the multiuser efficiency 7 of large dynamic multiple access
communication systems in which optimal multiuser detection is
performed at the receiver as the number and the identities of
active users is allowed to change at each transmission time. The
system dynamics are ruled by a Markov model describing the
evolution of the channel occupancy and a large-system analysis is
performed when the number of observations grow large. Starting
on the equivalent scalar channel and the fixed-point equation
tying multiuser efficiency and MMSE, we extend it to the case
of a dynamic channel, and derive lower and upper bounds for
the MMSE (and, thus, for n as well) holding true in the limit
of large signal-to—noise ratios and increasingly large observation
time 7.

I. INTRODUCTION

In mobile multiple access communications, the number of
active users, their location and other channel state parameters
are variable with time. The estimate of these parameters
has several applications to communication systems, €.g., user
localization in wireless networks, neighbor discovery in ad hoc
networks, and power-control strategy optimizations.

The classical approach to multiuser detection is based on
the assumption that the number of active users is constant
and known at the receiver, and corresponds to the maximum
number of users entitled to access the system. However, this
model is quite pessimistic in a dynamic environment where
there is a considerable number of users that may remain
inactive at any given time: for this reason, in [1] a more
realistic framework has been outlined and a new class of
detectors has been introduced. In particular, the problem of
jointly estimating the number, the identities and the data of
active users has been considered, while [2] assumes that also
a number of continuous channel parameters are unknown at
the receiver end.

The object of interest here is the large-system analysis
of code division multiple access (CDMA) systems according
to the dynamic environment given in [1]. Thus, this paper
is aimed at analyzing the performance of a CDMA system
in terms of multiuser efficiency when its natural dimensions
(number of users, K, and spreading gain, V) tend to infinity
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keeping fixed their ratio (8 = K/N). The analysis will be
based on recent tools developed from statistical physics. Of
particular interest is the large-system equivalent single-user
channel that is proved in [3] for a randomly spread CDMA
system using the replica method analysis. Previous results on
this topic are contained in [4], where the replica method has
been applied to the static channel model described in [1] and
the large system performance for joint data detection and user
identification is given for a single instant time. The results are
an extension of those corresponding to known users and allow
evaluating the degradation due to the prior uncertainty as to
the users’ activity.

In this paper we address the large system analysis of a
multiuser detector as identities of the active user is allowed
to vary with time according to a known dynamic model.
Minimum mean square error (MMSE) and multiuser efficiency
are derived in this new scenario and an asymptotic analysis
(as the observation time becomes increasingly large) is given,
along with bounds on the MMSE and 7. The rest of the
paper is organized as follows. Next section contains the system
model, and in particular the scalar channel model applicable
in the large system limit. Section III presents the asymptotic
(i.e., for large signal-to-noise ratio and large observation time)
analysis, while Section IV is devoted to the validation of the
analytical results through numerical simulations. Concluding
remarks form the object of Section V.

II. SYSTEM MODEL

Consider a synchronous BPSK-CDMA system with spread-
ing factor N and denote K < N the maximum number of
active users [3]. The signature of the k—th user is modeled
as a binary random sequence, S(*) say, whereby the signal
received at epoch ¢ is

Y, =SX,+N;, t=1,...,T. (10

In (1) S = [/pSW, ..., /prSH)] is the channel “state”
matrix, py is the k-th user instantaneous signal-to—noise ratio
(SNR), while X; = [Xt(l), . ,X,FK)]T is a vector of ternary
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random variables (the “input” symbols), defined as:

X(k) 0, if user k is idle, 2)
b(k) {=1,+1}, if user k is active.

where bgk) represents the bit transmitted at epoch ¢. As to
N, it represents the additive white Gaussian noise, i.e. N ~
N(0,1).

The evolution with time of the vector X, is ruled by a
Markov model similar to that outlined in [1]. In particular,
denoting with . the probability that a given user, active at time
t — 1, survives into epoch ¢, and with « the probability that a
user, idle at epoch ¢ — 1, becomes active at epoch ¢, the basic
assumptions are that users may survive or die independent
of each other and that the bits emitted by a given user in
consecutive time epochs are independent (i.e., the sources are
memoryless). Under these conditions, the sequence Xi.7 =
{X;}Z_, is a Markov chain whose state space has cardinality
3K, Thus the transition density of {X;}:cn factorizes as the
product of the transition densities of {Xt( )}teN, where each
{Xt(k)}teN is a stationary and homogeneous Markov chain
with state space S = {—1,0,1} and transition probability
matrix

w2 1—p p/2
[a(z’,j)}i,jesz a/2 1—a «f2
w2 1=y /2

Given the above ingredients, our goal here is to study, in
the said dynamic environment, the multiuser efficiency of a
CDMA in the large system limit, i.e. as both the number of
users K and the spreading factor N tends to infinity while
their ratio (3 remains fixed and positive. Specifically, we are
interested in studying n and MMSE when joint user activity
detection and bit estimation is performed. To this end, we
apply the decoupling principle to a CDMA system where all
of the K admissible users are assumed to be transmitting
at any epoch ¢ the ternary symbols defined in (2), studying
the equivalent (in the large system limit) single-user scalar
channel, i.e. a scalar Gaussian channel with the same input
distribution and SNR (p), and an inverse noise variance equal
to the multiuser efficiency () [3].

The equivalent single user scalar channel is described by
the following equation

1
}/;f = \/ﬁXt + 7Nt7
e
where, with a slight abuse of notation, we have dropped the
user apex. The inverse noise variance 7, accounting for the
degradation of the channel, is interpreted as the multi-user
efficiency and can be found solving the fixed point equation

=1+ BpK(np)," A3)

where K is the MMSE (which, depends on the product 7p).
The solution of (3) is in general found numerically and, in

Notice that we have dropped the expectation sign that can be found in the
expression in [3] since no fading is considered in the present framework.

the event that it has more than one solution, 7 is chosen to
minimize the so-called “free-energy” (see [3] for detaﬂs).

The estimate of the transmitted symbol at time 7', X7 say,
based upon the past observations Y1.p = {Y;}/_; is chosen
to be the posterior mean, i.e. X = E [XT|Y1:T]. We then
study the multiuser efficiency as the observation time T' gets
large. As in [3], we can regard X1 as a soft-output version
of the individually optimal detectorThe conditional density of
the observation at time ¢ be

flyelae) = ,/%e*g(y‘*‘/‘fm)z, VYV, €8.

whereby {X¢,Y; }ten is a hidden Markov process (HMP) and
the likelihood up to epoch T is

)=

r1€ES xT€ES

T

Flen) [] alwior, @) £ (welo),

t=2

o (51— m %)

}’1T

where 7 is the stationary distribution
The estimate X is

XT =E [XT‘YI:T] = Z xP ({XT = -T}|Y1:T) =

zeS
=P ({Xr =1}|Y1.r) - P ({Xr = -1}|Y1.1)

and the MMSE at epoch T is Kr(1p) = E [(Xr — X1)?],
where the expectation is taken over the joint distribution of
{X:,Y:}E,. After some manipulations, we obtain:

Kr(np) =P ({Xr =1}) + P ({Xr = —1}) — E[X2]
-2 _®[X2].
l+a—p

III. ASYMPTOTIC ANALYSIS AND BOUNDS

The goal of our analysis is to find an asymptotic expression
for the multiuser efficiency 7. To this end, we first need to
prove that E [X 2] admits a limit as 7" grows large, and then
determine its expression. As to the former point, notice that the
one-sided stationary process {X;,Y;}ten can be extended to
a two-sided stationary process { Xy, Y; }+ez, whence we have:

=B[P(Xr = 1}[¥1r) ~PXr =1} Yir))’]
= B[P(X: = 1Y _ri20) ~PEX: = ~1}[Y rp20))°].

B[X7]

2
Since (P({X1 = Y _1p20) —P({X) = —1}|Y,T+2:1))
is bounded for every T' € N, dominated convergence gives

lim E[X2] =

T—+oco
=B [(P ({X1 = 1HY wcn)
where, Vx € S,

P (06 = )Y ) =P

~P({X; = fl}\Y,m)ﬂ :

({Xl = m}‘Y—oorl)

exists almost surely form a martingale convergence theorem
by Lévy (see [5]).

Since determining a closed-form expression for K (np) as
T — oo in the general case is very challenging, we first
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analyze two special of the Markov chain {X;}:cn and then,

from this results, we derive a lower and upper bound for the
MMSE.

A. Special cases
Let us first re—cast)?T as:
o
_ AYr|DPEXr = B[ Yir) — (Ve |~ DP(Xr = 1} [Yirs)
ZzES J(Yr|lz) P{ Xy = 2}[Y1.01)
_ f(Yr[1) — f(Yr| - 1)

FVr 1) + 255 = £ (v |0) + f(Yr| - 1)

sinh(n./pYT)

1-PH{X7r=21}Y1.7-1 ’
cosh(n/pYT) + P({(){(T::tl}\]:ilfl;T,l) Lene/2

where P({XT = :|:1}|Y1:T,1) =1- P({XT = 0}‘Y1;T,1).

1) a =0, p = 1: This represents a static channel, i.e. the
user persists indefinitely in its state (active or not). Thus, the
stationary distribution is ™ = (%, 1=, %) for any A € [0, 1]
(X represents the probability that the user is active), and the
density of Y1.7 is

(1 - N T Fwelo) + AT 2 +2f<ytl -1

In this case {Y;|X1 = O}ien and {Yz| X1 = £1}iey are two
independent processes so that one has

1-P{Xr =+£1}Yir1)
P({Xr = 21} Y1z 1)

_1-) Tli[ F(Yi]0)
R N AN ES T AE)E
Ttoo | T00, s if Xy =0,
_
0, a.s. if Xy = =1,
and then
E[(Xr)?] =

= \E [(X7)? X1 = £1] + (1 = M) E [(Xr)?| X1 = 0]

FVD - il -\,
(f(Y1I1)+f(Y1I—1)> e = 1

T—~+o00

AE

)

This implies, after some manipulations, that the limiting
expression for the MMSE is:

_y

Kr(np) 2252 (1—/Rtanh(77p - ym)i/%dy>, 4

which is exactly A times the canonical MMSE found in [3].
This expression allow us to say that, as the observation time
tends to infinity, all the uncertainty as to the user activity
can be removed: if the user is active, which happens with
probability A, errors can be due to bit estimation only.

2) a =p = A In this case 7 = (3,1 — A, %) and the
density of Y7 is
T

TT (51 = 1+ (1= N7 Gl0) + 5 D))

t=1

friy")

i.e. the HMP degenerates into an independent process. We thus
have

1-P{Xr =+41}[Yyr1)  1-P{Xr=+1}) 1-A
P({X7 = £1}Y17r-1) P({Xr = £1}) A
and then, VT € N,

F0A[1) — f(Yi] — 1) )

Bl(Xry]=E (fmm + 28532 f(11]0) + f(Vi] ~ 1)

As to the MMSE, after some manipulations, we obtain

Kr(np) =

B sinh(np — y\/np) e T
=A|1- Y dy | -
® cosh(np — yy/np) + 157 em/2 /2w

which corresponds to the MMSE of the “one-shot” estimation
of user activity and data found in [4]. A case of particular
interest is « = p = 1/2, which, as will be seen later,
corresponds to the worst case MMSE for large values of p.
Observation 3.1: In general, the estimation of the state X
based upon Y ;.7 corresponds to performing both user activity
detection and data estimation. Since the transmitted bits are
independent, past observations may only be helpful in the latter
task. The two extrema are the static case (o« = 0, p = 1),
where channel occupancy estimation is improved for larger 7',
and independent observation case (o = j), where memoryless
processing is optimum. In general, as « approaches zero and p
approaches 1 (which means that the user persists being idle or
active for long time) larger values of 7' result in larger gains.

B. Upper and lower bound

Given the form of the stationary distribution, we have that
P({X1 = £1}) = 35— The best case would be clearly
the static case with initial distribution (%, 1—=A, %) and \ =
T +27H since, when T' — +o00, the uncertainty as to the user
activity is completely removed and data detection only need
to be performed. A lower bound for the MMSE, then, is that

in equation (4). Developing (4) we have

2
e~V /2
1— [ tanh — dy =
/R (np —yv/np) 7 W

2eV1P(y—+/11P) e~v?/2
:/]R NP 4 eI \Jfon dy =

=2¢1P/2 / L eV dy =
R eVIPY 4 e=VIPY |\ [or
:2 /O 1 o (yﬂéw)z -

oo L e2uviry |\ for

too 1 o <y+@>2

+2/O L e o dy =
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+o00 0 e (y—\éﬁ)Q
=2y (v | [ e dy+
; o V2T
0 _ (ytvam?
+ / I
e =
o V2T Y

—42 1yEe WQ( (2k + 1)277/)) ~

4e ’7”/2 = (-DF ™
2npenr’

2k +1
Notice that in the above chain of equalities, no approximation
has been advocated except that in the last step, where the )
function has been replaced with its asymptotic behavior for
large p. Thus all but the last equalities hold for any value of
p, and are consistent with those obtained in [6] for large p.
We thus obtain

Vs
Kr(np) > A/ 5—e "%,
(np) 50p

with equality if the channel is static.

As concerns the upper bound, let v = P({Xp = +1}|
Yi.7-1). Then, the MMSE at epoch T conditioned upon the
past observations Yi.p_; can be also written as

Kr(np|Y1.1r-1) /X2

+35 = 1)) dy =
_ / y FODEWIED (1 — ) £(9]0) +72f (1) (9] — 1)
w0 NW0)+ 3w -1

%)
so that Kr(np) = E[Kr(np|Y1.7—1)]. The second derivative

of Kr(np|Y1.r—1) with respect to v is
1 / F0) (Fl) - fly| - 1)’
(3£ + Q=) fl0)+ 3yl - 1))

2
showing that the MMSE is a concave function of - and attains
an absolute maximum for 7 € [0, 1]. Furthermore, equation (5)
can be also written as

Kr(nplY1r-1) =

2mnp

Flyll) + (1 =) f(yl0)+

dy,

_ (1 =) fWl0) + % fly| - 1)

- /R 2f) + (1 =) f(yl0) + 3 f(yl - 1)f(y|1)dy+
10 =)fWl0)+ L fyl - 1) )

) TG T 0760+ 370 - ! ¢

Divide now the interval [0,1] into two sub-intervals, [0, 3/4]
and [3/4,1]. For large p and ~y € [0,3/4], we have

3w =) (»]0)

rtiYer ~ [ T
sflyl-DA =y flo)
+/< NI+ 2l -1

:2/ 2/ WA =)fW0)
r 3. (1) + (1 =) f(yl0)
2/ (1 —7)e (v 0%) e,yz/zd
= — - y:
]R,ye\/ﬁ(y—@—\l/%) F(1-7) 2w
Ve yiﬂiln72 E_yz/2
.y Y1 =7)e ) o dy —
- - \/W(Uiﬁian) P (TP _1n2 Y=
R e
/ APy )
=2 - Y~
R ye@y + (1 — 67@1/ V2om

Q

2/ Ve
Rvecyﬂlfv) i

) W2 (1 -2 (v~}
‘QAvf<;> DFw- 5™

Notice that the above approx1mation for large p is still concave
in 7y as its second derivative is

B
3
3

2
L[ UG
34y,
R (vf (yl3) + 1 =f (v - 3))
Since K7(np|Y1.r—1) is itself concave, its symmetry for
large p implies that the maximum cannot be attained for

v € [3/4,1], whereby, for large p, the MMSE is maximum
at v = 1/2 and we have

eCy e_(y+@)2/2
Kr(np|Yir_1) < @ =
r(np| Y11 1)—/R€J;y+€¢jﬁy V2r Y
2eVE (V) eV

..
=3 dy7
2 Ju SR 4 VEE) Vor
This is exactly the same expression (with p/4 instead of p)
derived for the lower bound and, then, Kr(np|Y1.7-1) <

\ /ﬁe_"”/‘l, for any Yi.7_1, ie.
T

K < | g—me/8

r(np) < 4/ 5 ;

with equality if v = P({Xr = £1}{Y1.7-1) = 1/2, ie. if
a = p = 1/2 (independent case). This can be interpreted as
follows. For large SNR’s data detection errors can be neglected
(since the distance between —1 and +1 is twice the distance
between 0 and £1) and errors are primarily due to user activity
estimation (which amounts to discriminating between +1 and
0): the worst case, then, is when 1 and O are equiprobable.

Summing up, the smallest MMSE is obtained in the station-
ary case with initial distribution (3,1 — X, 3) and, for large
SNR’s, the worst-case MMSE corresponds to the memoryless
channel a = pp=1/2, i.e.:

A L2 < Kop(np [ T —np/8
2np re) < 2np

The limiting values of 1 can be found though equation (3) and
the above limiting value of the MMSE.
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Fig. 1. Multiuser efficiency versus the SNR for different dynamics: static
channel, independent case and («, ) = (0.2,0.8) case.

IV. NUMERICAL RESULTS

The analytical results found in the previous sections are
now validated through numerical Monte Carlo simulations. A
system load of 3 = 3/7 has been used and the observation
time 7" has been varied between 1 and 5, which, given the
small cardinality of the state space S, represents a good
approximation for the asymptotic analysis.

Figs. 1 shows the multiuser versus the SNR. In both figures
a typical dynamic case, (a, p) = (0.2,0.8), is compared with
the static case (o, u) = (0,1) and with the independent case
(o,p) = (3.3). As expected, in the static case, the per-
formances improves as the observation time increases while,
in the independent case, past observations do not increases
estimation accuracy. In the typical (0.2,0.8) dynamic case we
can see that the performance improvement quickly saturate
with T, given the limited “memory” of the Markov chain
{X:}. Figs. 2 and 3 focus on the independent case. The former
shows the multiuser efficiency versus the SNR for different
values of A\ = p = « while in the latter the MMSE is
reported versus \ for different SNR’s. It can be seen that, as the
SNR increases, the worst-case MMSE (the x markers) moves
towards A = 1/2, this further confirming the correctness of
the upper bound derived in Section III-B.

V. CONCLUSIONS

This paper provides a large-system analysis of a dynamic
multiuser system where the activity of users may vary over
time following a Markovian model. Exploiting the large-
system equivalent scalar channel, the MMSE and the multiuser
efficiency has been found for the case of joint user activity
detection and bit estimation based on present and past ob-
servations. An asymptotic analysis, as the observation time
gets large, has been given, along with bounds on the MMSE
which have shown that the best-case MMSE is obtained in the
stationary case and, for high SNR’s, the worst-case MMSE for
the independent case with o = p = 1/2.

0.05]

Multiuser efficiency n

E,/N,ldB]

Fig. 2. Multiuser efficiency versus the SNR for the independent processes
and different values of p = a = A.

MMSE

Fig. 3. MMSE versus the SNR for the independent processes and different
values of 4= a = A.
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